Chapter

Bessel Filters

Bessel filters are designed to have maximally flat group-delay characteristics.
As a consequence, there is no ringing in the impulse and step responses.

6.1 Transfer Function

The general expression for the transfer function of an nth-order Bessel
lowpass filter is given by

bo
Hes) =~ (6.1)

where q,(s) = Y, b,s®
k=1

(2n — R)!

bk=2""‘k!(n B!

The following recursion can be used to determine g,(s) from g, _,(s) and
qn—Z(S):

qn =(2n _l)qn—1+szqn—2

Table 6.1 lists q,(s) for n = 2 through n = 8. These values were generated by
the C function besselCoefficients( ) provided in Listing 6.1. This function 1s
used by other Bessel filter routines presented later in iﬁis section.

Unlike the transfer function for Butterworth and Chebyshev filters, Eq.
(6.1) does not provide an explicit expression for the poles of the Bessel filter.
The numerator of (6.1) will be a polynomial in s, upon which numerical
root-finding methods (such as Algorithm 2.1) must be used to determine the
pole locations for H(s). Table 6.2 lists approximate pole locations for n = 2
through n =8.
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TABLE 6.1 Denominator Polynomials for Transter Functions of Bessel Filters Normalized to
Have Unit Delay at =0

n q,(s)

2  5%2435+3

3 s®+6s2+155+15

4 8%+ 1083 + 4582 + 1055 + 105

5 8%+ 158% + 10553 + 42052 + 9455 + 945

6 $8 4+ 2155 + 210s* + 126053 + 472552 + 10,3955 + 10,395

7 s7 + 2858 + 37855 4+ 3150s* + 17,3255 2 + 62,370s2 + 135,135s + 135,135

8 8%+ 3657 + 630s° + 6930s° + 9450s* + 270,270s > + 945,94552 + 2,027,025 + 2,027,025

TABLE 6.2 Poles of Bessel Filter Normalized
to Have Unit Delay at 0 =0

n Pole values

~1.5 + 0.8660)

—2.3222
—1.8390 + 1.7543j

4 ~2.1039 + 2.6575)
~2.8961 + 0.8672j

5 —3.6467
—2.3247 £ 3.5710f
—3.3520 + 1.7427j

6 —2.5158 + 4.4927j
—3.7357 + 2.6263;
—4.2484 + 0.8675]
7 —~4.9716
—2.6857 + 5.4206;

—4.0701 + 3.5173j
—4.7584 +1.7393j

8 —b5.2049 + 2.6162;
—4.3683 + 4.4146j
—2.8388 + 6.3540j
—b5.5878 + 0.8676f

The transfer functions given by (6.1) are for Bessel filters normalized to
have unit delay at @ = 0. The poles p, and denominator coeflicients b, can be
renormalized for a 3-dB frequency of w =1 using

pPi=Ap, by,=A"""*b,

where the value of A appropriate for n is selected from Table 6.3. (The
values from the table have been incorporated in the besselCoefficient( )

function.)
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TABLE 6.3 Factors for Renormalizing Bessel
Filter Poles from Unit Delay at w =0 to
3-dB Aftenuation at w =1

n A

1.35994
1.74993
2.13011
2.42003
2.69996
2.95000
3.17002

0O ~3 3 O b N

6.2 Frequency Response

Figures 6.1 and 6.2 show the magnitude responses for Bessel filters of several
different orders. The frequency response data was generated by the C routine
besselFreqResponse( ), which is provided in Listing 6.2.

6.3 Group Delay

Group delays for lowpass Bessel filters of several different orders are plotted
in Fig. 6.3. The data for these plots was generated by the C function
besselGroupDelay( ), provided in Listing 6.3, which performs numerical
differentiation of the phase response to evaluate the group delay.
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Figure 6.1 Pass-band magnitude response of lowpass Bessel filters.



112 Chapter Six

(dB)

_30 -

-40 |

magnitude

_60 L

i A " " "

0.1 0.2 0.3 0.4 0.5

frequency

Figure 6.2 Stop-band magnitude response of lowpass Bessel filters.
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Figure 8.3 Group-delay response of lowpass Bessel filters.




Listing 6.1 besselCoefficients( )

/****t****#***tt*****l****l***t**t*,’

/% x/
/*¥ Listing 6.1 */
/¥ */
/* besselCuefficients() x/
/% *f

FERKERRERERRRRRRR R R EREREREARK f
%include <math.h>
%include "gylobDefs.h”

void besselCoefficients( int order,
char typeOfNormalization,
real coef(])

{

int i, N, index, indexll, indexMZ;

real B[3][NARORDER];

real A, renorm{MAXGROER];

renorm{2] ~ B.72675;
renorm{3] = 8,57145;
renorn[4] = 8.48946;
renorm[5] = 8.41322;
renarm[6] = .37838;
renorm[T] = §.33898;

renorn[8] = 8.31546;
A = renora[order];

index = 1;
indexMl = @;
indexMz = 2;

for{ i=8; i<{3*MAXORDER); i++) BLBI[i]1 = 8;
Biel{al = 1.g;

pl1][8] = 1.8;

BI1I[1] = 1.6;

for{ N=2; N<=order; N++)
{
index = (index+1)%3;
indexMl = (indexNt + 1)%3;
indexM2 = (indexM2 + 1)%3;

fo;( i=8; i<N; i++)
{
Blindex}[i] = {2*N-1) * BlindexM}{i];
}

for{ i=2; i<=N; i++)

Bessel Filters
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{
Blindex]{i] = Blindex][i] + BlindexM2][i-2];
}
}
i f(typeQfHormalization == '0")
{
for{ i=8; i<=order; i++) coef{i] = Blindex][i];

}

else
{
for{ i=0; i<=order; i++)
{
coefli] = Blindex1[i] * powif, {(order - i) );
}
}
return;
}

Listing 6.2 besselFreqResponse( )

/tt*‘tt*tttttt"tt**t‘****t*ttttt*t*!‘

/* ‘/
/* Listing 6.2 */
/* X/
/*  besselFreqResponse!() */
/* ¥/

P e
®include <math.h>

#include "globDefs.h"
®¥include "protos.h"

void besselFregResponse{ int order,
real coef(],
real frequency,
real *magnitude,
real *phase}

{
struct complex numer, omega, denom, transferFunction;
int i;

numer = coplx{ coef[8], 8.8);
omega = cmplx{ 8.8, frequency);
denom = caplx{ coeflorder], 8.8);

for{ i=order-i; i>=8; i--)

{
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denom = clfult{omega,denom);
denom.Re = denom.Re + coefli];

}

transferfunction = cQiv{ numer, denaom);

*gagnitude = 28.8 * log!8{cAbs{transferfunction));
*phase = 188.8 * arg(transferfunction) / PI;
return;

}

Listing 6.3 besselGroupDelay( )

/***#*‘*t**************t***********/

/¥ Y
/¥ Listing 6.3 *f
f* *;
/¥ besselGroupDelay() x/
/% x

j*#**#**l#*#l*X***t*****#**********g

void besseiGroupDelay( int order,
real coef[],
real frequency,
real delta,
real *groupDelay)
{
struct complex numer, omega, omegaPlus, denom, transferfunction;
int i;
real phase, phaseZ;

numer = cmplx{ coef[@8], &.8);
denos = ceplx{ coef[order], @.8};
omega = capix{ 0.8, frequency);

for{ i=order-1; i>=0; i--) {
denom = clult{omega,denom);
denom.Re = denom.fe + coef{i];
}
transferfunction = cDiv( numer, denom);
phase = arg{transferfunction);

denom = cmplx{ coeflorder], 8.8);
omegaPlus = coplx(8.8, frequency + deltaj;

for{ i=order-1; i>=8; i--) {
denom = cMult{cmegaPlus,denor);
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denom.He = denom.Re + coef[i];

}
transferFunction = cDiv( numer, denom};
phase2 = arg{transferfunction);
*groupllelay =~ (phase2 - phase}/delta;
return;

}



