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LINEAR PREDICTION MODELS

8.1 Linear Prediction Coding

8.2 Forward, Backward and Lattice Predictors

8.3 Short-term and Long-Term Linear Predictors

8.4 MAP Estimation of Predictor Coefficients

8.5 Sub-Band Linear Prediction

8.6 Signal Restoration Using Linear Prediction Models
8.7 Summary

inear prediction modelling is used in a diverse area of applications,

such as data forecasting, speech coding, video coding, speech

recognition, model-based  spectral  analysis, = model-based
interpolation, signal restoration, and impulse/step event detection. In the
statistical literature, linear prediction models are often referred to as
autoregressive (AR) processes. In this chapter, we introduce the theory of
linear prediction modelling and consider efficient methods for the
computation of predictor coefficients. We study the forward, backward and
lattice predictors, and consider various methods for the formulation and
calculation of predictor coefficients, including the least square error and
maximum a posteriori methods. For the modelling of signals with a quasi-
periodic structure, such as voiced speech, an extended linear predictor that
simultaneously utilizes the short and long-term correlation structures is
introduced. We study sub-band linear predictors that are particularly useful
for sub-band processing of noisy signals. Finally, the application of linear
prediction in enhancement of noisy speech is considered. Further
applications of linear prediction models in this book are in Chapter 11 on
the interpolation of a sequence of lost samples, and in Chapters 12 and 13
on the detection and removal of impulsive noise and transient noise pulses.
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Figure 8.1 The concentration or spread of power in frequency indicates the
predictable or random character of a signal: (a) a predictable signal;
(b) a random signal.

8.1 Linear Prediction Coding

The success with which a signal can be predicted from its past samples
depends on the autocorrelation function, or equivalently the bandwidth and
the power spectrum, of the signal. As illustrated in Figure 8.1, in the time
domain, a predictable signal has a smooth and correlated fluctuation, and in
the frequency domain, the energy of a predictable signal is concentrated in
narrow band/s of frequencies. In contrast, the energy of an unpredictable
signal, such as a white noise, is spread over a wide band of frequencies.

For a signal to have a capacity to convey information it must have a
degree of randomness. Most signals, such as speech, music and video
signals, are partially predictable and partially random. These signals can be
modelled as the output of a filter excited by an uncorrelated input. The
random input models the unpredictable part of the signal, whereas the filter
models the predictable structure of the signal. The aim of linear prediction is
to model the mechanism that introduces the correlation in a signal.

Linear prediction models are extensively used in speech processing, in
low bit-rate speech coders, speech enhancement and speech recognition.
Speech is generated by inhaling air and then exhaling it through the glottis
and the vocal tract. The noise-like air, from the lung, is modulated and
shaped by the vibrations of the glottal cords and the resonance of the vocal
tract. Figure 8.2 illustrates a source-filter model of speech. The source
models the lung, and emits a random input excitation signal which is filtered
by a pitch filter.
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Figure 8.2 A source—filter model of speech production.

The pitch filter models the vibrations of the glottal cords, and generates a
sequence of quasi-periodic excitation pulses for voiced sounds as shown in
Figure 8.2. The pitch filter model is also termed the “long-term predictor”
since it models the correlation of each sample with the samples a pitch
period away. The main source of correlation and power in speech is the
vocal tract. The vocal tract is modelled by a linear predictor model, which is
also termed the “short-term predictor”, because it models the correlation of
each sample with the few preceding samples. In this section, we study the
short-term linear prediction model. In Section 8.3, the predictor model is
extended to include long-term pitch period correlations.

A linear predictor model forecasts the amplitude of a signal at time m,
x(m), using a linearly weighted combination of P past samples [x(m—1),
x(m=2), ..., x(m—P)] as

P
Rm)=) apx(m—k) 8.1)

k=1

where the integer variable m is the discrete time index, Xx(m) is the
prediction of x(m), and a; are the predictor coefficients. A block-diagram
implementation of the predictor of Equation (8.1) is illustrated in Figure 8.3.

The prediction error e(m), defined as the difference between the actual
sample value x(m) and its predicted value x(m), is given by

e(m) = x(m) — x(m)

P
= x(m) — 2 apx(m —k) (8.2)

k=1
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Figure 8.3 Block-diagram illustration of a linear predictor.

For information-bearing signals, the prediction error e(m) may be regarded
as the information, or the innovation, content of the sample x(m). From
Equation (8.2) a signal generated, or modelled, by a linear predictor can be
described by the following feedback equation

P
x(m) = Zakx(m— k) + e(m) (8.3)
k=1

Figure 8.4 illustrates a linear predictor model of a signal x(). In this model,
the random input excitation (i.e. the prediction error) is e(m)=Gu(m), where
u(m) is a zero-mean, unit-variance random signal, and G, a gain term, is the
square root of the variance of e(m):

G=(E[e2my)) " (8.4)

u(m) e(m) x(m)
>

— - -1
] o :

x(m—P) x(m=2) x(m-1)

Figure 8.4 lllustration of a signal generated by a linear predictive model.
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Figure 8.5 The pole—zero position and frequency response of a linear predictor.
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where Z[-] is an averaging, or expectation, operator. Taking the z-transform

of Equation (8.3) shows that the linear prediction model is an all-pole digital
filter with z-transfer function

_X(2) _ G
U@ | 2 (8.5)

I—Zak *
k=1

H(2)

In general, a linear predictor of order P has P/2 complex pole pairs, and can
model up to P/2 resonance of the signal spectrum as illustrated in Figure 8.5.
Spectral analysis using linear prediction models is discussed in Chapter 9.

8.1.1 Least Mean Square Error Predictor

The “best” predictor coefficients are normally obtained by minimising a
mean square error criterion defined as

p 2
f[e2 (m)]=E [[x(m)—z a;x(m—k) ) ]

k=1
. P ) P P ) o
=E[x”(m)] ZZakf[x(m)x(m k)]+Zak2ajZ[x(m k)x(m— j)]
k=1 k=l j=1

=r. (0)-2rla+a"R, .a
(8.6)
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where R,, =ZF[xxT] is the autocorrelation matrix of the input vector
xT=[x(m-1), x(m=2), . . ., x(m—P)], ree=FE[x(m)x] is the autocorrelation
vector and aT=[a;, a,, . . ., ap] is the predictor coefficient vector. From

Equation (8.6), the gradient of the mean square prediction error with respect
to the predictor coefficient vector a is given by

ai Ele*(m)]=—2r) +2a"R_, (8.7)
a

where the gradient vector is defined as

9 (a2 9 J Y 58)
da |da; da, " dap '

The least mean square error solution, obtained by setting Equation (8.7) to
zero, is given by
R . .a=r (8.9)

XX XX
From Equation (8.9) the predictor coefficient vector is given by
a=Ry 7 (8.10)

Equation (8.10) may also be written in an expanded form as

a Fix (0) P (D) Tex (2) v Iy (P=1) -1 Tex (D
a T (D) Ty (0) T (D) o Ty (P=2) Ve (2)
az F| 1, Ve (D Ty (0) T (P=3) iy 3) (8.11)
ap Fow(P=1) T (P=2) Fy(P=3) o+ I (0) Ve (P)

An alternative formulation of the least square error problem is as follows.
For a signal block of N samples [x(0), ..., x(N—1)], we can write a set of N
linear prediction error equations as
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€(0) X(0) x(=1) x(=2) x(=3) ... x(—P) a,

el x(1) x(0) x(=1) x(=2) ... x(1-P) a,

e |=| x2 || x x(0) x(-1) ... x(2-P) as

e(N -1 X(N - 1) X(N-2) x(N-3) x(N-4) ... x(N-P-1) | ap
(8.12)

where x'= [x(=1), ..., x(—=P)] is the initial vector. In a compact vector/matrix
notation Equation (8.12) can be written as

e=x — Xa (8.13)

Using Equation (8.13), the sum of squared prediction errors over a block of
N samples can be expressed as

eTe=x"x-2x"Xa-a" X" Xa (8.14)

The least squared error predictor is obtained by setting the derivative of
Equation (8.14) with respect to the parameter vector a to zero:

deTe

da

=2xTX-aTXTX=0 (8.15)

From Equation (8.15), the least square error predictor is given by

a=(x"x)"(x"x) (8.16)

A comparison of Equations (8.11) and (8.16) shows that in Equation (8.16)
the autocorrelation matrix and vector of Equation (8.11) are replaced by the
time-averaged estimates as

N-1
P (M) = %Z x(k)x(k —m) (8.17)
k=0

Equations (8.11) and ( 8.16) may be solved efficiently by utilising the
regular Toeplitz structure of the correlation matrix R,. In a Toeplitz matrix,



234 Linear Prediction Models

all the elements on a left-right diagonal are equal. The correlation matrix is
also cross-diagonal symmetric. Note that altogether there are only P+1
unique elements [7,,(0), (1), . . ., rw(P)] in the correlation matrix and the
cross-correlation vector. An efficient method for solution of Equation (8.10)
is the Levinson—Durbin algorithm, introduced in Section 8.2.2.

8.1.2 The Inverse Filter: Spectral Whitening

The all-pole linear predictor model, in Figure 8.4, shapes the spectrum of
the input signal by transforming an uncorrelated excitation signal u(m) to a
correlated output signal x(m). In the frequency domain the input—output
relation of the all-pole filter of Figure 8.6 is given by

GU(f)_  E(f)

X(f)=
A(f) l_iak i

(8.18)

where X(f), E(f) and U(f) are the spectra of x(m), e(m) and u(m) respectively,
G is the input gain factor, and A(f) is the frequency response of the inverse
predictor. As the excitation signal e(m) is assumed to have a flat spectrum, it
follows that the shape of the signal spectrum X(f) is due to the frequency
response 1/A(f) of the all-pole predictor model. The inverse linear predictor,

Input x(m) x(m—1) x(m=2) x(m—P)

T

e(m)
(UMW

Figure 8.6 lllustration of the inverse (or whitening) filter.
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as the name implies, transforms a correlated signal x(m) back to an
uncorrelated flat-spectrum signal e(m). The inverse filter, also known as the
prediction error filter, is an all-zero finite impulse response filter defined as

e(m)=x(m)—x(m)

P
=x(m)—2akx(m—k) (8.19)

k=1

:(aiIlV )T x
where the inverse filter (@"V)T =[1, —qa;, . . ., —ap]=[1, —a], and xT=[x(m), ...,

x(m—P)]. The z-transfer function of the inverse predictor model is given by

P
AD) =1 - Y * (8.20)
k=1

A linear predictor model is an all-pole filter, where the poles model the
resonance of the signal spectrum. The inverse of an all-pole filter is an all-
zero filter, with the zeros situated at the same positions in the pole-zero plot
as the poles of the all-pole filter, as illustrated in Figure 8.7. Consequently,
the zeros of the inverse filter introduce anti-resonances that cancel out the
resonances of the poles of the predictor. The inverse filter has the effect of
flattening the spectrum of the input signal, and is also known as a spectral
whitening, or decorrelation, filter.

A

A Pole X o Inverse filter A(f)
Zero O Z ¢

o)
- &
0
S
® B =
5

> = Predictor 1/A(f)
® ® ® o0
=

-

f

Figure 8.7 lllustration of the pole-zero diagram, and the frequency responses of an
all-pole predictor and its all-zero inverse filter.
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8.1.3 The Prediction Error Signal
The prediction error signal is in general composed of three components:

(a) the input signal, also called the excitation signal;
(b) the errors due to the modelling inaccuracies;
(c) the noise.

The mean square prediction error becomes zero only if the following
three conditions are satisfied: (a) the signal is deterministic, (b) the signal is
correctly modelled by a predictor of order P, and (c) the signal is noise-free.
For example, a mixture of P/2 sine waves can be modelled by a predictor of
order P, with zero prediction error. However, in practice, the prediction
error is nonzero because information bearing signals are random, often only
approximately modelled by a linear system, and usually observed in noise.
The least mean square prediction error, obtained from substitution of
Equation (8.9) in Equation (8.6), is

P
EP) =Z[e? (m)]=r (0)= Y agry, (k) (8.21)
k=1

where E() denotes the prediction error for a predictor of order P. The
prediction error decreases, initially rapidly and then slowly, with increasing
predictor order up to the correct model order. For the correct model order,
the signal e(m) is an uncorrelated zero-mean random process with an
autocorrelation function defined as

2 2 e
Ele(m)e(m - k>]={°'e =GT ifm=k (822)
0 if m#k

where o7 is the variance of e(m).

8.2 Forward, Backward and Lattice Predictors

The forward predictor model of Equation (8.1) predicts a sample x(m) from
a linear combination of P past samples x(m—1), x(m-2), . . .,.x(m—P).
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x(m — P) to x(m — 1) are used to predict x(m)
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«

x(m) to x(m—P+1) are used to predict x(m—P)
Backward prediction

Figure 8.8 lllustration of forward and backward predictors.

Similarly, as shown in Figure 8.8, we can define a backward predictor, that

predicts a sample x(m—P) from P future samples x(m—P+1), . . ., x(m) as
P
Rm—P)=) c; x(m—k+1) (8.23)
k=1

The backward prediction error is defined as the difference between the
actual sample and its predicted value:

b(m)=x(m— P)—x(m— P)
(8.24)

P
=x(m—P)—chx(m—k+l)
k=1

From Equation (8.24), a signal generated by a backward predictor is given

by

P
x(m—P)= c;x(m—k+1)+b(m) (8.25)
k=1

The coefficients of the least square error backward predictor, obtained in a
similar method to that of the forward predictor in Section 8.1.1, are given by
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Vi (0) e (D) Fa (@ o T (P=D Y ¢ Fyx (P)

Fie (D T (0) P oo T (P=2) | ¢ Foe(P=1)

T (2) T (D o0 oo T (P=3) || ¢3 [F| re(P-2) (8.26)
Fa(P=1) T (P=2) Iy (P=3) ... 1,0 \cp Foe (D

Note that the main difference between Equations (8.26) and (8.11) is that the
correlation vector on the right-hand side of the backward predictor, Equation
(8.26) 1is upside-down compared with the forward predictor, Equation
(8.11). Since the correlation matrix is Toeplitz and symmetric, Equation
(8.11) for the forward predictor may be rearranged and rewritten in the
following form:

Py (0) () I oo T (P=DY ap Fex (P)
Py (D) Ty (0) P e T (P=2) || ap Py (P=1)
) () P o T (P=3) [ap_y |F| re(P-2)

Foe(P=1) T (P=2) F(P=3) ... Iy (0) a, Py (D)

(8.27)

A comparison of Equations (8.27) and (8.26) shows that the coefficients of
the backward predictor are the time-reversed versions of those of the
forward predictor

C ap
€2 dp-1

c=|c; |=|ap_, |Fa® (8.28)
Cp a,

where the vector aB is the reversed version of the vector a. The relation
between the backward and forward predictors is employed in the Levinson—
Durbin algorithm to derive an efficient method for calculation of the
predictor coefficients as described in Section 8.2.2.
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8.2.1 Augmented Equations for Forward and Backward
Predictors

The inverse forward predictor coefficient vector is [1, —ay, ..., —ap]=[1, —aT].
Equations (8.11) and (8.21) may be combined to yield a matrix equation for
the inverse forward predictor coefficients:

r©0) re Y 1) (EP
r. R, \-a 0 (8.29)
Equation (8.29) is called the augmented forward predictor equation.

Similarly, for the inverse backward predictor, we can define an augmented
backward predictor equation as

R, r2 \-d® 0
BT r(0) 1 B E® (8.30)

where o = [ro (D, (P)] and r2T =[r, (P).....r,.(D]. Note that the

superscript BT denotes backward and transposed. The augmented forward

and backward matrix Equations (8.29) and (8.30) are used to derive an
order-update solution for the linear predictor coefficients as follows.

8.2.2 Levinson—Durbin Recursive Solution

The Levinson—Durbin algorithm is a recursive order-update method for
calculation of linear predictor coefficients. A forward-prediction error filter
of order i can be described in terms of the forward and backward prediction
error filters of order i—1 as

1 1 0
—a® | | =4l _ gD

: : il (8.31)
ot | |-al ||

— al-(i) 0 1
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or in a more compact vector notation as

: 1 0
— (i1 (i-1)B
(_a(i)]_ ma k| —at (8.32)
0 1

where k; is called the reflection coefficient. The proof of Equation (8.32) and
the derivation of the value of the reflection coefficient for &; follows shortly.

Similarly, a backward prediction error filter of order i is described in terms
of the forward and backward prediction error filters of order i—1 as

0 1

()B
—a _| —q@ DB [ | ZgGD
( 1 ] ¢ i~ (8.33)

1 0

To prove the order-update Equation (8.32) (or alternatively Equation
(8.33)), we multiply both sides of the equation by the (i+1)X(i+1)

augmented matrix Rg:l) and use the equality

i B )T
R;(ci;l):( RJ(Uz r,f;) ]:[rxx(o) r)gx) ] (8.34)

re®l e @) | ry) R
to obtain
@) (i)B 1 (@) (B ! T 0
R, Fxx ( .): R, Fxx —aY |+ k. re(0) 1y _a(i—l)B
. . ; ) .
SETY EPY N L) Il el ) [
(8.35)

where in Equation (8.34) and Equation (8.35) rT =[r (1),--.r,, ()], and

I‘&)BT =[ry (@),--,r (D] is the reversed version of I';QT. Matrix—vector

multiplication of both sides of Equation (8.35) and the use of Equations
(8.29) and (8.30) yields
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" E(i—l) A(l—l)
E* ) | oG- (i-1)

[00') )_ Otk O (8.36)
A(l—l) E(l—l)

where

AT 1 _qD] 08
XX

i1 (8.37)
=ro (D)= a\ Vrg i —k)
k=1

If Equation (8.36) is true, it follows that Equation (8.32) must also be true.
The conditions for Equation (8.36) to be true are

ED =g g, 40D (8.38)
and
O=A(i‘1)+kiE(i‘1) (8.39)
From (8.39),
D
i __E(,-_l) (8.40)

Substitution of AG-D from Equation (8.40) into Equation (8.38) yields
EV =E"(1-k})
1

=E(O)1L[(1—k]2) (8.41)
j=1

Note that it can be shown that A® is the cross-correlation of the forward and
backward prediction errors:

A(i_l) :f[b(i_l) (m—])e(i_l) (m)] (8.42)

The parameter AG-D is known as the partial correlation.
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Durbin’s algorithm

Equations (8.43)—(8.48) are solved recursively for i=1, . . ., P. The Durbin
algorithm starts with a predictor of order zero for which E©=r,_(0). The
algorithm then computes the coefficients of a predictor of order i, using the
coefficients of a predictor of order i—1. In the process of solving for the
coefficients of a predictor of order P, the solutions for the predictor
coefficients of all orders less than P are also obtained:

E”=r,(0) (8.43)
Fori=1, .., P
. i1
A = (i)=Y a e (i~ k) (8.44)
k=1
A(i—l)
= (8.45)
alV =k; (8.46)
a\"=a\"—k;al") 1< j<i—1 (8.47)
ED=1-k?E®D (8.48)

8.2.3 Lattice Predictors

The lattice structure, shown in Figure 8.9, is a cascade connection of similar
units, with each unit specified by a single parameter k;, known as the
reflection coefficient. A major attraction of a lattice structure is its modular
form and the relative ease with which the model order can be extended. A
further advantage is that, for a stable model, the magnitude of k; is bounded
by unity (lk; I<1), and therefore it is relatively easy to check a lattice
structure for stability. The lattice structure is derived from the forward and
backward prediction errors as follows. An order-update recursive equation
can be obtained for the forward prediction error by multiplying both sides of
Equation (8.32) by the input vector [x(m), x(m—1), . .., x(m—i)]:

eD(my = " V(m) — k; bV (m-1) (8.49)
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Similarly, we can obtain an order-update recursive equation for the
backward prediction error by multiplying both sides of Equation (8.33) by
the input vector [x(m—i), x(m—i+1), ..., x(m)] as

b (m)=b"" (m—1)—k,e" " (m) (8.50)

Equations (8.49) and (8.50) are interrelated and may be implemented by a
lattice network as shown in Figure 8.8. Minimisation of the squared forward
prediction error of Equation (8.49) over N samples yields

N-1 | )
> DbV (m-1)

—_m=0
ki= NSl
P
m=0 (8.51)
e(m)
o ¥ o (1) X
- + EI‘— . - 4+ E|<_
b](m) bo(m)
(a)
ep_y(m) ep(nm)
o_
x(m)
by(m) : b,(m) bp_(m) bp(m)
(b)

Figure 8.9 Configuration of (a) a lattice predictor and (b) the inverse lattice
predictor.
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Note that a similar relation for k; can be obtained through minimisation of
the squared backward prediction error of Equation (8.50) over N samples.
The reflection coefficients are also known as the normalised partial
correlation (PARCOR) coefficients.

8.2.4 Alternative Formulations of Least Square Error Prediction

The methods described above for derivation of the predictor coefficients are
based on minimisation of either the forward or the backward prediction
error. In this section, we consider alternative methods based on the
minimisation of the sum of the forward and backward prediction errors.

Burg's Method Burg’s method is based on minimisation of the sum of the
forward and backward squared prediction errors. The squared error function
is defined as

£D = SO ] + [0 o] (8.52)
m=0

Substitution of Equations (8.49) and (8.50) in Equation (8.52) yields

0 _& [(i—l) (i-1) ]2 (i-1) (i-1) ]2
Eﬂ):z "V (m)—k, bV (m=1) |+ bV (m = 1)—k; e (m)

m=0

(8.53)

Minimisation of E](é,) with respect to the reflection coefficients k; yields

N-1 )
23 eV myp " (m-1)
_ m=0
ki = N-1

v {[e(i—l) (m)]Z N [b(i—l) (m— 1)]2 }

m=0

(8.54)
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Simultaneous Minimisation of the Backward and Forward
Prediction Errors From Equation (8.28) we have that the backward
predictor coefficient vector is the reversed version of the forward predictor
coefficient vector. Hence a predictor of order P can be obtained through
simultaneous minimisation of the sum of the squared backward and forward
prediction errors defined by the following equation:

N-1

E%j) = Z{[e"’) (m)]2+[b“°> (m)]z}

m=0

N-1 P 2 P )
=2 [x(m)—zakx(m—k)] +|:x(m—P)—2akx(m—P+k):|
m=0 k=1 k=1
= (x—Xa)T(x—Xa)+(xB —XBa)T (xB _XBa)

(8.55)

where X and x are the signal matrix and vector defined by Equations (8.12)
and (8.13), and similarly XB and xB are the signal matrix and vector for the
backward predictor. Using an approach similar to that used in derivation of
Equation (8.16), the minimisation of the mean squared error function of
Equation (8.54) yields

a=(XTX + XBTXB) (X Tx+ XBTxB) (8.56)

Note that for an ergodic signal as the signal length N increases Equation
(8.56) converges to the so-called normal Equation (8.10).

8.2.5 Predictor Model Order Selection

One procedure for the determination of the correct model order is to
increment the model order, and monitor the differential change in the error
power, until the change levels off. The incremental change in error power
with the increasing model order from i—1 to i is defined as

&) _ (-1 ()
AE\‘V=FE —-EY (857)



Linear Prediction Models

246

1.0

(=3
oo

prediction error

o
=)

Normalised mean squared

04 1

\4

2 4 6 8 100 12 14 16 18 20 22

Figure 8.10 lllustration of the decrease in the normalised mean squared
prediction error with the increasing predictor length for a speech signal.

Figure 8.10 illustrates the decrease in the normalised mean square prediction
error with the increasing predictor length for a speech signal. The order P
beyond which the decrease in the error power AE®) becomes less than a
threshold is taken as the model order.

In linear prediction two coefficients are required for modelling each
spectral peak of the signal spectrum. For example, the modelling of a signal
with K dominant resonances in the spectrum needs P=2K coefficients.
Hence a procedure for model selection is to examine the power spectrum of
the signal process, and to set the model order to twice the number of
significant spectral peaks in the spectrum.

When the model order is less than the correct order, the signal is under-
modelled. In this case the prediction error is not well decorrelated and will
be more than the optimal minimum. A further consequence of under-
modelling is a decrease in the spectral resolution of the model: adjacent
spectral peaks of the signal could be merged and appear as a single spectral
peak when the model order is too small. When the model order is larger than
the correct order, the signal is over-modelled. An over-modelled problem
can result in an ill-conditioned matrix equation, unreliable numerical
solutions and the appearance of spurious spectral peaks in the model.
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8.3 Short-Term and Long-Term Predictors

For quasi-periodic signals, such as voiced speech, there are two types of
correlation structures that can be utilised for a more accurate prediction,
these are:

(a) the short-term correlation, which is the correlation of each sample
with the P immediate past samples: x(m—1), . . ., x(m—P);

(b) the long-term correlation, which is the correlation of a sample x(m)
with say 2Q+1 similar samples a pitch period T away: x(m-T+Q), . . .,
x(m=T-Q).

Figure 8.11 is an illustration of the short-term relation of a sample with the
P immediate past samples and its long-term relation with the samples a
pitch period away. The short-term correlation of a signal may be modelled
by the linear prediction Equation (8.3). The remaining correlation, in the
prediction error signal e(m), is called the long-term correlation. The long-
term correlation in the prediction error signal may be modelled by a pitch
predictor defined as

0
emy= Y pre(m—T k) (8.58)
k=0

\/A-'

1
1
i
I
I -———

20+1 samples a P past samples

pitch period away

Figure 8.11 lllustration of the short-term relation of a sample with the P immediate
past samples and the long-term relation with the samples a pitch period away.



248 Linear Prediction Models

where p, are the coefficients of a long-term predictor of order 2Q0+1. The

pitch period T can be obtained from the autocorrelation function of x(m) or
that of e(m): it is the first non-zero time lag where the autocorrelation
function attains a maximum. Assuming that the long-term correlation is
correctly modelled, the prediction error of the long-term filter is a
completely random signal with a white spectrum, and is given by

e(m)=e(m)—e(m)
(8.59)

Y
=e(m)— Epk e(m—T —k)
k=-0Q

Minimisation of E[e2(m)] results in the following solution for the pitch
predictor:

P-o Tx (0) T (D T (2) e T, 20 ) 1 P (T = Q)
P-o+ P (D Ty (0) T (D cee T 20-1) P (T =0 +1)
; =l T (2) T (D) ¥y (0) cee T (20-2) :
Po-1 : : : : FoeT+0-1)
Po Ny (20) T 20-1D T, (20-2) ... Vi (0) P (T +0)
(8.60)

An alternative to the separate, cascade, modelling of the short- and long-
term correlations is to combine the short- and long-term predictors into a
single model described as

P 0
x(m)= Zakx(m—k) + Zpkx(m—k—T)+8(m) (8.61)
k=1 k==Q
short term prediction long term prediction

In Equation (8.61), each sample is expressed as a linear combination of P
immediate past samples and 2Q+1 samples a pitch period away.
Minimisation of ZE[e2(m)] results in the following solution for the pitch
predictor:
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a r(0) r(1) r(p-1) r(T+0-1) (T +0) . H(T-0-1) r(1)

a, r(1) r(0) r(p-2) r(r+0-2) r(r+0-1) o H(T+0-2) r(2)

as r(2) r(1) r(p-3) r(T+0-3) r(r+0-2) ... r(rT+0-3) r(3)

ap |=| r(p-1) r(p=2) .. r(0) r(T+Q-P) r(T+0-pP+1) ... r(T+Q-rP) r(pP)
)22 r(r+o-1) r(r+0-2) ... r(T+0-°r) r(0) r(1) r(20) r(T +Q)

P-0+1 r(r+0) r(T+0-1) ... r(T+Q0-P+1) r(1) r(0) e r(20-1) r(r+0-1)
Pio rr-o-1) r(r-¢-2) -+ r(T-0-pP) r(20) r(2¢-1) r(0) (T -0)
(8.62)

In Equation (8.62), for simplicity the subscript xx of r.,(k) has been omitted.
In Chapter 10, the predictor model of Equation (8.61) is used for
interpolation of a sequence of missing samples.

8.4 MAP Estimation of Predictor Coefficients

The posterior probability density function of a predictor coefficient vector a,
given a signal x and the initial samples x;, can be expressed, using Bayes’

rule, as
Fxiax, (xlax))fax, (@lxy)

fX|X, (x |x1)

faix x, (@lx.xp)= (8.63)

In Equation (8.63), the pdfs are conditioned on P initial signal samples
x=[x(=P), x(-P+1), ..., x(-1)]. Note that for a given set of samples [x, x{],

f XIX, (xlx;) is a constant, and it is reasonable to assume that

faix,(@lx)=f4(a).
8.4.1 Probability Density Function of Predictor Output

The pdf fx|a x,(xla,x)) of the signal x, given the predictor coefficient vector a
and the initial samples xy, is equal to the pdf of the input signal e:

fxiax, (xla.x;)=fg(x—Xa) (8.64)

where the input signal vector is given by
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e=—Xa (8.65)

and [y (e) is the pdf of e. Equation (8.64) can be expanded as

€(0) X(0) x(=1) x(=2) x(=3) ... x(—P) a,

e(l) x(1) x(0) x(=1) x(=2) ... x(1-P) a,

e [E| x2 |- xo x(0) x(-) ... x(2-P) as

e(N -1 X(N 1) X(N-2) x(N-3) x(N-4) ... x(N-P-1) |ap
(8.66)

Assuming that the input excitation signal e(m) is a zero-mean, uncorrelated,

Gaussian process with a variance of & 62 , the likelihood function in Equation
(8.64) becomes

fxux, (xlax;)=fp(x—Xa)

3 1 1 T (8.67)
—exp| —(x-Xi ~Xi
(27[62 )N/Z exp(zc2 (x—Xa) (x a))

e e

An alternative form of Equation (8.67) can be obtained by rewriting
Equation (8.66) in the following form:

e ) (~ap .. —ay —a; 1 0 0 0 0 0 xp
€1 0 —dp ) —a 1 0 0 0 0 X_p+1
e |_ 0 0 =-ap ... -a -q 1 0 0 O] x_pin
€y 0 0 0 —dp —a, —a 1 0 0 X_p43

eN_l 0 0 0 0 0 _aP —Clz —Cll 1 ‘xN—l

(8.68)

In a compact notation Equation (8.68) can be written as

e =Ax (8.69)
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Using Equation (8.69), and assuming that the excitation signal e(m) is a zero
mean, uncorrelated process with variance Gf , the likelihood function of
Equation (8.67) can be written as

fxiax, (x

B 1 1 T.T
a,xl )——2 N2 exp{——z > X A Ax] (870)
(271766 ) O,

8.4.2 Using the Prior pdf of the Predictor Coefficients

The prior pdf of the predictor coefficient vector is assumed to have a
Gaussian distribution with a mean vector U, and a covariance matrix 2,:

1
)22 4|

fala)= - eXp[—%(a—ua ) Zoala— )] (8.71)

Substituting Equations (8.67) and (8.71) in Equation (8.63), the posterior
pdf of the predictor coefficient vector fax x, (@!¥,x1) can be expressed as

1 1

fXIXl (x IxI) (27T)(N+P)/ZG£V|Eaa |1/2

x exp{—%{%(x—Xa)T(x—XaH(a—ua ) Eadla -, )”

e

fAIX,X, (alx,xl):

(8.72)
The maximum a posteriori estimate is obtained by maximising the log-
likelihood function:

1

= (x—Xa)" (x~Xa)+(a— ) Zoq (a— b, )}=0

(8.73)

J P
a[lnfmx,x, (@l xx; )]:5[

This yields

QM (2, XTX +021) E, X xt02(E XTX+02) p,  (874)
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Note that as the Gaussian prior tends to a uniform prior, the determinant
covariance matrix %, of the Gaussian prior increases, and the MAP solution
tends to the least square error solution:

a“=(x"x)" (x"x) (8.75)

Similarly as the observation length N increases the signal matrix XTX
becomes more significant than %, and again the MAP solution tends to a

least squared error solution.

8.5 Sub-Band Linear Prediction Model

In a Pth order linear prediction model, the P predictor coefficients model the
signal spectrum over its full spectral bandwidth. The distribution of the LP
parameters (or equivalently the poles of the LP model) over the signal
bandwidth depends on the signal correlation and spectral structure.
Generally, the parameters redistribute themselves over the spectrum to
minimize the mean square prediction error criterion. An alternative to a
conventional LP model is to divide the input signal into a number of sub-
bands and to model the signal within each sub-band with a linear prediction
model as shown in Figure 8.12. The advantages of using a sub-band LP
model are as follows:

(1) Sub-band linear prediction allows the designer to allocate a specific
number of model parameters to a given sub-band. Different numbers
of parameters can be allocated to different bands.

(2) The solution of a full-band linear predictor equation, i.e. Equation
(8.10) or (8.16), requires the inversion of a relatively large
correlation matrix, whereas the solution of the sub-band LP models
require the inversion of a number of relatively small correlation
matrices with better numerical stability properties. For example, a
predictor of order 18 requires the inversion of an 18x18 matrix,
whereas three sub-band predictors of order 6 require the inversion of
three 6x6 matrices.

(3) Sub-band linear prediction is useful for applications such as noise
reduction where a sub-band approach can offer more flexibility and
better performance.
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In sub-band linear prediction, the signal x(m) is passed through a bank of N
band-pass filters, and is split into N sub-band signals x;(m), k=1, ...,N. The

kth sub-band signal is modelled using a low-order linear prediction model as

By

xp (M=) a; (i)x; (m—i)+g e (m) (8.76)
i=1

where [, g;] are the coefficients and the gain of the predictor model for the
kth sub-band. The choice of the model order P, depends on the width of the

sub-band and on the signal correlation structure within each sub-band. The
power spectrum of the input excitation of an ideal LP model for the kth sub-
band signal can be expressed as

1 start en
PEE(f,k):{ Thstars << Jiena (8.77)

0 otherwise

where fi ;. frena are the start and end frequencies of the kh sub-band

signal. The autocorrelation function of the excitation function in each sub-
band is a sinc function given by

r,,(m) =B sinc [m(Bk _fko)/2] (8.78)

Down LPC LPC
> sampler P model

parameters

Down LPC
—» sampler —» model [P

Input signal
o—

Down LPC
sampler +—» model P

Down LPC
— sampler —» model —P

yaie

—p

Figure 8.12 Configuration of a sub-band linear prediction model.
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where B, and fj, are the bandwidth and the centre frequency of the kth sub-
band respectively. To ensure that each sub-band LP parameters only model
the signal within that sub-band, the sub-band signals are down-sampled as
shown in Figure 8.12.

8.6 Signal Restoration Using Linear Prediction Models

Linear prediction models are extensively used in speech and audio signal
restoration. For a noisy signal, linear prediction analysis models the
combined spectra of the signal and the noise processes. For example, the
frequency spectrum of a linear prediction model of speech, observed in
additive white noise, would be flatter than the spectrum of the noise-free
speech, owing to the influence of the flat spectrum of white noise. In this
section we consider the estimation of the coefficients of a predictor model
from noisy observations, and the use of linear prediction models in signal
restoration. The noisy signal y(m) is modelled as

y(m) = x(m) +n(m)

P
:Zakx(’W—k)wL e(m)+n(m) (8.79)

k=1

where the signal x(m) is modelled by a linear prediction model with
coefficients a; and random input e(m), and it is assumed that the noise n(m)

is additive. The least square error predictor model of the noisy signal y(m) is
given by

Ryd=r,, (8.80)

where Ry, and ryy, are the autocorrelation matrix and vector of the noisy
signal y(m). For an additive noise model, Equation (8.80) can be written as

(Rxx +Rnn)(a+£i):(rxx +rnn) (881)
where @ is the error in the predictor coefficients vector due to the noise. A

simple method for removing the effects of noise is to subtract an estimate of
the autocorrelation of the noise from that of the noisy signal. The drawback
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of this approach is that, owing to random variations of noise, correlation
subtraction can cause numerical instability in Equation (8.80) and result in
spurious solutions. In the following, we formulate the p.d.f. of the noisy
signal and describe an iterative signal-restoration/parameter-estimation
procedure developed by Lee and Oppenheim.

From Bayes’ rule, the MAP estimate of the predictor coefficient vector
a, given an observation signal vector y=[y(0), y(1), ..., y(N-1)], and the
initial samples vector xj is

friax,la.x))fy x (ax;)

fY,XI (y.x1)

fav x, @l yx;)= (8.82)

Now consider the variance of the signal y in the argument of the term
Srax, (yla,x,) in Equation (8.82). The innovation of y(m) can be defined

as

P
e(m)=y(m)= Y a; y(m—k)
k= (8.83)

P
=e(m)+n(m)— Eakn(m —k)
k=1

The variance of y(m), given the previous P samples and the coefficient
vector a, is the variance of the innovation signal &(m), given by

P
Var[y(m)|y(m=1).....y(m-P)al=0Z +62+0, -0, > a; (8.84)
k=1

where 62 and o2 are the variance of the excitation signal and the noise

respectively. From Equation (8.84), the variance of y(m) is a function of the
coefficient vector a. Consequently, maximisation of fyy x (vla.x) with

respect to the vector a is a non-linear and non-trivial exercise.

Lim and Oppenheim proposed the following iterative process in which
an estimate @ of the predictor coefficient vector is used to make an estimate
X of the signal vector, and the signal estimatex is then used to improve the
estimate of the parameter vector @, and the process is iterated until
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convergence. The posterior pdf of the noise-free signal x given the noisy
signal y and an estimate of the parameter vector @ is given by

Fya.xO0la,x) fyu(xld)
ld,y) = : ~ 8.85
riay(id.y) fria(yld) (6:58)

Consider the likelihood term fy|4 x(yld,x ). Since the noise is additive, we
have

friax (yla.x)=fy(y-x)
(8.86)

I 1
= N,ZeXp[—z 2(y—x)T(y—x)}
(27Z'Gn) 0,

Assuming that the input of the predictor model is a zero-mean Gaussian

process with variance o2, the pdf of the signal x given an estimate of the
predictor coefficient vector a is

A 1 1
friax (x| a)Z—N,zeXP(— —2€Te]
ro?)

20,
(8.87)
T,T}
=—exp|———=x A Ax]
N/2 2
(27'[662) [ Zo-e

where e = Ax as in Equation (8.69). Substitution of Equations (8.86) and
(8.87) in Equation (8.85) yields

R 1 1 1 1 A oA
Fxay (x1d.y)= - —exp| ~— (3= %) (y—x)—x A Ax
friay1é) 2o ,0,) 2 2

n e

(8.88)

In Equation (8.88), for a given signal y and coefficient vector a , fyja(yla) is
a constant. From Equation (8.88), the ML signal estimate is obtained by
maximising the log-likelihood function as
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d . d 1 AT A 1
a(lnfxm,y (x |a,J’))_§(——2xTATAx— ~(y-0)"(y —x)):()

20, 20,

(8.89)
which gives

A A —1
fzof(a,fATA +o§1) y (8.90)

The signal estimate of Equation (8.90) can be used to obtain an updated
estimate of the predictor parameter. Assuming that the signal is a zero mean
Gaussian process, the estimate of the predictor parameter vector a is given
by

NP N
aH)=(&T2)(%7%) (8.91)
Equations (8.90) and (8.91) form the basis for an iterative signal
restoration/parameter estimation method.
8.6.1 Frequency-Domain Signal Restoration Using Prediction
Models
The following algorithm is a frequency-domain implementation of the linear

prediction model-based restoration of a signal observed in additive white
noise.

Initialisation: Set the initial signal estimate to noisy signal o=y,
For iterations i =0, 1, ...

Step 1 Estimate the predictor parameter vector &, :
A a 5To YT
ai(xi):(XiTXiT (XiTxi) (8.92)

Step 2 Calculate an estimate of the model gain G using the Parseval's
theorem:
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N-1 "

1 - .

I =2y’ (m-NG, (8.93)
1=0 |1 zakl —jng‘k/N m=0

where 4 ; are the coefficient estimates at iteration i, and N G2 is the
energy of white noise over N samples.

Step 3 Calculate an estimate of the power spectrum of speech model:

R G?
Pyx ()= > 5 (8.94)
-3 e
k=1

Step 4 Calculate the Wiener filter frequency response:

W(f) Py,x,(f)
i == = 8.95
Prx (NP, (f) (859

where Py y (f) = 02 is an estimate of the noise power spectrum.

Step 5 Filter the magnitude spectrum of the noisy speech as
Xia (WY () (8.96)

Restore the time domain signal X;,; by combining X i+1(f) with the
phase of noisy signal and the complex signal to time domain.

Step 6 Goto step 1 and repeat until convergence, or for a specified number
of iterations.

Figure 8.13 illustrates a block diagram configuration of a Wiener filter using
a linear prediction estimate of the signal spectrum. Figure 8.14 illustrates the
result of an iterative restoration of the spectrum of a noisy speech signal.
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y(m)=x(m)+n(m) Linear prediction

d analysis B

1.

» Wiener filter

|—> W(S)
Speech f
Py (f)

activity

detector _I_’
|-

v
=>
g

y

Noise estimator

Figure 8.13 lterative signal restoration based on linear prediction model of speech.

Original noise-free Origninal noisy
Restored : 2 Iterations Restored : 4 Iterations

Figure 8.14 lllustration of restoration of a noisy signal with iterative linear prediction
based method.

8.6.2 Implementation of Sub-Band Linear Prediction Wiener
Filters

Assuming that the noise is additive, the noisy signal in each sub-band is
modelled as

Y (m) = x; (m) + ny (m) (8.97)

The Wiener filter in the frequency domain can be expressed in terms of the
power spectra, or in terms of LP model frequency responses, of the signal
and noise process as
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Py 1 (f)
Py ()

_ g%(,k |AY,k(f)|2
Axx D] &ia

W, (f)=
(8.98)

where Py (f) and Py,(f) are the power spectra of the clean signal and the

noisy signal for the kth subband respectively. From Equation (8.98) the
square-root Wiener filter is given by

8x .k |AY,k (f)|

wl2 ey =
) Axc(F) gva

(8.99)

The linear prediction Wiener filter of Equation (8.99) can be implemented in
the time domain with a cascade of a linear predictor of the clean signal,
followed by an inverse predictor filter of the noisy signal as expressed by
the following relations (see Figure 8.15):

P
2 m)=Y ay )z (m—i)+‘z—xyk (m) (8.100)
i=1 Y
P
R (m)=) ay ()z) (m—1i) (8.101)
i=0

where X, (m)is the restored estimate of x;(m) the clean speech signal and
7i(m) is an intermediate signal.

Noisy

signal 1 Restored
Ax(f) AY(f) signal
H 8x /gy P —> ~ z . . —>
& (m)=Y, ay ()z, (m—i)+ y,(m) £0m = ay Oz (m=)
i=1 i=0

Figure 8.15 A cascade implementation of the LP squared-root Wiener filter.
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8.7 Summary

Linear prediction models are used in a wide range of signal processing
applications from low-bit-rate speech coding to model-based spectral
analysis. We began this chapter with an introduction to linear prediction
theory, and considered different methods of formulation of the prediction
problem and derivations of the predictor coefficients. The main attraction of
the linear prediction method is the closed-form solution of the predictor
coefficients, and the availability of a number of efficient and relatively
robust methods for solving the prediction equation such as the Levinson—
Durbin method. In Section 8.2, we considered the forward, backward and
lattice predictors. Although the direct-form implementation of the linear
predictor is the most convenient method, for many applications, such as
transmission of the predictor coefficients in speech coding, it is
advantageous to use the lattice form of the predictor. This is because the
lattice form can be conveniently checked for stability, and furthermore a
perturbation of the parameter of any section of the lattice structure has a
limited and more localised effect. In Section 8.3, we considered a modified
form of linear prediction that models the short-term and long-term
correlations of the signal. This method can be used for the modelling of
signals with a quasi-periodic structure such as voiced speech. In Section 8.4,
we considered MAP estimation and the use of a prior pdf for derivation of
the predictor coefficients. In Section 8.5, the sub-band linear prediction
method was formulated. Finally in Section 8.6, a linear prediction model
was applied to the restoration of a signal observed in additive noise.
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