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ayesian estimation is a framework for the formulation of statistical

inference problems. In the prediction or estimation of a random

process from a related observation signal, the Bayesian philosophy is
based on combining the evidence contained in the signal with prior
knowledge of the probability distribution of the process. Bayesian
methodology includes the classical estimators such as maximum a posteriori
(MAP), maximum-likelihood (ML), minimum mean square error (MMSE)
and minimum mean absolute value of error (MAVE) as special cases. The
hidden Markov model, widely used in statistical signal processing, is an
example of a Bayesian model. Bayesian inference is based on minimisation
of the so-called Bayes’ risk function, which includes a posterior model of
the unknown parameters given the observation and a cost-of-error function.
This chapter begins with an introduction to the basic concepts of estimation
theory, and considers the statistical measures that are used to quantify the
performance of an estimator. We study Bayesian estimation methods and
consider the effect of using a prior model on the mean and the variance of an
estimate. The estimate—maximise (EM) method for the estimation of a set of
unknown parameters from an incomplete observation is studied, and applied
to the mixture Gaussian modelling of the space of a continuous random
variable. This chapter concludes with an introduction to the Bayesian
classification of discrete or finite-state signals, and the K-means clustering
method.
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4.1 Bayesian Estimation Theory: Basic Definitions

Estimation theory is concerned with the determination of the best estimate
of an unknown parameter vector from an observation signal, or the recovery
of a clean signal degraded by noise and distortion. For example, given a
noisy sine wave, we may be interested in estimating its basic parameters
(i.e. amplitude, frequency and phase), or we may wish to recover the signal
itself. An estimator takes as the input a set of noisy or incomplete
observations, and, using a dynamic model (e.g. a linear predictive model)
and/or a probabilistic model (e.g. Gaussian model) of the process, estimates
the unknown parameters. The estimation accuracy depends on the available
information and on the efficiency of the estimator. In this chapter, the
Bayesian estimation of continuous-valued parameters is studied. The
modelling and classification of finite-state parameters is covered in the next
chapter.

Bayesian theory is a general inference framework. In the estimation or
prediction of the state of a process, the Bayesian method employs both the
evidence contained in the observation signal and the accumulated prior
probability of the process. Consider the estimation of the value of a random
parameter vector 6, given a related observation vector y. From Bayes’ rule
the posterior probability density function (pdf) of the parameter vector 6
giveny, fgy(01y), can be expressed as

|6 [7]
f@|y(9|y):fYI@(y ) e (@) @1
fy (y)

where for a given observation, fy(y) is a constant and has only a normalising
effect. Thus there are two variable terms in Equation (4.1): one term
fne!0) is the likelihood that the observation signal y was generated by the

parameter vector 6 and the second term is the prior probability of the
parameter vector having a value of 6. The relative influence of the
likelihood pdf fy,g(y|6) and the prior pdf fe(6) on the posterior pdf fgy(6ly)

depends on the shape of these function, i.e. on how relatively peaked each
pdf is. In general the more peaked a probability density function, the more it
will influence the outcome of the estimation process. Conversely, a uniform
pdf will have no influence.

The remainder of this chapter is concerned with different forms of Bayesian
estimation and its applications. First, in this section, some basic concepts of
estimation theory are introduced.
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4.1.1 Dynamic and Probability Models in Estimation

Optimal estimation algorithms utilise dynamic and statistical models of the
observation signals. A dynamic predictive model captures the correlation
structure of a signal, and models the dependence of the present and future
values of the signal on its past trajectory and the input stimulus. A statistical
probability model characterises the random fluctuations of a signal in terms
of its statistics, such as the mean and the covariance, and most completely in
terms of a probability model. Conditional probability models, in addition to
modelling the random fluctuations of a signal, can also model the
dependence of the signal on its past values or on some other related process.

As an illustration consider the estimation of a P-dimensional parameter
vector 0=[86,,0,, ..., Op_;] from a noisy observation vector y=[y(0), y(1), ...,

y(N-1)] modelled as
y=h(0,x,e)+n 4.2)

where, as illustrated in Figure 4.1, the function A(-) with a random input e,
output x, and parameter vector 6, is a predictive model of the signal x, and n
is an additive random noise process. In Figure 4.1, the distributions of the
random noise n, the random input e and the parameter vector 8 are modelled
by probability density functions, fy(n), fg(e), and fg(0) respectively. The pdf
model most often used is the Gaussian model. Predictive and statistical
models of a process guide the estimator towards the set of values of the
unknown parameters that are most consistent with both the prior distribution
of the model parameters and the noisy observation. In general, the more
modelling information used in an estimation process, the better the results,
provided that the models are an accurate characterisation of the observation
and the parameter process.

Parameter process Noise process
fo(6) In(n)
0
Excitation process | € Predictive model
fE(e) d h@ (05 X, e)

Figure 4.1 A random process Y is described in terms of a predictive model h(-),
and statistical models 7g(-), fg(-) and fp(-).
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4.1.2 Parameter Space and Signal Space

Consider a random process with a parameter vector 6. For example, each
instance of 6 could be the parameter vector for a dynamic model of a speech
sound or a musical note. The parameter space of a process @ is the
collection of all the values that the parameter vector 8 can assume. The
parameters of a random process determine the “character” (i.e. the mean, the
variance, the power spectrum, etc.) of the signals generated by the process.
As the process parameters change, so do the characteristics of the signals
generated by the process. Each value of the parameter vector 0 of a process
has an associated signal space Y; this is the collection of all the signal
realisations of the process with the parameter value 6. For example,
consider a three-dimensional vector-valued Gaussian process with parameter
vector @ =[u, X'], where i is the mean vector and X'is the covariance matrix
of the Gaussian process. Figure. 4.2 illustrates three mean vectors in a three-
dimensional parameter space. Also shown is the signal space associated
with each parameter. As shown, the signal space of each parameter vector of
a Gaussian process contains an infinite number of points, centred on the
mean vector U, and with a spatial volume and orientation that are
determined by the covariance matrix X. For simplicity, the variances are not
shown in the parameter space, although they are evident in the shape of the
Gaussian signal clusters in the signal space.

A Signal space
Mapping | N(y,Hy,21)
.

A% Parameter space

Mappin, , ,2
appine N(y:Ha,22) # K3 . . Y4

Mapping - (Y, M3} Z3)

> -
> >
Hy Yy

Figure 4.2 lllustration of three points in the parameter space of a Gaussian process
and the associated signal spaces, for simplicity the variances are not shown in
parameter space.
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4.1.3 Parameter Estimation and Signal Restoration

Parameter estimation and signal restoration are closely related problems.
The main difference is due to the rapid fluctuations of most signals in
comparison with the relatively slow variations of most parameters. For
example, speech sounds fluctuate at speeds of up to 20 kHz, whereas the
underlying vocal tract and pitch parameters vary at a relatively lower rate of
less than 100 Hz. This observation implies that normally more averaging
can be done in parameter estimation than in signal restoration.

As a simple example, consider a signal observed in a zero-mean random
noise process. Assume we wish to estimate (a) the average of the clean
signal and (b) the clean signal itself. As the observation length increases, the
estimate of the signal mean approaches the mean value of the clean signal,
whereas the estimate of the clean signal samples depends on the correlation
structure of the signal and the signal-to-noise ratio as well as on the
estimation method used.

As a further example, consider the interpolation of a sequence of lost
samples of a signal given N recorded samples, as illustrated in Figure 4.3.
Assume that an autoregressive (AR) process is used to model the signal as

y=X0+e+n 4.3)

where y is the observation signal, X is the signal matrix, 6 is the AR
parameter vector, e is the random input of the AR model and n is the
random noise. Using Equation (4.3), the signal restoration process involves

the estimation of both the model parameter vector @ and the random input e
for the lost samples. Assuming the parameter vector 0 is time-invariant, the

estimate of 6 can be averaged over the entire NV observation samples, and as
N becomes infinitely large, a consistent estimate should approach the true

I N\ I

samples ; ;
O > Signal estimator -
Input signal y (Interpolator) Restored signal x
A
0
Parameter
e . -
estimator

Figure 4.3 lllustration of signal restoration using a parametric model of the
signal process.
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parameter value. The difficulty in signal interpolation is that the underlying
excitation e of the signal x is purely random and, unlike 6, it cannot be
estimated through an averaging operation. In this chapter we are concerned
with the parameter estimation problem, although the same ideas also apply
to signal interpolation, which is considered in Chapter 11.

4.1.4 Performance Measures and Desirable Properties of
Estimators

In estimation of a parameter vector 6 from N observation samples y, a set of
performance measures is used to quantify and compare the characteristics of
different estimators. In general an estimate of a parameter vector is a
function of the observation vector y, the length of the observation N and the
process model M. This dependence may be expressed as

6 =f(y.N.M) (4.4)

Different parameter estimators produce different results depending on the
estimation method and utilisation of the observation and the influence of the
prior information. Due to randomness of the observations, even the same
estimator would produce different results with different observations from
the same process. Therefore an estimate is itself a random variable, it has a
mean and a variance, and it may be described by a probability density
function. However, for most cases, it is sufficient to characterise an
estimator in terms of the mean and the variance of the estimation error. The
most commonly used performance measures for an estimator are the
following:

(a) Expected value of estimate: E[é ]
(b) Bias of estimate: E[é —9]:Z[é 1-6
(c) Covariance of estimate: Cov[0]=E[(6 — E[6])©6 —E[6]) "]

Optimal estimators aim for zero bias and minimum estimation error
covariance. The desirable properties of an estimator can be listed as follows:

(a) Unbiased estimator: an estimator of 8 is unbiased if the expectation
of the estimate is equal to the true parameter value:

6] =6 (4.5)
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An estimator is asymptotically unbiased if for increasing length of
observations N we have

lim £[0]= 0 (4.6)

N —oo

(b) Efficient estimator: an unbiased estimator of @ is an efficient
estimator if it has the smallest covariance matrix compared with all
other unbiased estimates of @:

Cov[@gsticion ] < CoviO] (4.7)

where @ is any other estimate of 6.

(c) Consistent estimator: an estimator is consistent if the estimate
improves with the increasing length of the observation N, such that
the estimate converges probabilistically to the true value 8 as N
becomes infinitely large:

lim P16 —0 1> e}=0 (4.8)

N —c0
where € is arbitrary small.

Example 4.1 Consider the bias in the time-averaged estimates of the mean
Uy and the variance G% of N observation samples [y(0), ..., y(N-1)], of an

ergodic random process, given as

1 N

Ay =y Zy(m (4.9)
N-1

63 = om0, (4.10)

Zla, | X Ebml=n, (@.11)
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" @
Figure 4.4 lllustration of the decrease in the bias and variance of an asymptotically
unbiased estimate of the parameter 6 with increasing length of observation.

The expectation of the estimate of the variance can be expressed as

oiler| 55 vk Soew |
EI6yI=E|— y(m)—= 2, y(k)
Y N .o N S
2 2 2 1 2
=0y -0y +,0) 4.12)
_ 2 1 2
=0y _ﬁo-y

From Equation (4.12), the bias in the estimate of the variance is inversely
proportional to the signal length N, and vanishes as N tends to infinity;
hence the estimate is asymptotically unbiased. In general, the bias and the
variance of an estimate decrease with increasing number of observation
samples N and with improved modelling. Figure 4.4 illustrates the general
dependence of the distribution and the bias and the variance of an
asymptotically unbiased estimator on the number of observation samples N.

4.1.5 Prior and Posterior Spaces and Distributions

The prior space of a signal or a parameter vector is the collection of all
possible values that the signal or the parameter vector can assume. The
posterior signal or parameter space is the subspace of all the likely values
of a signal or a parameter consistent with both the prior information and the
evidence in the observation. Consider a random process with a parameter
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A 0.6

-

y

Figure 4.5 lllustration of joint distribution of signal y and parameter 6 and the
posterior distribution of 6 given y.

space @ observation space Y and a joint pdf fy g(y,6). From the Bayes’ rule

the posterior pdf of the parameter vector 6, given an observation vector y,
feiy(01y), can be expressed as

frie (¥0 )f@ )
fY (y)
_ frie (¥0)fe (6)
[ fr6 (¥0) o ©)d6
e

Jo 6]y)=
4.13)

where, for a given observation vector y, the pdf f,(y) is a constant and has
only a normalising effect. From Equation (4.13), the posterior pdf is

proportional to the product of the likelihood fy,g(y10) that the observation y

was generated by the parameter vector 6, and the prior pdf fg(6). The prior

pdf gives the unconditional parameter distribution averaged over the entire
observation space as

fo©)=] fy o(y.0)dy (4.14)
Y
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For most applications, it is relatively convenient to obtain the likelihood
function fy,g(¥16). The prior pdf influences the inference drawn from the
likelihood function by weighting it with fg(8). The influence of the prior
is particularly important for short-length and/or noisy observations, where
the confidence in the estimate is limited by the lack of a sufficiently long
observation and by the noise. The influence of the prior on the bias and the
variance of an estimate are considered in Section 4.4.1.

A prior knowledge of the signal distribution can be used to confine the
estimate to the prior signal space. The observation then guides the estimator
to focus on the posterior space: that is the subspace consistent with both the
prior and the observation. Figure 4.5 illustrates the joint pdf of a signal y(m)
and a parameter 6. The prior pdf of Ocanbe obtained by integrating
fne(y(m)18) with respect to y(m). As shown, an observation y(m) cuts a

posterior pdf fg(Oly(m)) through the joint distribution.

Example 4.2 A noisy signal vector of length N samples is modelled as
y(m)=x(m)+n(m) (4.15)

Assume that the signal x(m) is Gaussian with mean vector W, and covariance

matrix X,

and covariance matrix %,,. The signal and noise pdfs model the prior spaces
of the signal and the noise respectively. Given an observation vector y(m),
the underlying signal x(m) would have a likelihood distribution with a mean
vector of y(m) — |, and covariance matrix %, as shown in Figure 4.6.The
likelihood function is given by

and that the noise n(m) is also Gaussian with mean vector U,

(ym)x(m)=F  (y(m) =x(m))
_ 1
(zﬂ)Nu'E

fYIX

1 _
7 exp{—g[x(m) ~(y(m) = )] " Zpy [x(m) —(y(m)—u,,)]}

(4.16)

where the terms in the exponential function have been rearranged to
emphasize the illustration of the likelihood space in Figure 4.6. Hence the
posterior pdf can be expressed as
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A

Noisy signal space

A noisy

Signal prior observation

space
A

Noise prior Posterior space
space

Likelihood space

Figure 4.6 Sketch of a two-dimensional signal and noise spaces, and the
likelihood and posterior spaces of a noisy observation y.

f g (OWEM)S  (x(m))
gy )|y (m)) = 7, )
_ 1 1
£y m) en)V |z

Xexp(

1/2‘2 1/2

nn‘ xx‘

—%ﬂxmn—Uom—unHTELmen—uum—unH+umm—uxf2§(xmn—uxﬁ]

(4.17)

For a two-dimensional signal and noise process, the prior spaces of the
signal, the noise, and the noisy signal are illustrated in Figure 4.6. Also
illustrated are the likelihood and posterior spaces for a noisy observation
vector y. Note that the centre of the posterior space is obtained by
subtracting the noise mean vector from the noisy signal vector. The clean
signal is then somewhere within a subspace determined by the noise
variance.
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4.2 Bayesian Estimation

The Bayesian estimation of a parameter vector 6 is based on the
minimisation of a Bayesian risk function defined as an average cost-of-error
function:
R.(0) = E[C(6,0)]
=], €6,0)fy0 (5,6) dy d6 (4.18)

= [ [, C0.0)fow @1 fy () dy db

where the cost-of-error function C (é,e) allows the appropriate weighting of

the various outcomes to achieve desirable objective or subjective properties.
The cost function can be chosen to associate a high cost with outcomes that
are undesirable or disastrous. For a given observation vector y, fy(y) is a

constant and has no effect on the risk-minimisation process. Hence Equation
(4.18) may be written as a conditional risk function:

RO 1y)=[,C(6.6) oy (01y)db (4.19)

The Bayesian estimate obtained as the minimum-risk parameter vector is
given by

Bpayesan = argminK (@ 1y) = argmin | [ CO.0) foy @ 13)d0 | (4.20)
0 0
Using Bayes’ rule, Equation (4.20) can be written as

Bpayesian = arzmin | [ C(6.6) fro (y16)fo (©)d6 | (421)
0

Assuming that the risk function is differentiable, and has a well-defined
minimum, the Bayesian estimate can be obtained as

6Bayesian =argzero

IR (6 | d ¢ b
y = arggero[ % jo C6,8)fyie(y10)fg©) de]

(4.22)
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A for61y
C(6,9)

L

Ouiap 0
Figure 4.7 lllustration of the Bayesian cost function for the MAP estimate.

4.2.1 Maximum A Posteriori Estimation

The maximum a posteriori (MAP) estimate 6 map 1s obtained as the
parameter vector that maximises the posterior pdf fgy(801y). The MAP
estimate corresponds to a Bayesian estimate with a so-called uniform cost

function (in fact, as shown in Figure 4.7 the cost function is notch-shaped)
defined as

C@6,0)=1-5(,0) (4.23)

where 8(@,0) is the Kronecker delta function. Substitution of the cost
function in the Bayesian risk equation yields

Rap @ ly) = || [1-6(8,6)] for © 1y) d6

) 4.24)
=1-foy (0 1y)

From Equation (4.24), the minimum Bayesian risk estimate corresponds to
the parameter value where the posterior function attains a maximum. Hence
the MAP estimate of the parameter vector 6 is obtained from a minimisation

of the risk Equation (4.24) or equivalently maximisation of the posterior
function:

) =argmax f__ (Qly)
MAP o o

= .'clrg(I;laX[th9 (y|0)f@ (0)]

(4.25)
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4.2.2 Maximum-Likelihood Estimation

The maximum-likelihood (ML) estimate 6 a1 18 obtained as the parameter
vector that maximises the likelihood function fyg (y 10). The ML estimator

corresponds to a Bayesian estimator with a uniform cost function and a
uniform parameter prior pdf:

R @1y)=[[1-56,6)] fvo (¥ 0) fo ©)d6

. (4.26)
=const[1- fyg (¥ 10)]

where the prior function fg(@)=const. From a Bayesian point of view the
main difference between the ML and MAP estimators is that the ML
assumes that the prior pdf of @ is uniform. Note that a uniform prior, in
addition to modelling genuinely uniform pdfs, is also used when the
parameter prior pdf is unknown, or when the parameter is an unknown
constant.

From Equation (4.26), it is evident that minimisation of the risk
function is achieved by maximisation of the likelihood function:

Oy = argmax fyg (y16) (4.27)
6

In practice it is convenient to maximise the log-likelihood function instead
of the likelihood:
0, =argmax log fy, (Y 10) (4.28)
7]

The log-likelihood is usually chosen in practice because:

(a) the logarithm is a monotonic function, and hence the log-likelihood
has the same turning points as the likelihood function;

(b) the joint log-likelihood of a set of independent variables is the sum
of the log-likelihood of individual elements; and

(c) unlike the likelihood function, the log-likelihood has a dynamic
range that does not cause computational under-flow.

Example 4.3 ML Estimation of the mean and variance of a Gaussian
process Consider the problem of maximum likelihood estimation of the

mean vector i, and the covariance matrix X, of a P-dimensional
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Gaussian vector process from N observation vectors [y(0),y(1),....y(N —=1)].

Assuming the observation vectors are uncorrelated, the pdf of the
observation sequence is given by

N-1 1
fr(pO),-y(N-D)=]]

= 0(27r)P/2| wl

- exp { ~lyomy—p, I" 25 [yom- uy]}

(4.29)
and the log-likelihood equation is given by
N-1 1 _
Infy (y(©)...y(N=1)= 3, {—zln(zn) SlZy = bow-p, ] 2 [.Y(m)—ﬂy]}
m=0
(4.30)

Taking the derivative of the log-likelihood equation with respect to the
mean vector f, yields

IInfy (y(0),...y(N=1))

1
Lxlu, 25 yom]=0 @31
I,

=0

From Equation (4.31), we have

Zy(m) (4.32)
m—O

To obtain the ML estimate of the covariance matrix we take the derivative
of the log-likelihood equation with respect to E;yl:

ol 0),---,y(N -1 N-1
nfy (3©),y(N=1) 2{2 W [y<m> wy lyomy—p, I }—

-1
0x vy
(4.33)
From Equation (4.31), we have an estimate of the covariance matrix as
1 Nl
——Z[y(m> fiy y(m)—a,1" (4.34)

m—O
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Example 4.4 ML and MAP Estimation of a Gaussian Random Parameter.
Consider the estimation of a P-dimensional random parameter vector 6 from
an N-dimensional observation vector y. Assume that the relation between
the signal vector y and the parameter vector 0 is described by a linear model
as

y=GO +e (4.35)

where e is a random excitation input signal. The pdf of the parameter vector
0 given an observation vector y can be described, using Bayes’ rule, as

1
Sy ()

f@lY(er): fY|@(y|9)f@(9) (4.36)

Assuming that the matrix G in Equation (4.35) is known, the likelihood of
the signal y given the parameter vector @ is the pdf of the random vector e:

fre(10)= fr(e=y-G0) (4.37)

Now assume the input e is a zero-mean, Gaussian-distributed, random
process with a diagonal covariance matrix, and the parameter vector 6 is
also a Gaussian process with mean of U, and covariance matrix X,
Therefore we have

1 1
frie(y18) =fg(e) =W6XP|}E()’ —GO)T (y —GB):| (4.38)

and

1 _
fo @)= exp[—g(e—ﬂo)Tzoé (9—.119)] 4.39)

(27[)P/2|290 |1/2

The ML estimate obtained from maximisation of the log-likelihood function
ln[fY|@ (yl 0)] with respect to O is given by

6,.(»)=G"6)'G"y (4.40)

To obtain the MAP estimate we first form the posterior distribution by
substituting Equations (4.38) and (4.39) in Equation (4.36)
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1 1 1

0ly)=
Jor @1y) fr () @QroH)N'? (27Z)P/2|260|1/2

e

Xexp[—2—(y GO (y- GO)——(@ I.tg) 2o (9 Ile)]

(4.41)
The MAP parameter estimate is obtained by differentiating the log-
likelihood function In fgy (8 | y) and setting the derivative to zero:

6unr (=676 + 0255 T 6Ty + 02 Zad o) @42

Note that as the covarlance of the Gaussian-distributed parameter increases,
or equivalently as 299 — 0, the Gaussian prior tends to a uniform prior and

the MAP solution Equation (4.42) tends to the ML solution given by
Equation (4.40). Conversely as the pdf of the parameter vector 8 becomes
peaked, i.e. as 299 - 0, the estimate tends towards Ug.

4.2.3 Minimum Mean Square Error Estimation

The Bayesian minimum mean square error (MMSE) estimate is obtained as
the parameter vector that minimises a mean square error cost function
(Figure 4.8) defined as

Romise 0 19)=E[(6 -0)* 1 y]

:.[ (é_e)zfen/ O01y)de (4.43)
6

In the following, it is shown that the Bayesian MMSE estimate is the
conditional mean of the posterior pdf. Assuming that the mean square error
risk function is differentiable and has a well-defined minimum, the MMSE
solution can be obtained by setting the gradient of the mean square error risk
function to zero:

OR vmise (é| y)

£ =20 fow 01y)d0-2[6 for ©1y)d6 (4.44)
26 : o
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C(6,9)

- >
O vimtse 0
Figure 4.8 lllustration of the mean square error cost function and estimate.

Since the first integral on the right hand-side of Equation (4.42) is equal to
1, we have

aRMMSE (é ly)
06

=26~ .0 foy (d01y) d6 (4.45)

The MMSE solution is obtained by setting Equation (4.45) to zero:

O sz (¥) = J.ef@n/ ©1y)do (4.46)
0

For cases where we do not have a pdf model of the parameter process, the
minimum mean square error (known as the least square error, LSE) estimate
is obtained through minimisation of a mean square error function

Ele2(0ly)]:
6, i =argmin E[e*(0 | y)] (4.47)
(7]

Th LSE estimation of Equation (4.47) does not use any prior knowledge of
the distribution of the signals and the parameters. This can be considered as
a strength of LSE in situations where the prior pdfs are unknown, but it can
also be considered as a weakness in cases where fairly accurate models of
the priors are available but not utilised.
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Example 4.5 Consider the MMSE estimation of a parameter vector 0
assuming a linear model of the observation y as

y=GO+e (4.48)

The LSE estimate is obtained as the parameter vector at which the gradient
of the mean squared error with respect to @ is zero:
deTe

20

:%(yTy—zeTGTwaGTGe) =0 (4.49)

0,5

From Equation (4.49) the LSE parameter estimate is given by
0.5 =[G'G1'G"y (4.50)
Note that for a Gaussian likelihood function, the LSE solution is the same as

the ML solution of Equation (4.40).

4.2.4 Minimum Mean Absolute Value of Error Estimation

The minimum mean absolute value of error (MAVE) estimate (Figure 4.9)
is obtained through minimisation of a Bayesian risk function defined as

Rpsave @ Y)=E[10-01y]=[16 -0 1 foy 0 1) dO 4.51)
0

In the following it is shown that the minimum mean absolute value estimate
is the median of the parameter process. Equation (4.51) can be re-expressed
as

Ronve @19)=" [6-61foy ©1y)d0+[S 106110y 01y)d6
(4.52)

Taking the derivative of the risk function with respect to 6 yields

OR yave (6 1y)
00

:Ji, Joy (01y)do —J: few (61y)do (4.53)
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A foy©@1y) C(6,0)

- >

Ovave 0

Figure 4.9 lllustration of mean absolute value of error cost function. Note that the
MAVE estimate coincides with the conditional median of the posterior function.

The minimum absolute value of error is obtained by setting Equation (4.53)
to zero:

ffAVE for (81y)do =I;MAVE fow (61y)do (4.54)

From Equation (4.54) we note the MAVE estimate is the median of the
posterior density.

4.2.5 Equivalence of the MAP, ML, MMSE and MAVE for
Gaussian Processes With Uniform Distributed Parameters

Example 4.4 shows that for a Gaussian-distributed process the LSE estimate
and the ML estimate are identical. Furthermore, Equation (4.42), for the
MAP estimate of a Gaussian-distributed parameter, shows that as the
parameter variance increases, or equivalently as the parameter prior pdf
tends to a uniform distribution, the MAP estimate tends to the ML and LSE
estimates. In general, for any symmetric distribution, centred round the
maximum, the mode, the mean and the median are identical. Hence, for a
process with a symmetric pdf, if the prior distribution of the parameter is
uniform then the MAP, the ML, the MMSE and the MAVE parameter
estimates are identical. Figure 4.10 illustrates a symmetric pdf, an
asymmetric pdf, and the relative positions of various estimates.
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Figure 4.10 lllustration of a symmetric and an asymmetric pdf and their respective
mode, mean and median and the relations to MAP, MAVE and MMSE estimates.

4.2.6 The Influence of the Prior on Estimation Bias and Variance

The use of a prior pdf introduces a bias in the estimate towards the range of
parameter values with a relatively high prior pdf, and reduces the variance
of the estimate. To illustrate the effects of the prior pdf on the bias and the
variance of an estimate, we consider the following examples in which the
bias and the variance of the ML and the MAP estimates of the mean of a
process are compared.

Example 4.6 Consider the ML estimation of a random scalar parameter 6,
observed in a zero-mean additive white Gaussian noise (AWGN) n(m), and
expressed as

yim)= 0+ n(m), m=0,.., N-1 (4.55)

It is assumed that, for each realisation of the parameter 6, N observation
samples are available. Note that, since the noise is assumed to be a zero-
mean process, this problem is equivalent to estimation of the mean of the
process y(m). The likelihood of an observation vector y=[y(0), y(1), ...,
y(N-1)] and a parameter value of 1is given by

N-1
fre10)=]]fy (y(m)-6)

m=0

| N (4.56)
-— 2[y<m>—e]2}

1
=————exp
(2no,;)N'? { 26, o
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From Equation (4.56) the log-likelihood function is given by

N 5 1 N-1 5
Infyie (¥ |9)=—Eln(27r0'n)—2—2 2[)’(’")‘9] (4.57)

n m=0

The ML estimate of 6, obtained by setting the derivative of In fy,(¥16) to
zero, is given by

A 1 Nl
Oy =— D, y(m)=3 (4.58)
N m=0

where y denotes the time average of y(m). From Equation (4.56), we note
that the ML solution is an unbiased estimate

N-1
E[Oy 1= Z(% D' [6 +n(m)] ): 0 (4.59)

m=0

and the variance of the ML estimate is given by

. A ) 1 Nl 2 52
Varl0,, |=E[(6)y,, —0)"1=F (ﬁ 2 y(m)—O] = 7" (4.60)

m=0

Note that the variance of the ML estimate decreases with increasing length
of observation.

Example 4.7 Estimation of a uniformly-distributed parameter observed in
AWGN. Consider the effects of using a uniform parameter prior on the mean
and the variance of the estimate in Example 4.6. Assume that the prior for
the parameter 0 is given by

1 /(Omax - Omin ) 60

0 otherwise

- <0<0
fo (9):{ i max (4.61)

as illustrated in Figure 4.11. From Bayes’ rule, the posterior pdf is given by
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A frie(y16) A o® A for @1y)
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0L [} Omin 0 max 0 Or1aP OrinisE 0
Figure 4.11 lllustration of the effects of a uniform prior.
1
oy O1y)= frio(¥10)fo(0)
Ty (»)
! ! Nz: [y(m) - 9 0 1in <0 <0«
fy ) @ro?HV B = min
0, otherwise
(4.62)
The MAP estimate is obtained by maximising the posterior pdf:
emin if éML (y) < emin
Opap (¥)=140u1(») if O min 2 Oprr (1) 20,0 (4.63)
emax if éML (y)> emax

Note that the MAP estimate is constrained to the range 6, to 6,,,,. This
constraint is desirable and moderates the estimates that, due to say low
signal-to-noise ratio, fall outside the range of possible values of 6. It is easy

to see that the variance of an estimate constrained to a range of 6,;, to 6.

is less than the variance of the ML estimate in which there is no constraint
on the range of the parameter estimate:

emax

Varl@yapl= [Oyap )" frio (310 dy <Varlfy I= [ By —0)° frio (10) dy

0 min e

(4.64)
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Figure 4.12 lllustration of the posterior pdf as product of the likelihood and the prior.

Example 4.8 Estimation of a Gaussian-distributed parameter observed in
AWGN. In this example, we consider the effect of a Gaussian prior on the
mean and the variance of the MAP estimate. Assume that the parameter 0 is
Gaussian-distributed with a mean 41, and a variance 03 as

1 0—up)’
fo ()= Wexp[— ﬁ} (4.65)

0 205

From Bayes rule the posterior pdf is given as the product of the likelihood
and the prior pdfs as:

b

foay @ly)= frio(¥10)fe ()
Sy (»)
1 1 1 N-1 5 1 ,
- Y -0 -—@©-
fY (y) (277,'0"3)1\”2(27[0'92)1/2 eXp{ 0_3 r;)[y(m) ] 20_92 ( ,LLG) }

(4.66)
The maximum posterior solution is obtained by setting the derivative of the
log-posterior function, In fg,y(61y), with respect to 6 to zero:

é ( ) — _O-’_g y o+ _O-%/L (467)
marY) = e n Y T o+ a2 N 1 |
N-1
where y= ) y(m)/N .
m=0

Note that the MAP estimate is an interpolation between the ML estimate y
and the mean of the prior pdf (g, as shown in Figure 4.12. The expectation
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Figure 4.13 lllustration of the effect of increasing length of observation on the

variance an estimator.

of the MAP estimate is obtained by noting that the only random variable on
the right-hand side of Equation (4.67) is the term y, and that £[ y |=60

2 2
Og 0+ Gn/N

Elbyap( Y)] = I
MAP 692+6n2/N crg +c7,f/N 0

and the variance of the MAP estimate is given as

2 2
A o) _ c,/N
Var[eMAP(y)] = #xVar[y] = %
Oy +0,, /N 1+0, /Ncre

Substitution of Equation (4.58) in Equation (4.67) yields

Var[0,, ( ¥)]
1+ Var[6,; ( y)]/Gg

Var[0y,p( ¥)]1=

(4.68)

(4.69)

(4.70)

Note that as 05, the variance of the parameter 6, increases the influence of

the prior decreases, and the variance of the MAP estimate tends towards the

variance of the ML estimate.

4.2.7 The Relative Importance of the Prior and the Observation

A fundamental issue in the Bayesian inference method is the relative
influence of the observation signal and the prior pdf on the outcome. The
importance of the observation depends on the confidence in the observation,
and the confidence in turn depends on the length of the observation and on
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the signal-to-noise ratio (SNR). In general, as the number of observation
samples and the SNR increase, the variance of the estimate and the influence
of the prior decrease. From Equation (4.67) for the estimation of a Gaussian
distributed parameter observed in AWGN, as the length of the observation N
increases, the importance of the prior decreases, and the MAP estimate tends
to the ML estimate:

2 2
. .oA - o) _ o,/N _ A
limit6 4 p (y) =limit| — 92 y+ 2”/2 g |=Y =0, (&71)
N—e Noe| 0g +c7,,/N (o +on/N

As illustrated in Figure 4.13, as the length of the observation N tends to infinity
then both the MAP and the ML estimates of the parameter should tend to its true
value 6.

Example 4.9 MAP estimation of a signal in additive noise. Consider the
estimation of a scalar-valued Gaussian signal x(m), observed in an additive
Gaussian white noise n(m), and modelled as

y(m)=x(m)+n(m) 4.72)

The posterior pdf of the signal x(m) is given by

Fxy (x(m)|y(m))= frix ((m)|x(m)) fx (x(m))

1
fy (y(m)) 4.73)

1
_m fn (y(m)—x(m))fy (x(m))

where fy (x(m))z?\[(x(m),,u N ,Gf) and fy (n(m))zf?\[(n(m),,un ,0'3) are the
Gaussian pdfs of the signal and noise respectively. Substitution of the signal
and noise pdfs in Equation (4.73) yields

_ )
fxy (x(m) 1 y(m))= _[y(m) x(m)—p,, ] }

1 1
fy y(m) 2ro, exp{ 20}

n

1 [xomy-p, T
o

(4.74)
This equation can be rewritten as
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Fxy (x(m)ly(m)) =

fY (y(m)) ZﬂG”O'x 25?2

L _oilym—x(m) -, +o; [x(m-p,
2050

n

(4.75)

To obtain the MAP estimate we set the derivative of the log-likelihood
function In fyy (x(m) | y(m)) with respect to x(m) to zero as

Iln fyyy (X(m) | Yom)l =262 (y(m) = x(m) = 1,,) +20 5 (x(m) = f1,.)

=0
ox(m) 20202
(4.76)
From Equation (4.76) the MAP signal estimate is given by
o2 o2
f(m)=— " [y(m) = p, 1+ 1, (4.77)
O-X + O-I’l X n

Note that the estimate x(m) is a weighted linear interpolation between the

unconditional mean of x(m), 1., and the observed value (y(m)—u ). At a very

2 2

poor SNR i.e. when o <<, we have X(m) = u . ; and, on the other hand,

for a noise-free signal o> =0and g, =0 and we have X(m) = y(m).

Example 4.10 MAP estimate of a Gaussian—-AR process observed in
AWGN. Consider a vector of N samples x from an autoregressive (AR)
process observed in an additive Gaussian noise, and modelled as

y=x+n 4.78)

From Chapter 8, a vector x from an AR process may be expressed as
e=Ax 4.79)
where A is a matrix of the AR model coefficients, and the vector e is the

input signal of the AR model. Assuming that the signal x is Gaussian, and
that the P initial samples x, are known, the pdf of the signal x is given by
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fx(x1xy)=fg(e)= LxTATAx] (4.80)

1
N/2 2
(27’[ o 62 ) [ 2Ge
where it is assumed that the input signal e of the AR model is a zero-mean

uncorrelated process with varianceof . The pdf of a zero-mean Gaussian

noise vector n, with covariance matrix ,,,,, is given by

_ 1 l T¢-1
Sy ()= (27r)N/2|E |1/2 exp(—an Z,mn) (4.81)
nn

From Bayes’ rule, the pdf of the signal given the noisy observation is

Sfrix (y|x)fx (x): 1
Sy (¥) Sy ()

fxiy(x1y) = In(y—x)fx(x) (4.82)

Substitution of the pdfs of the signal and noise in Equation (4.82) yields

T AT
P (x15)= 1 CXP{—;{(y—x)TZ,}l,(J’—xH)“42‘“}}

frnem)N o, °

e

(4.83)

The MAP estimate corresponds to the minimum of the argument of the
exponential function in Equation (4.83). Assuming that the argument of the
exponential function is differentiable, and has a well-defined minimum, we
can obtain the MAP estimate from

. _ TAT
Ryap (y)=arg zero{%[(y - Z (- x>+¥} } (4.84)

X 66’

The MAP estimate is

O

-1
A 1
Ryap(y) = (I +—22,mATA] y (4.85)

where I is the identity matrix.
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4.3 The Estimate—Maximise (EM) Method

The EM algorithm is an iterative likelihood maximisation method with
applications in blind deconvolution, model-based signal interpolation,
spectral estimation from noisy observations, estimation of a set of model
parameters from a training data set, etc. The EM is a framework for solving
problems where it is difficult to obtain a direct ML estimate either because
the data is incomplete or because the problem is difficult.

To define the term incomplete data, consider a signal x from a random

process X with an unknown parameter vector € and a pdf fy.g(x;6). The
notation fy.g(x,6) expresses the dependence of the pdf of X on the value of
the unknown parameter 6. The signal x is the so-called complete data and
the ML estimate of the parameter vector 6 may be obtained from fy.g(x; 6).

Now assume that the signal x goes through a many-to-one non-invertible
transformation (e.g. when a number of samples of the vector x are lost) and
is observed as y. The observation y is the so-called incomplete data.

Maximisation of the likelihood of the incomplete data, fy.g(y;6), with

respect to the parameter vector 6 is often a difficult task, whereas
maximisation of the likelihood of the complete data fy.g(x,6) is relatively

easy. Since the complete data is unavailable, the parameter estimate is
obtained through maximisation of the conditional expectation of the log-
likelihood of the complete data defined as

Elin fx.0 (x:0)]y]= [ fxiw.o (x|y:0)Infx o (x:0)dx (4.86)
X

In Equation (4.86), the computation of the term fyy.g(xly;6) requires an

estimate of the unknown parameter vector 6. For this reason, the expectation
of the likelihood function is maximised iteratively starting with an initial

estimate of 8, and updating the estimate as described in the following.

“Complete data” “Incomplete data”
Slgni}ig{ocess X Non-invertable —y>
——P .
transformation
parameter 6 fX;@(x;e) fy;@(y;e)

Figure 4.14 lllustration of transformation of complete data to incomplete data.
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EM Algorithm

Step 1: Initialisation Select an initial parameter estimate 6, and
fori =0, 1, ... until convergence:

Step 2: Expectation Compute

U0,0,)=E[In fy.,(x;0)1y:6,)

. 4.87
:fom(x|y;0,.)1nfx;9(x;9)dx (487)
X
Step 3: Maximisation Select
6,,,= argmaxU(6,6,) (4.88)
(7]

Step 4: Convergence test If not converged then go to Step 2.

4.3.1 Convergence of the EM Algorithm

In this section, it is shown that the EM algorithm converges to a maximum
of the likelihood of the incomplete data fy.g(y;60). The likelihood of the

complete data can be written as
fx,y;@ (x,y;0)=fX|Y;@ (x|y§9)fy;@ (y;0) (4.39)

where fy y.g(x.y;0) is the likelihood of x and y with 6 as a parameter. From
Equation (4.89), the log-likelihood of the incomplete data is obtained as

In fy;@ (y;0)=In fx,y;@ (x,y;0)—In fXIY;@ (xl y:0) (4.90)

Using an estimate @; of the parameter vector 6, and taking the expectation
of Equation (4.90) over the space of the complete signal x, we obtain

Infy.o(y:0)=U (8:6,)-V(8:6,) (4.91)

where for a given y, the expectation of In fy.o(y;6) is itself, and the function

ue; é ) is the conditional expectation of In fxy: ox.y;0):
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U(O,él):f[lan,Y;@ (x,y;0) Iy;él-)

A 4.92
:J.fXIY;@(xIy;0i)1an;@(x;0)dx ( )
X
The function V( 6, 6 ) is the conditional expectation of In fyy. g(xly; 6):
V(6.6,)= f[lnfxw;@ (xly:0)|y:6;]
(4.93)

= Ifxuf;@ (xly:0)In fyy g (x1y:0) dx
X

Now, from Equation (4.91), the log-likelihood of the incomplete data y with
parameter estimate éi at iteration i 1s

Infy.g(y:0,)=U(6;:6,)-V (6,6, (4.94)

It can be shown (see Dempster et al., 1977) that the function V satisfies the
inequality

V(0;,:6,) <V(6::6)) (4.95)

and in the maximisation step of EM we choose éi + such that

A A A A

U@6;,:6;) 2 U(0;:0,) (4.96)
From Equation (4.94) and the inequalities (4.95) and (4.96), it follows that
In fy.o(%:64;) > In fr.o(:6) (4.97)

Therefore at every iteration of the EM algorithm, the conditional likelihood
of the estimate increases until the estimate converges to a local maximum of
the log-likelihood function In fy.g(y;6).

The EM algorithm is applied to the solution of a number of problems in
this book. In Section 4.5, of this chapter the estimation of the parameters of
a mixture Gaussian model for the signal space of a recorded process is
formulated in an EM framework. In Chapter 5, the EM is used for estimation
of the parameters of a hidden Markov model.
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4.4 Cramer—Rao Bound on the Minimum Estimator Variance

An important measure of the performance of an estimator is the variance of
the estimate with the varying values of the observation signal y and the
parameter vector 6. The minimum estimation variance depends on the
distributions of the parameter vector @ and on the observation signal y. In
this section, we first consider the lower bound on the variance of the
estimates of a constant parameter, and then extend the results to random
parameters.

The Cramer-Rao lower bound on the variance of estimate of the ith
coefficient 6; of a parameter vector 0 is given as

2
(1 +89Bias ]
20,
E[[o'?lnfm@(yle)]z]
26,

An estimator that achieves the lower bound on the variance is called the
minimum variance, or the most efficient, estimator.

Var(6;(y)] 2 (4.98)

Proof The bias in the estimate 6;(y) of the ith coefficient of the parameter
vector 0, averaged over the observation space Y, is defined as

oo

10,5 - 0,1= [16,0) - 6,1 frieW16) dy = O, (4.99)

—o0

Differentiation of Equation (4.99) with respect to 6; yields

5]

| {[é,-(w—ei]

—oo

d fyie (¥10)
20,

J QBias

4.100
d0; ( )

—frie(y! 9)}dy=
For a probability density function we have

ij|@(y|9) dy=1 (4.101)

—oo
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Therefore Equation (4.100) can be written as

T4 d frie (¥16) 96..
16 0p00,17 770 010 4y _ 1, b

4.102
20, 26, (102

—00

Now, since the derivative of the integral of a pdf is zero, taking the
derivative of Equation (4.101) and multiplying the result by 6g;,, yields

79 frie(y10)
Om%f—i%ﬁf——@=0 (4.103)

—o00

Substituting d fyie (¥10)/96; = fyig(y10)dIn fyg (y16)/90; into
Equation (4.102), and using Equation (4.103), we obtain

T4 dln fyio (y16 P
J. [91 ()’)—QBiaS _ei] Y(;(‘; le@ (y |0)dy = ]+ Bias Bias

o i

(4.104)

Now squaring both sides of Equation (4.104), we obtain

A~ 81 fy|@ (y |9) 89 ias
( j [0 (¥) — Opiys _ei]8—9,fY|@ (y |9)d)’] ( 1+ —81;,- ]

—o0

(4.105)

For the left-hand side of Equation (4.105) application of the following
Schwartz inequality

(<] 2 [o<] (<]
[Jf(y)g(y)dx] < JUromPdex [(g(n)dy  @4.106)

yields
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2
7 (s Infye (¥16)
{ ] ([@-(y)—egias—e,-]fy‘(@z(y|e>)(”+f;(@2<yle>)dy} <

—oo

(s = (91 (y16) ¥
{[ [ (6 (3)-pi0s = 6,1 frip (y16) )y )H | (““(;Ley) leQ(yIO)dy}

—oo —oo

(4.107)
From Equations (4.105) and (4.107), we have

A dInfyg(y16) 2 5 ¥
Var[0: E > 1+—2 4.108
ar[6; (y)]x ( EYY >[ + T) ] ( )

1

The Cramer—-Rao inequality (4.98) results directly from the inequality
(4.108).

4.4.1 Cramer—-Rao Bound for Random Parameters

For random parameters the Cramer—Rao bound may be obtained using the
same procedure as above, with the difference that in Equation (4.98) instead
of the likelihood fy,g(y16) we use the joint pdf fy g(¥,0), and we also use the
logarithmic relation

Infy 6.0 _ Iinfr(r10) IInfo(6)

4.109
20, 26 26 (69
The Cramer—Rao bound for random parameters is obtained as
2
[ 1 8eBias )
. 00.
Var[6; (y)] 2 ! (4.110)

Z[(alnfw(y 19) )2 +(8lnf@ @) ]2]

where the second term in the denominator of Equation (4.110) describes the
effect of the prior pdf of 8. As expected the use of the prior, fg(6), can result
in a decrease in the variance of the estimate. An alternative form of the
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minimum bound on estimation variance can be obtained by using the
likelihood relation

2 2
zhw] }:_z[& lan’@(y’e)} @111

90, 967

2
( 1+ 8eBials ]
26,

- a21an|@(yI9)+a21nf@<6>

as

Var[6; (y)] 2 —

4.112)

4.4.2 Cramer—Rao Bound for a Vector Parameter

For real-valued P-dimensional vector parameters, the Cramer—Rao bound
for the covariance matrix of an unbiased estimator of @is given by

Cov[8]=J'(6) (4.113)

where J is the Px P Fisher information matrix, with elements given by

3% Infy g(».0)
JO)].=—E : 4.114
®)]; [ 9,36, (4.114)
The lower bound on the variance of the ith element of the vector 0 is given

by

N 4 1

var@) 2 77 )], = (4.115)
. d Infy g(y.0)
967

where (J-1(0);,) is the ith diagonal element of the inverse of the Fisher
matrix.
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o

)

Figure 4.15 lllustration of probabilistic modelling of a two-dimensional signal
space with a mixture of five bivariate Gaussian densities.

4.5 Design of Mixture Gaussian Models

A practical method for the modelling of the probability density function of
an arbitrary signal space is to fit (or “tile”) the space with a mixture of a
number of Gaussian probability density functions. Figure 4.15 illustrates the
modelling of a two-dimensional signal space with a number of circular and
elliptically shaped Gaussian processes. Note that the Gaussian densities can
be overlapping, with the result that in an area of overlap, a data point can be
associated with different probabilities to different components of the
Gaussian mixture.

A main advantage of the use of a mixture Gaussian model is that it
results in mathematically tractable signal processing solutions. A mixture
Gaussian pdf model for a process X is defined as

K
fx ()= PG (x50 ,Z3) (4.116)
k=1

where a(; (x;U;, X;) denotes the kth component of the mixture Gaussian
pdf, with mean vector W, and covariance matrix ;. The parameter P, is the
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prior probability of the kth mixture, and it can be interpreted as the expected
fraction of the number of vectors from the process X associated with the kth
mixture.

In general, there are an infinite number of different K-mixture Gaussian
densities that can be used to “tile up” a signal space. Hence the modelling of
a signal space with a K-mixture pdf space can be regarded as a many-to-one
mapping, and the expectation-maximisation (EM) method can be applied for
the estimation of the parameters of the Gaussian pdf models.

4.5.1 The EM Algorithm for Estimation of Mixture Gaussian
Densities

The EM algorithm, discussed in Section 4.4, is an iterative maximum-
likelihood (ML) estimation method, and can be employed to calculate the
parameters of a K-mixture Gaussian pdf model for a given data set. To
apply the EM method we first need to define the so-called complete and
incomplete data sets. As usual the observation vectors [y(m) m=0, ..., N-1]
form the incomplete data. The complete data may be viewed as the
observation vectors with a label attached to each vector y(m) to indicate the
component of the mixture Gaussian model that generated the vector. Note
that if each signal vector y(m) had a mixture component label attached, then
the computation of the mean vector and the covariance matrix of each
component of the mixture would be a relatively simple exercise. Therefore
the complete and incomplete data can be defined as follows:

The incomplete data y(m), m=0,...,N —1
The complete data x(m)z[y(m),k]:yk (m), m=0,...,.N-1Lke(l,...,K)

The probability of the complete data is the probability that an observation
vector y(m) has a label k associating it with the kth component of the mixture
density. The main step in application of the EM method is to define the
expectation of the complete data, given the observations and a current
estimate of the parameter vector, as

U(©,6,)=El[In fy x.0 (y(m),k;0)1y(m);6;]

N1 K fy ko (0(m),k)16)) @117
) ’ ~——In fy k. (y(m).k;0)
"E)kga Ty (y(m)10;) Y.k:0Y
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where ©={0,=[P,, W;, %], k=1,..., K}, are the parameters of the Gaussian

mixture as in Equation (4.116). Now the joint pdf of y(m) and the kth
Gaussian component of the mixture density can be written as

Ty xl@ (y(m), k|éi )= P, fx (y(m)‘éki )

A (4.118)
= P, Ny (y(m);/lki 2, )

where A (y(m); ﬂk,fk) is a Gaussian density with mean vector y; and
covariance matrix X, :

1
ANk (.Y(m);.uk; Zk) XP(__Z (y(m) —/.Lk)TZk‘l(y(m)—/.Lk))

4.119)

1
= ¢
@z "
The pdf of y(m) as a mixture of K Gaussian densities is given by

= zﬁkiNk()’(m);ﬂki ,ZAki)

k=1

Frio y(mff; )=2(

(4.120)

Substitution of the Gaussian densities of Equation (4.118) and Equation
(4.120) in Equation (4.117) yields

A mfy, 2)
L & G P ()i Z0)]

. N-1 K
U[(u,Z,P),([:l,»,Ei,P) 2 2
m=0 k=1

N-l

>

(ﬁkig\[k(y(m);ﬁki: EAki) i)kig\[k(y(m);ﬁki: EAki)
m=0 k=1

2 A 1 i T
N(J’(m)|@,-) nEe N(y(m)|@,-) DA (Vi s B k)]

4.121)

Equation (4.121) is maximised with respect to the parameter P, using the
constrained optimisation method. This involves subtracting the constant
term XP;=1 from the right hand side of Equation (4.121) and then setting
the derivative of this equation with respect to P, to zero, this yields
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13’9 = argmax U[U, 2, P),(/:li» f"i’ pi)]
Py

+1

SN COR S (4.122)

1 N
NZ o NGmI6)

The parameters W and %, that maximise the function U are obtained, by

setting the derivative of the function with respect to these parameters to
zero:

Ijki+] = arg'umax UI(ﬂ,E, P):(a[i'i’ z'i’[,ii)]
k

N-1 ﬁkiNk(y(m);ﬁki»Skl-) m)
| m
0 N (y(m)|6;) R
NSt B N (y(my iy, S
= N(ym)6)

m=

and

A

Zk~ :argzmaX U[(u,Z,P)’(Ill,ZA‘l’IA)l)]

i+1 f
N RGO m iy, Z )

= N (y(m)|©;)
N-1 i)ki Nk(y(m);.ﬁki’ ﬁk,')

m2=0 A (v(m)|e;)

(y(m)—ﬂkl. )(y(m)—ﬂkl.)T

(4.124)
Equations (4.122)—(4.124) are the estimates of the parameters of a mixture
Gaussian pdf model. These equations can be used in further iterations of the
EM method until the parameter estimates converge.

4.6 Bayesian Classification

Classification is the processing and labelling of an observation sequence
{y(m)} with one of M classes of signals {C;; k=1, ..., M} that could have

generated the observation. Classifiers are present in all modern digital
communication systems and in applications such as the decoding of
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>
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Figure 4.16 — lllustration of the overlap of the distribution of two classes of signals.

discrete-valued symbols in digital communication receivers, speech
compression, video compression, speech recognition, image recognition,
character recognition, signal/noise classification and detectors. For example,
in an M-symbol digital communication system, the channel output signal is
classified as one of the M signalling symbols; in speech recognition,
segments of speech signals are labelled with one of about 40 elementary
phonemes sounds; and in speech or video compression, a segment of speech
samples or a block of image pixels are quantised and labelled with one of a
number of prototype signal vectors in a codebook. In the design of a
classifier, the aim is to reduce the classification error given the constraints
on the signal-to-noise ratio, the bandwidth and the computational resources.
Classification errors are due to overlap of the distributions of different
classes of signals. This is illustrated in Figure 4.16 for a binary classification
problem with two Gaussian distributed signal classes C; and C,. In the

shaded region, where the signal distributions overlap, a sample x could
belong to either of the two classes. The shaded area gives a measure of the
classification error. The obvious solution suggested by Figure 4.16 for
reducing the classification error is to reduce the overlap of the distributions.
The overlap can be reduced in two ways: (a) by increasing the distance
between the mean values of different classes, and (b) by reducing the
variance of each class. In telecommunication systems the overlap between
the signal classes is reduced using a combination of several methods
including increasing the signal-to-noise ratio, increasing the distance
between signal patterns by adding redundant error control coding bits, and
signal shaping and post-filtering operations. In pattern recognition, where it
is not possible to control the signal generation process (as in speech and
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image recognition), the choice of the pattern features and models affects the
classification error. The design of an efficient classification for pattern
recognition depends on a number of factors, which can be listed as follows:

(1) Extraction and transformation of a set of discriminative features from
the signal that can aid the classification process. The features need to
adequately characterise each class and emphasise the difference
between various classes.

(2) Statistical modelling of the observation features for each class. For
Bayesian classification, a posterior probability model for each class
should be obtained.

(3) Labelling of an unlabelled signal with one of the N classes.

4.6.1 Binary Classification

The simplest form of classification is the labelling of an observation with
one of two classes of signals. Figures 4.17(a) and 4.17(b) illustrate two
examples of a simple binary classification problem in a two-dimensional
signal space. In each case, the observation is the result of a random mapping
(e.g. signal plus noise) from the binary source to the continuous observation
space. In Figure 4.17(a), the binary sources and the observation space
associated with each source are well separated, and it is possible to make an
error-free classification of each observation. In Figure 4.17(b) there is less
distance between the mean of the sources, and the observation signals have a
greater spread. This results in some overlap of the signal spaces and
classification error can occur. In binary classification, a signal x is labelled
with the class that scores the higher a posterior probability:

G
Peix (Cilx) 2 Peix (o)) (4.125)

G
Using Bayes’ rule Equation (4.125) can be rewritten as

G
Pc(cl)fx\c(x|cl) 2 Pc(cz)fx\c(x|cz) (4.126)

G

Letting Pc(Cy)=P; and P-(C,)=P,, Equation (4.126) is often written in
terms of a likelihood ratio test as
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A 51 Discrete source space Ay | Noisy observation space

(a) %2

— —
S
(b) 2 Ya

Figure 4.17 lllustration of binary classification: (a) the source and observation spaces
are well separated, (b) the observation spaces overlap.

fxjc(*[Cy) g Py

(4.127)
fx|c(*[C) c<2 B

Taking the likelihood ratio yields the following discriminant function:

Cl
P
h(x) =1nfy|c (x|C;)—1nfyc (*|C,) z 1n?2 (4.128)

1
G

Now assume that the signal in each class has a Gaussian distribution with a
probability distribution function given by

1 1 _ .
fxc(xlci)=mexp[—5<x—uifzi l(x—ui)], =12 (4.129)
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From Equations (4.128) and (4.129), the discriminant function Ah(x)
becomes

fol
P
h(x)———(x ,u1) 21 (x— I.l1)+ (x - /.lz) 22 (x - u2)+1n| 2| >1
= < A
C2
(4.130)

Example 4.10 For two Gaussian-distributed classes of scalar-valued
signals with distributions given by .‘7\[()6(111),#1,02 ) and N(x(m),uz,az),
and equal class probability P;=P,=0.5, the discrimination function of
Equation (4.130) becomes

_ 2 2 G
hmy) = H2 7L gy ¢ LE2 TR (4.131)
2 o c.

Hence the rule for signal classification becomes

C]
x(m) S Lz“z (4.132)
CZ

The signal is labelled with class C; if x(m)<(u; +M,)/2and as class C,
otherwise.

4.6.2 Classification Error

Classification errors are due to the overlap of the distributions of different
classes of signals. This is illustrated in Figure 4.16 for the binary
classification of a scalar-valued signal and in Figure 4.17 for the binary
classification of a two-dimensional signal. In each figure the overlapped
area gives a measure of classification error. The obvious solution for
reducing the classification error is to reduce the overlap of the distributions.
This may be achieved by increasing the distance between the mean values of
various classes or by reducing the variance of each class. In the binary
classification of a scalar-valued variable x, the probability of classification
error is given by
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P(Error|x)= P(C;)P(x >Thrsh|xe C;)+P(C,)P(x >Thrshlxe C,) (4.133)

For two Gaussian-distributed classes of scalar-valued signals with pdfs
N (x(m),py,07) and N(x(m),11,,03), Equation (4.133) becomes

T 1 (x—m)?
P(Error|x)=P(C;) I Nors expl — ——— " |dx
Thrsh 2r 0y 261

(4.134)

Thrsh 2
LPC) | J%G [_ (x=H15) ]dx
2

—oo

where the parameter Thrsh is the classification threshold.

4.6.3 Bayesian Classification of Discrete-Valued Parameters

Let the set @={6;, i =1, ..., M} denote the values that a discrete P-
dimensional parameter vector 6 can assume. In general, the observation
space Y associated with a discrete parameter space ®@ may be a discrete-
valued or a continuous-valued space. Assuming that the observation space is
continuous, the pdf of the parameter vector 6; given observation vector y ,
may be expressed, using Bayes’ rule, as

frie(y10;,)Fg (6;)
Poy (6,1y) = ~1O 2710 (4.135)

fy ()

For the case when the observation space Y is discrete-valued, the probability
density functions are replaced by the appropriate probability mass functions.
The Bayesian risk in selecting the parameter vector 6; given the observation
y is defined as

M
R(6;1y)=),C®;10,)Poy ;1) (4.136)
J=1

where C(6;16) is the cost of selecting the parameter 6; when the true
parameter is 6. The Bayesian classification Equation (4.136) can be
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employed to obtain the maximum a posteriori, the maximum likelihood and
the minimum mean square error classifiers.

4.6.4 Maximum A Posteriori Classification

MAP classification corresponds to Bayesian classification with a uniform
cost function defined as

C6;10;,)=1-5(6,.6,) (4.137)

where &(-) is the delta function. Substitution of this cost function in the
Bayesian risk function yields

M
0;1ly)=> [1-06(0,,0,)] Py, (6|
R,MAP(l y) %[ (l j)] @ly( J y) (4138)

Note that the MAP risk in selecting 6; is the classification error probability;
that is the sum of the probabilities of all other candidates. From Equation
(4.138) minimisation of the MAP risk function is achieved by maximisation
of the posterior pmf:

éMAP(y) = arg max Fgy (0; | y)
0;

= argmax Py (0;) fyie (¥ 16,)
6;

(4.139)

4.6.5 Maximum-Likelihood (ML) Classification

The ML classification corresponds to Bayesian classification when the
parameter @ has a uniform prior pmf and the cost function is also uniform:

Ry, (6; 1) 2[1 56,6, )fm( y18; P (6))
J=1 (4.140)

1
) frie(¥10;)Pg
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where Pg is the uniform pmf of 6. Minimisation of the ML risk function
(4.140) is equivalent to maximisation of the likelihood fy,g(¥!6;)

6, (y)=argmax fy,g (y16;) (4.141)

L

4.6.6 Minimum Mean Square Error Classification

The Bayesian minimum mean square error classification results from
minimisation of the following risk function:

M
2
KMMSE(ei ly) = 2|9, _9j| P@IY (ej ly) (4.142)
j=1

For the case when Pg,y(0 jI y) is not available, the MMSE classifier is
given by
6 se (¥) = arg min |; —9(y)|2 (4.143)
0

1

where 6(y) is an estimate based on the observation y.

4.6.7 Bayesian Classification of Finite State Processes

In this section, the classification problem is formulated within the
framework of a finite state random process. A finite state process is
composed of a probabilistic chain of a number of different random
processes. Finite state processes are used for modelling non-stationary
signals such as speech, image, background acoustic noise, and impulsive
noise as discussed in Chapter 5.

Consider a process with a set of M states denoted as S={sy, s, . . ., Sy},
where each state has some distinct statistical property. In its simplest form, a
state is just a single vector, and the finite state process is equivalent to a
discrete-valued random process with M outcomes. In this case the Bayesian
state estimation is identical to the Bayesian classification of a signal into
one of M discrete-valued vectors. More generally, a state generates
continuous-valued, or discrete-valued vectors from a pdf, or a pmf,
associated with the state. Figure 4.18 illustrates an M-state process, where
the output of the ith state is expressed as
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x(m) =1 0;,e(m)), i=1,.., M (4.144)

where in each state the signal x(m) is modelled as the output of a state-
dependent function h;(-) with parameter 6; input e(m) and an input pdf
fei(e(m)). The prior probability of each state is given by

M
P (s;))=EIN(s; )]/ 5[21 N(s; )] (4.145)
=

where ‘E[N(s;)] is the expected number of observation from state s;. The pdf

of the output of a finite state process is a weighted combination of the pdf of
each state and is given by

M
fx (xm)=> Ps(s) fxis (x1s;) (4.146)
i=1

In Figure 4.18, the noisy observation y(m) is the sum of the process output
x(m) and an additive noise n(m). From Bayes’ rule, the posterior probability
of the state s; given the observation y(m) can be expressed as

x=h(0e)
e € f2(e)

x="hpy(6 e
e € fu(e)

x=h;(6e)
e c fi(e)

n
Noise —»?
Yy

Figure 4.18 lllustration of a random process generated by a finite state system.
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P (
Pyy (si]y(m)) =~ Fris }su)Ps (50 (4.147)
ZfYIS(y(m)| )PS(S

j=l1

In MAP classification, the state with the maximum posterior probability is
selected as

Syap (y(m))=argmax Pgy (s;| y(m)) (4.148)

S;

The Bayesian state classifier assigns a misclassification cost function
C(s;ls;) to the action of selecting the state s; when the true state is s;. The risk

function for the Bayesian classification is given by

M
R (s;lym) =Y C(s; Is ;) Psy (s ly(m)) (4.149)

j=1

4.6.8 Bayesian Estimation of the Most Likely State Sequence

Consider the estimation of the most likely state sequence

S =[8558; 508, of a finite state process, given a sequence of T

observation vectors Y =[y,,y;,...,yr_ |. A state sequence s, of length 7, is
itself a random integer-valued vector process with N7 possible values. From
the Bayes rule, the posterior pmf of a state sequence s, given an observation
sequence Y, can be expressed as

fY|S (yO""’yT—l |si0’“"sir—l )PS (Sio,...,sir )

Py (Si8i 1 Yoo 7o) = 0y Yr) -
y (Yoo Y71

(4.150)

where Pg(s) 1s the pmf of the state sequence s, and for a given observation
sequence, the denominator fy(yy,...,y7_;) is a constant. The Bayesian risk
in selecting a state sequence s; is expressed as
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Figure 4.19 A three state Markov Process.

NT
R(Si|Y)=ZC(Si |Sj)PS|Y(Sj|J’) (4.151)
=

For a statistically independent process, the state of the process at any time is
independent of the previous states, and hence the conditional probability of
a state sequence can be written as

T-1
Py (S-S5 |[Vor s Y7 = [ fris (yk|sik )P (s;,) (4.152)
k=0

where s;; denotes state s; at time instant k. A particular case of a finite state
process is the Markov chain where the state transition is governed by a
Markovian process such that the probability of the state i at time m depends
on the state of the process at time m-1. The conditional pmf of a Markov
state sequence can be expressed as

T-1
Poy (5 -58; 1 Yowes yr-D) =] T @i i Fsw (i, 1y) (4.153)
k=0

where a;

state s, Finite state random processes and computationally efficient

is the probability that the process moves from state s; ~ to

methods of state sequence estimation are described in detail in Chapter 5.
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4.7 Modelling the Space of a Random Process

In this section, we consider the training of statistical models for a database
of P-dimensional vectors of a random process. The vectors in the database
can be visualised as forming a number of clusters or regions in a P-
dimensional space. The statistical modelling method consists of two steps:
(a) the partitioning of the database into a number of regions, or clusters, and
(b) the estimation of the parameters of a statistical model for each cluster. A
simple method for modelling the space of a random signal is to use a set of
prototype vectors that represent the centroids of the signal space. This
method effectively quantises the space of a random process into a relatively
small number of typical vectors, and is known as vector quantisation (VQ).
In the following, we first consider a VQ model of a random process, and
then extend this model to a pdf model, based on a mixture of Gaussian
densities.

4.7.1 Vector Quantisation of a Random Process

In vector quantisation, the space of a random vector process X is partitioned
into K clusters or regions [X, X5, ...,Xg], and each cluster X; is represented

by a cluster centroid ¢;. The set of centroid vectors [cy, €3, ...,cx] form a VQ
code book model of the process X. The VQ code book can then be used to
classify an unlabelled vector x with the nearest centroid. The codebook is
searched to find the centroid vector with the minimum distance from x, then
x is labelled with the index of the minimum distance centroid as

Label(x)=argmind(x,c;) (4.154)

where d(x, c¢;) is a measure of distance between the vectors x and c;. The
most commonly used distance measure is the mean squared distance.

4.7.2 Design of a Vector Quantiser: K-Means Clustering

The K-means algorithm, illustrated in Figure 4.20, is an iterative method for
the design of a VQ codebook. Each iteration consists of two basic steps : (a)
Partition the training signal space into K regions or clusters and (b) compute
the centroid of each region. The steps in K-Means method are as follows:
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Select initial centroids and
form cluster partitions

A A

Update cluster centroids

|-
|

.
|

Update cluster partitions A Update cluster centroids

| .
> »

Figure 4.18 lllustration of the K-means clustering method.

Step 1: Initialisation Use a suitable method to choose a set of K initial
centroids [¢;]. Form=1, 2, ...

Step 2: Classification Classify the training vectors {x} into K clusters {[x],
[x>], ... [xk]} using the so-called nearest-neighbour rule Equation
(4.154).

Step 3: Centroid computation Use the vectors [x;] associated with the ith
cluster to compute an updated cluster centroid c¢;, and calculate the
cluster distortion defined as

N;
D, (m)=—]$ S dx, ()i (m)) (4.155)
=

where it is assumed that a set of N; vectors [x;(j) j=0, ..., N;] are
associated with cluster i. The total distortion is given by

K
D(m)=> D;(m) (4.156)
i=1
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Step 4: Convergence test:
if
D(m—1) — D(m) = Threshold stop,
else
goto Step 2.

A vector quantiser models the regions, or the clusters, of the signal space
with a set of cluster centroids. A more complete description of the signal
space can be achieved by modelling each cluster with a Gaussian density as
described in the next chapter.

4.8 Summary

This chapter began with an introduction to the basic concepts in estimation
theory; such as the signal space and the parameter space, the prior and
posterior spaces, and the statistical measures that are used to quantify the
performance of an estimator. The Bayesian inference method, with its
ability to include as much information as is available, provides a general
framework for statistical signal processing problems. The minimum mean
square error, the maximum-likelihood, the maximum a posteriori, and the
minimum absolute value of error methods were derived from the Bayesian
formulation. Further examples of the applications of Bayesian type models
in this book include the hidden Markov models for non-stationary processes
studied in Chapter 5, and blind equalisation of distorted signals studied in
Chapter 15.

We considered a number of examples of the estimation of a signal
observed in noise, and derived the expressions for the effects of using prior
pdfs on the mean and the variance of the estimates. The choice of the prior
pdf is an important consideration in Bayesian estimation. Many processes,
for example speech or the response of a telecommunication channel, are not
uniformly distributed in space, but are constrained to a particular region of
signal or parameter space. The use of a prior pdf can guide the estimator to
focus on the posterior space that is the subspace consistent with both the
likelihood and the prior pdfs. The choice of the prior, depending on how
well it fits the process, can have a significant influence on the solutions.

The iterative estimate-maximise method, studied in Section 4.3,
provides a practical framework for solving many statistical signal
processing problems, such as the modelling of a signal space with a mixture
Gaussian densities, and the training of hidden Markov models in Chapter 5.
In Section 4.4 the Cramer—Rao lower bound on the variance of an estimator
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was derived, and it was shown that the use of a prior pdf can reduce the
minimum estimator variance.

Finally we considered the modelling of a data space with a mixture
Gaussian process, and used the EM method to derive a solution for the
parameters of the mixture Gaussian model.
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