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Several important observations should be made about this result.

1. It shows that any unbiased estimate must have a variance greater
than a certain number.

2. If (187) is satisfied, the estimate d,,(R) will satisfy the bound with an
equality. We show this by combining (187) and (177). The left equality is
the maximum likelihood equation. The right equality is (187):

_ 2Inpro(R]4) = (dR) — A) k() - (193)

04 A=dmi(R) A=dm(R)

0

In order for the right-hand side to equal zero either

d(R) = dm(R) (194)
or
k(dy) = 0. (195)

Because we want a solution that depends on the data, we eliminate (195)
and require (194) to hold.

Thus, if an efficient estimate exists, it is d,,,(R) and can be obtained as a
unique solution to the likelihood equation.

3. If an efficient estimate does not exist [i.e., @ In p;,(R|A4)/éA4 cannot
be put into the form of (187)], we do not know how good d,,(R) is.
Further, we do not know how close the variance of any estimate will
approach the bound.

4. In order to use the bound, we must verify that the estimate of concern
is unbiased. Similar bounds can be derived simply for biased estimates
(Problem 2.4.17).

We can illustrate the application of ML estimation and the Cramér-Rao
inequality by considering Examples 2, 3, and 4. The observation model is
identical. We now assume, however, that the parameters to be estimated
are nonrandom variables.

Example 2. From (138) we have
ri=A4+ n, i=12,...,N. (196)
Taking the logarithm of (139) and differentiating, we have
olnprio(R[4) _ N (_1_ g _ )
R R N‘; R, — A). (197)
Thus
1 N
dm@®) =5 3 R (198)
i=1

To find the bias we take the expectation of both sides,

1 X 1 X
Eldn(R)] = = E(R) = — A=A, 199
[dmi(R)] N,; (Ry) N‘Zl (199)
so that dm(R) is unbiased.
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Because the expression in (197) has the form required by (187), we know that
dmi(R) is an efficient estimate. To evaluate the variance we differentiate (197):

2InpRlA) N
942 T T E (200)

Using (179) and the efficiency result, we have

Var [dm(R) — 4] = 91—';,-2 (201)

Skipping Example 3 for the moment, we go to Example 4.
Example 4. Differentiating the logarithm of (162), we have

olnPr(n= NIA)= 0

= — 4 — !
24 aA(NlnA A—InN})
N 1
=7 - 1=5 W -2A). (202)
The ML estimate is
dmi(N) = N. (203)

It is clearly unbiased and efficient. To obtain the variance we differentiate (202):
#InPr(n=N|4) N
042 A (204)
Thus
A? A?

Var [limz(N) - A] = m = '1—4" = A. (205)

In both Examples 2 and 4 we see that the ML estimates could have been
obtained from the MAP estimates [let o, — 00 in (144) and recall that
Gps(R) = dmap(R) and let A — 0 in (169)].

We now return to Example 3.

Example 3. From the first term in the exponent in (160), we have

0 1n pr(R|A) 1 X 9s(A)
— = a-nagl [Re — s()] 57 (206)

In general, the right-hand side cannot be written in the form required by (187), and
therefore an unbiased efficient estimate does not exist.
The likelihood equation is

2 LIIL S g )] _
04 0,2 [N4; R = sta) AmbmB) 0. (207)
If the range of s(A4) includes (1/N) >N, R, a solution exists:
1 N
slém(R)] = & > R. (208)

N(l

If (208) can be satisfied, then

m(R) = s-l(—lﬁ é R.)- (209)
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[Observe that (209) tacitly assumes that s~*(-) exists. If it does not, then even in the
absence of noise we shall be unable to determine 4 unambiguously. If we were designing
a system, we would always choose an s(-) that allows us to find 4 unambiguously in
the absence of noise.] If the range of s(a) does not include (1/N) >¥_, R, the maximum
is at an end point of the range.

We see that the maximum likelihood estimate commutes over nonlinear operations.
(This is not true for MS or MAP estimation.) If it is unbiased, we evaluate the bound
on the variance by differentiating (206):

2 In pr1o(R|A 1 X 9%s(A N [0s(A)]?
FRL®ID - L S k- san B5 - A [BAT )
Observing that
Elr, — s(A)] = E(n;) = 0, 211
we obtain the following bound for any unbiased estimate,
) a,?
Var [d(R) — 4] > W (212)

We see that the bound is exactly the same as that in Example 2 except for a factor
[0s(A4)/0A])?. The intuitive reason for this factor and also some feeling for the con-
ditions under which the bound will be useful may be obtained by inspecting the
typical function shown in Fig. 2.22. Define

Y = s(A). (213)
Then

rn=Y+n. (214)

The variance in estimating Y is just o,2/N. However, if y., the error in estimating Y,
is small enough so that the slope is constant, then

Aeﬁm (215)
04 |a=am)
y=s(4)
s(A)
~ 1 N
y=1—v—2R,>-——__._>._r__
i=1 An Ye
Ia S(4) = s(Ax) +(A = A) 2| 4 ...
| : A=A,
|
|V
A
| |
A, A

Actual value of A

Fig. 2.22 Behavior of error variance in the presence of small errors.
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and Var (30
~ Var(yo _ a,? .
Var (a9 = D2 AE ~ Nas(A)JoAT (216)

We observe that if y. is large there will no longer be a simple linear relation between
ye and a.. This tells us when we can expect the Cramér-Rao bound to give an accurate
answer in the case in which the parameter enters the problem in a nonlinear manner.
Specifically, whenever the estimation error is small, relative to A 92s(A4)/942, we
should expect the actual variance to be close to the variance bound given by the
Cramér-Rao inequality.

The properties of the ML estimate which are valid when the error is
small are generally referred to as asymptotic. One procedure for developing
them formally is to study the behavior of the estimate as the number of
independent observations N approaches infinity. Under reasonably general
conditions the following may be proved (e.g., Cramér [9], pp. 500-504).

1. The solution of the likelihood equation (177) converges in probability
to the correct value of 4 as N — co. Any estimate with this property is
called consistent. Thus the ML estimate is consistent.

2. The ML estimate is asymptotically efficient; that is,

. Var [6,(R) — 4]
Jim, (5 [ 2@} - :
0A4%

3. The ML estimate is asymptotically Gaussian, N(4, o,,).

These properties all deal with the behavior of ML estimates for large N.
They provide some motivation for using the ML estimate even when an
efficient estimate does not exist.

At this point a logical question is: “Do better estimation procedures
than the maximum likelihood procedure exist?” Certainly if an efficient
estimate does not exist, there may be unbiased estimates with lower
variances. The difficulty is that there is no general rule for finding them.
In a particular situation we can try to improve on the ML estimate. In
almost all cases, however, the resulting estimation rule is more complex,
and therefore we emphasize the maximum likelihood technique in all of
our work with real variables.

A second logical question is: * Do better lower bounds than the Cramér—
Rao inequality exist?”” One straightforward but computationally tedious
procedure is the Bhattacharyya bound. The Cramér-Rao bound uses
0%p,1.(R]|4)/0A4%. Whenever an efficient estimate does not exist, a larger
bound which involves the higher partial derivatives can be obtained.
Simple derivations are given in [13] and [14] and in Problems 2.4.23-24.
For the cases of interest to us the computation is too involved to make the
bound of much practical value. A second bound is the Barankin bound
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(e.g. [15]). Its two major advantages are that it does not require the
probability density to be differentiable and it gives the greatest lower
bound. Its disadvantages are that it requires a maximization over a
function to obtain the bound and the procedure for finding this maximum
is usually not straightforward. Some simple examples are given in the
problems (2.4.18-19). In most of our discussions, we emphasize the
Cramér-Rao bound.

We now digress briefly to develop a similar bound on the mean-square
error when the parameter is random.

Lower Bound on the Minimum Mean-Square Error in Estimating a Random
Parameter. In this section we prove the following theorem.

Theorem. Let a be a random variable and r, the observation vector. The
mean-square error of any estimate d(R) satisfies the inequality

E{[4(R) — a]*} = (E{[m?};@"i)r})—l 217)
- {-e[Eng A"

Observe that the probability density is a joint density and that the expecta-
tion is over both a and r. The following conditions are assumed to exist:

1 opr.o(R, 4)
" T o4

9%pr.o(R, A)
04>

is absolutely integrable with respect to R and A.

2. is absolutely integrable with respect to R and A.

3. The conditional expectation of the error, given A, is

B) = [ [R) — A1 pr(RI4) dR. (218)

We assume that
Alim B(A) p(A) = 0, (219)
Alil:n B(A) p,(A) = 0. (220)

The proof is a simple modification of the one on p. 66. Multiply both
sides of (218) by p.(A4) and then differentiate with respect to A:

£ ) BN = — [ pruR A aR

® 8pr.a(I‘)A) P
+ f_q,_——aA [4R) — A]dR.  (221)
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Now integrate with respect to A:
+
paA) B(A)|

@

- 1+ f_: fla—”#[d(n) — AldddR. (222)

The assumption in Condition 3 makes the left-hand side zero. The
remaining steps are identical. The result is

E(a® - a) > {£|(HR2eaR Y] (23)

or, equivalently,
" 2% 1n pr1o(R[A4) 9% In po (D 1
with equality if and only if

dln p, (R, .
T pee® A _ pa) — a), (225)

for all R and all 4. (In the nonrandom variable case we used the Schwarz
inequality on an integral over R so that the constant k(4) could be a
function of 4. Now the integration is over both R and 4 so that k cannot
be a function of A4.) Differentiating again gives an equivalent condition

Inp, (R, 4)
0A? -

—k. (226)

Observe that (226) may be written in terms of the a posteriori density,

9% 1n pa;(A|R) _

42 —k. (227)
Integrating (227) twice and putting the result in the exponent, we have
Pair(4|R) = exp (—kA® + C14 + Cy) (228)

for all R and A; but (228) is simply a statement that the a posteriori
probability density of @ must be Gaussian for all R in order for an efficient
estimate to exist. (Note that C, and C, are functions of R).

Arguing as in (193)-(195), we see that if (226) is satisfied the MAP
estimate will be efficient. Because the minimum MSE estimate cannot have
a larger error, this tells us that d,(R) = dm.,(R) Whenever an efficient
estimate exists. As a matter of technique, when an efficient estimate does
exist, it is usually computationally easier to solve the MAP equation than
it is to find the conditional mean. When an efficient estimate does not exist,
we do not know how closely the mean-square error, using either 4, (R)
Or dy,,(R), approaches the lower bound. Asymptotic results similar to
those for real variables may be derived.



74 2.4 Estimation Theory

2.4.3 Multiple Parameter Estimation

In many problems of interest we shall want to estimate more than one
parameter. A familiar example is the radar problem in which we shall
estimate the range and velocity of a target. Most of the ideas and techniques
can be extended to this case in a straightforward manner. The model is
shown in Fig. 2.23. If there are K parameters, a,, as, . . ., ax, we describe
them by a parameter vector a in a K-dimensional space. The other elements
of the model are the same as before. We shall consider both the case in
which a is a random parameter vector and that in which a is a real (or
nonrandom) parameter vector. Three issues are of interest. In each the
result is the vector analog to a result in the scalar case.

1. Estimation procedures.
2. Measures of error.
3. Bounds on performance.

Mapping
Prja(R|A)

Parameter space
K-dimensional

Estimation
rule 4

n Observation space
a(R) N-dimensional

(K-dimensional
estimate)

Fig. 2.23 Multiple parameter estimation model.



Multiple Parameter Estimation 75

Estimation Procedure. For random variables we could consider the
general case of Bayes estimation in which we minimize the risk for some
arbitrary scalar cost function C(a, &), but for our purposes it is adequate
to consider only cost functions that depend on the error. We define the
error vector as

dl(R) - a4
a@® = |BP® — @l g _a (229)
ax(R) — ay

For a mean-square error criterion, the cost function is simply
C(a(R)) & ‘ZK; a.’(R) = a."(R) a(R). (230)
This is just the sum of the squares of the errors. The risk is
Ris = wf C(a(R)) pr.a(R, A) dR dA (231)
or -
Ros = [ pRaR 7 [ @R - 47| puraIR A @32

As before, we can minimize the inner integral for each R. Because the
terms in the sum are positive, we minimize them separately. This gives

no® = [ Aipun(AIR) dA (233)

or

ini®) = [ ApudAIR) dA. @34)

It is easy to show that mean-square estimation commutes over linear
transformations. Thus, if

b = Da, (235)
where D is a L x K matrix, and we want to minimize
L
BB bR = E| 3 bR (236)
i=1
the result will be,
brs(R) = Dits(R) (237)

[see Problem 2.4.20 for the proof of (237)].
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For MAP estimation we must find the value of A that maximizes
Pa(A|R). If the maximum is interior and @ In p,(A|R)/04; exists at the
maximum then a necessary condition is obtained from the MAP equations.
By analogy with (137) we take the logarithm of p, (A|R), differentiate
with respect to each parameter 4;,i = 1, 2, ..., K, and set the result equal
to zero. This gives a set of K simultaneous equations:

01n pa . (A|R)

04; A=dmapR)

=0, i=12,..,K (238)

We can write (238) in a more compact manner by defining a partial
derivative matrix operator

[_2 T
04,
92
V, 2 |04 (239)

)
Eyp

This operator can be applied only to 1 x m matrices; for example,

oG, 0G, oG,
04, 04, 04,

VaG=| : . (240)
oG, oG,
0Ax 0Ax

Several useful properties of V, are developed in Problems 2.4.27-28.
In our case (238) becomes a single vector equation,

Valln palr(A[R)]’A=ﬁmap(R) = 0. (241)

Similarly, for ML estimates we must find the value of A that maximizes
Pria(R|A). If the maximum is interior and @ In p,.(R|A)|04; exists at the
maximum then a necessary condition is obtained from the likelihood
equations:

Valln prja(R[A)]]a~5,,m = 0. (242)

In both cases we must verify that we have the absolute maximum.

Measures of Error. For nonrandom variables the first measure of interest
is the bias. Now the bias is a vector,

B(A) 2 E[a(R)] = E[A(R)] — A. (243)
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If each component of the bias vector is zero for every A, we say that the
estimate is unbiased.

In the single parameter case a rough measure of the spread of the error
was given by the variance of the estimate. In the special case in which
a(R) was Gaussian this provided a complete description:

2

1 A,
Ped = e exp (-55) (244)
For a vector variable the quantity analogous to the variance is the
covariance matrix
E[(a. — d)(a" — &) & A, (245)
where
a. & E@a) = B(A). (246)

The best way to determine how the covariance matrix provides a
measure of spread is to consider the special case in which the a, are
jointly Gaussian. For algebraic simplicity we let E(a,) = 0. The joint
probability density for a set of K jointly Gaussian variables is

Pa(A) = (|27|*2|A ")~  exp (—3ATA 1A (247)

(e.g., p. 151 in Davenport and Root [1]).

The probability density for K = 2 is shown in Fig. 2.24a. In Figs.
2.24b,c we have shown the equal-probability contours of two typical
densities.From (247) we observe that the equal-height contours are
defined by the relation,

ATA A = CF (248)
which is the equation for an ellipse when K = 2. The ellipses move out

monotonically with increasing C. They also have the interesting property
that the probability of being inside the ellipse is only a function of C?2.

Property. For K = 2, the probability that the error vector lies inside an
ellipse whose equation is

ATA A, = C? (249)
is
2
P=1-exp (—%) (250)
Proof. The area inside the ellipse defined by (249) is
A = |A|%nC2 (251)

The differential area between ellipses corresponding to C and C + dC
respectively is

dA = |A]"27C dC. (252)
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(&7 N—

\

f

(b) (c)
Fig. 2.24 Gaussian densities: [a] two-dimensional Gaussian density; [b] equal-height

contours, correlated variables; [c] equal-height contours, uncorrelated variables.

The height of the probability density in this differential area is
2

@l exp (-5 ) 253)

We can compute the probability of a point lying outside the ellipse by
multiplying (252) by (253) and integrating from C to co.

© 2 2
1-P= j Xexp (—i) dX = exp (—9—)’ 254
c 2 2

which is the desired result.
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For this reason the ellipses described by (248) are referred to as con-
centration ellipses because they provide a measure of the concentration of
the density.

A similar result holds for arbitrary K. Now, (248) describes an ellipsoid.
Here the differential volumet in K-dimensional space is

dv = |A "% KCX-1dC. (255)

7.,.K/Z
I'K/i2 + 1)
The value of the probability density on the ellipsoid is

2
[@ay A exp (-5 ) (256)
Therefore

1 XE-1e-X%24Y, (257)

_p-__K f ?

QFTK2 + 1) Je
which is the desired result. We refer to these ellipsoids as concentration
ellipsoids.

When the probability density of the error is not Gaussian, the concen-
tration ellipsoid no longer specifies a unique probability. This is directly
analogous to the one-dimensional case in which the variance of a non-
Gaussian zero-mean random variable does not determine the probability
density. We can still interpret the concentration ellipsoid as a rough
measure of the spread of the errors. When the concentration ellipsoids of
a given density lie wholly outside the concentration ellipsoids of a second
density, we say that the second density is more concentrated than the first.
With this motivation, we derive some properties and bounds pertaining to
concentration ellipsoids.

Bounds on Estimation Errors: Nonrandom Variables. In this section we
derive two bounds. The first relates to the variance of an individual error;
the second relates to the concentration ellipsoid.

Property 1. Consider any unbiased estimate of 4;. Then

0.2 & Var [¢(R) — 4] = J*¥, (258)
where J' is the iith element in the K x K square matrix J ~*. The elements
in J are

J. A EI:a In Prla(RlA). d1n prla(RlA)]
v 04, 0A,;
(259)
_ E[M]
N 0A; 0A;

t e.g., Cramér [9], p. 120, or Sommerfeld [32].
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or
J & E{Valln pria(R|A)KV AlIn pra(R|A)])
= —E[VA({Valln pra(R|A)})].

The J matrix is commonly called Fisher’s information matrix. The equality
in (258) holds if and only if

(260)

d1n p,,a(R|A)

a(R) — 4; Z ki/(A) (261)

for all values of 4; and R.
In other words, the estimation error can be expressed as the weighted

sum of the partial derivatives of In p,2(R|A) with respect to the various
parameters.

Proof. Because d;(R) is unbiased,

|7 a® - 41pna®ia)ar = 0 (262)
or
| a® puRIA) dR = 4, (263)
Differentiating both sides with respect to 4;, we have
Jm dl(R) aprl;;#lA) dR

B f _w © a(R) M—’}j&@Prla(RlA) dR = 8. (264)

We shall prove the result for i = 1. We define a K + 1 vector
[ @(R) — A4, ]
9 In p,a(R|A)

X = oA | (265)

0 1n p.a(R|A)
0Ak

The covariance matrix is

Epx) = | AR (266)

0 Ju Jkx
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[The ones and zeroes in the matrix follow from (264).] Because it is a
covariance matrix, it is nonnegative definite, which implies that the deter-
minant of the entire matrix is greater than or equal to zero. (This con-
dition is only necessary, not sufficient, for the matrix to be nonnegative
definite.)

Evaluating the determinant using a cofactor expansion, we have

o, ?|J| — cofactor J;; = 0. (267)
If we assume that J is nonsingular, then

. cofactor Jy,
St
which is the desired result. The modifications for the case when J is
singular follow easily for any specific problem.

O¢

=Ju, (268)

In order for the determinant to equal zero, the term A;(R) — A; must
be expressible as a linear combination of the other terms. This is the
condition described by (261). The second line of (259) follows from the
first line in a manner exactly analogous to the proof in (189)-(192). The
proof for i # 1 is an obvious modification.

Property 2. Consider any unbiased estimate of A. The concentration ellipse

ATA A, = C? (269)
lies either outside or on the bound ellipse defined by
ATIA, = C2 (270)

Proof. We shall go through the details for K = 2. By analogy with the
preceding proof, we construct the covariance matrix of the vector.

[ di(R) — 4; ]
dy(R) — A,
« — | 2Inpua®]A) | @)
24,
0 In p,a(R|A)
04, i
Then
0162 Poleczs: 1 0
poy.0s. 3% 10 1 A T
E[xxT] = | ---oooeooeeeoo- [ = |--1--] (272)
1 0 Jun Jig I.J
0 1L o Ja
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The second equality defines a partition of the 4 x 4 matrix into four
2 x 2 matrices. Because it is a covariance matrix, it is nonnegative definite.
Using a formula for the determinant of a partitioned matrix,t we have

IAJ -1 >0 (273)

or, assuming that A, is nonsingular and applying the product rule for
determinants,

A [T -~ A > 0. (274)
This implies
|J — A1 > 0. (275)
Now consider the two ellipses. The intercept on the A, axis is
4,2 = C? IL‘J (276)
Az=0 O2

for the actual concentration ellipse and

2
Ay,

= C2— 277)

Ay, =0 Jiu

for the bound ellipse.

We want to show that the actual intercept is greater than or equal to the
bound intercept. This requires

J11iAel > 0% (278)
This inequality follows because the determinant of the 3 x 3 matrix in
the upper left corner of (272) is greater than or equal to zero. (Otherwise
the entire matrix is not nonnegative definite, e.g. [16] or [18].) Similarly,
the actual intercept on the A, axis is greater than or equal to the bound
intercept. Therefore the actual ellipse is either always outside (or on) the
bound ellipse or the two ellipses intersect.
If they intersect, we see from (269) and (270) that there must be a
solution, A, to the equation

ATA A, = ATJA, (279)
or
AT[J — A.71A. &2 A"DA, = 0. (280)
In scalar notation
A1€2D11 + 2A1‘A2€D12 + A2€2D22 = (281)
or, equivalently,
A \? A
(t) D, + 2(/—1;—‘)1)12 + D,y = 0. (282)

t Bellman [16], p. 83.
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Solving for A4, /A,,, we would obtain real roots only if the discriminant
were greater than or equal to zero. This requires

I3 — A1 <0. (283)

The inequality is a contradiction of (275). One possibilityis |[J — A.~1| = 0,
but this is true only when the ellipses coincide. In this case all the estimates
are efficient.

For arbitrary K we can show that J — A_~! is nonnegative definite.
The implications with respect to the concentration ellipsoids are the same
as for K = 2.

Frequently we want to estimate functions of the K basic parameters
rather than the parameters themselves. We denote the desired estimates
as

dl = gdl(A)a
dy = g4 (A), (284)
dy = 8a,(A).
or
d= gd(A)

The number of estimates M is not related to K in general. The functions
may be nonlinear. The estimation error is

d, — g(A) & d.,. (285)

If we assume that the estimates are unbiased and denote the error
covariance matrix as /A, then by using methods identical to those above
we can prove the following properties.

Property 3. The matrix
Ae = {Valga" (AT~ {Valgd"(A)}} (286)

is nonnegative definite.

This implies the following property (just multiply the second matrix
out and recall that all diagonal elements of nonnegative definite matrix
are nonnegative):

Property 4.

& & oga(A) |, 084(A)
Var (d.,) ZZ; 54 Jy e (287)

For the special case in which the desired functions are linear, the result
in (287) can be written in a simpler form.
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Property 5. Assume that
ga(A) 2 GaA, (288)

where G4 is an M x K matrix. If the estimates are unbiased, then

A, — GaJIG,T
is nonnegative definite.
Property 6. Efficiency commutes with linear transformations but does not
commute with nonlinear transformations. In other words, if 4 is efficient,
then d will be efficient if and only if gq(A) is a linear transformation.

Bounds on Estimation Errors: Random Parameters. Just as in the single
parameter case, the bound for random parameters is derived by a straight-
forward modification of the derivation for nonrandom parameters. The
information matrix now consists of two parts:

I 83, + 3, (289)

The matrix Jj, is the information matrix defined in (260) and represents
information obtained from the data. The matrix J, represents the a priori
information. The elements are

21n pa(A) @ In pu(A)
E[ o4, o4 ]

>

JPU

(290)
_E [6 In p,(A)
0A; 0A;

The correlation matrix of the errors is
R. & E(aa."). (29D
The diagonal elements represent the mean-square errors and the off-
diagonal elements are the cross correlations. Three properties follow easily:
Property No. 1.
Ela.?] = J* (292)
In other words, the diagonal elements in the inverse of the total informa-
tion matrix are lower bounds on the corresponding mean-square errors.
Property No. 2. The matrix
JT - Rs-l
is nonnegative definite. This has the same physical interpretation as in the
nonrandom parameter problem.

Property No. 3. If J; = R, all of the estimates are efficient. A necessary
and sufficient condition for this to be true is that p,(A|R) be Gaussian
for all R. This will be true if J; is constant. [Modify (261), (228)].
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A special case of interest occurs when the a priori density is a Kth-order
Gaussian density. Then

Jp =AY (293)

where A, is the covariance matrix of the random parameters.
An even simpler case arises when the variables are independent Gaussian
variables. Then
1
Jpy, = —3 8iss (294)
Og,
Under these conditions only the diagonal terms of J; are affected by the
a priori information.
Results similar to Properties 3 to 6 for nonrandom parameters can be
derived for the random parameter case.

2.4.4 Summary of Estimation Theory

In this section we developed the estimation theory results that we shall
need for the problems of interest. We began our discussion with Bayes
estimation of random parameters. The basic quantities needed in the
model were the a priori density p,(A), the probabilistic mapping to the
observation space p..(R|4), and a cost function C(4,). These quantities
enabled us to find the risk. The estimate which minimized the risk was
called a Bayes estimate and the resulting risk, the Bayes risk. Two types
of Bayes estimate, the MMSE estimate (which was the mean of the a
posteriori density) and the MAP estimate (the mode of the a posteriori
density), were emphasized. In Properties 1 and 2 (pp. 60-61) we saw that
the conditional mean was the Bayes estimate for a large class of cost
functions when certain conditions on the cost function and a posteriori
density were satisfied.

Turning to nonrandom parameter estimation, we introduced the idea
of bias and variance as two separate error measures. The Cramér-Rao
inequality provided a bound on the variance of any unbiased estimate.
Whenever an efficient estimate existed, the maximum likelihood estimation
procedure gave this estimate. This property of the ML estimate, coupled
with its asymptotic properties, is the basis for our emphasis on ML
estimates.

The extension to multiple parameter estimation involved no new con-
cepts. Most of the properties were just multidimensional extensions of the
corresponding scalar result.

It is important to emphasize the close relationship between detection and
estimation theory. Both theories are based on a likelihood function or
likelihood ratio, which, in turn, is derived from the probabilistic transition
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mechanism. As we proceed to more difficult problems, we shall find that
a large part of the work is the manipulation of this transition mechanism.
In many cases the mechanism will not depend on whether the problem is
one of detection or estimation. Thus the difficult part of the problem will
be applicable to either problem. This close relationship will become even
more obvious as we proceed. We now return to the detection theory
problem and consider a more general model.

2.5 COMPOSITE HYPOTHESES

In Sections 2.2 and 2.3 we confined our discussion to the decision
problem in which the hypotheses were simple. We now extend our discus-
sion to the case in which the hypotheses are composite. The term composite
is most easily explained by a simple example.

Example 1. Under hypothesis 0 the observed variable r is Gaussian with zero mean

and variance ¢2. Under hypothesis 1 the observed variable r is Gaussian with mean m
and variance o2, The value of m can be anywhere in the interval [M,, M,]. Thus

1 R?
Hoiprns R = o exp (= 33)
(295)

R — M)?
Hy:poisy m (RIHy, M) = 21_ exp(—( L )), Mo < M < M,

P 20

We refer to H, as a composite hypothesis because the parameter value M, which
characterizes the hypothesis, ranges over a set of values. A model of this decision
problem is shown in Fig. 2.25a. The output of the source is a parameter value M,
which we view as a point in a parameter space x. We then define the hypotheses as
subspaces of x. In this case H, corresponds to the point M = 0 and H, corresponds
to the interval [M,, M,.] We assume that the probability density governing the
mapping from the parameter space to the observation space, p, m(R| M), is known
for all values of M in .

The final component is a decision rule that divides the observation space into two
parts which correspond to the two possible decisions. It is important to observe that
we are interested solely in making a decision and that the actual value of M is not of
interest to us. For this reason the parameter M is frequently referred to as an
‘““unwanted” parameter.

The extension of these ideas to the general composite hypothesis-testing
problem is straightforward. The model is shown in Fig. 2.25b. The output
of the source is a set of parameters. We view it as a point in a parameter
space y and denote it by the vector 8. The hypotheses are subspaces of y.
(In Fig. 2.25b we have indicated nonoverlapping spaces for convenience.)
The probability density governing the mapping from the parameter space
to the observation space is denoted by p,e(R|0) and is assumed to be
known for all values of 0 in x. Once again, the final component is a
decision rule.
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Parameter space x Observation space

(a)

Parameter space x

Decision
rule

Decision
(b)

Fig. 2.25 a. Composite hypothesis testing problem for single-parameter example.
b. Composite hypothesis testing problem.

To complete the formulation, we must characterize the parameter 6.
Just as in the parameter estimation case the parameter 6 may be a non-
random or random variable. If ® is a random variable with a known
probability density, the procedure is straightforward. Denoting the prob-
ability density of 8 on the two hypotheses as pgx, (8| Ho) and pgx, (8| H,),
the likelihood ratio is

pon RIHy | ProRIOH )P, BIF) B
na (R[Ho)
PenoRIHD) [ (R1O,Ho)por, (01 o) 0
X

The reason for this simplicity is that the known probability density on 6
enables us to reduce the problem to a simple hypothesis-testing problem by
integrating over 8. We can illustrate this procedure for the model in
Example 1.

A(R) 2

(296)
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Example 1 (continued.) We assume that the probability density governing m on H, is

1 M?
Prtan(MHD) = —==—cxp (-3m) - <M<, @)

T O 20m

Then (296) becomes

e 1 (R— M)? 1 M?
f_wvz;,ae"p( 2 )x/z—”mex"( 7o) M,

A(R) = i . (_ﬁ) Hzo 7. (298)
Viao P\ 722
Integrating and taking the logarithm of both sides, we obtain
H120%(02 + an,2) 1 a2
2 > —m = i3 8 N
3 e [mn +30n (1 + 02)] (299)

This result is equivalent to Example 2 on p. 29 because the density used in (297)
makes the two problems identical.

As we expected, the test uses only the magnitude of R because the mean
m has a symmetric probability density.

For the general case given in (296) the actual calculation may be more
involved, but the desired procedure is well defined.

When 6 is a random variable with an unknown density, the best test
procedure is not clearly specified. One possible approach is a minimax
test over the unknown density. An alternate approach is to try several
densities based on any partial knowledge of @ that is available. In many
cases the test structure will be insensitive to the detailed behavior of the
probability density.

The second case of interest is the case in which 8 is a nonrandom
variable. Here, just as in the problem of estimating nonrandom variables,
we shall try a procedure and investigate the results. A first observation is
that, because 8 has no probability density over which to average, a Bayes
test is not meaningful. Thus we can devote our time to Neyman-Pearson
tests.

We begin our discussion by examining what we call a perfect measure-
ment bound on the test performance. We illustrate this idea for the problem
in Example 1.

Example 2. In this case § = M.

From (295)
1 R — M)?
Hy:pym(RIM) = \/z_ﬂceXp (_(T'Z') (Mo < M < M),
and (300)
1 R?
Holp,(m(R[M) = :/—i—_;—;exp (—-2-0—2)'

where M is an unknown nonrandom parameter.
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It is clear that whatever test we design can never be better than a hypothetical test
in which the receiver first measures M perfectly (or, alternately, it is told M) and then
designs the optimum likelihood ratio test. Thus we can bound the ROC of any test
by the ROC of this fictitious perfect measurement test. For this example we could use
the ROC’s in Fig. 2.9a by letting d? = M?/o%. Because we are interested in the
behavior versus M, the format in Fig. 2.94 is more useful. This is shown in Fig. 2.26.
Such a curve is called a power function. 1t is simply a plot of Pj for all values of M
(more generally 0) for various values of Pr. Because H, = H, for M = 0, P, = P;.
The curves in Fig. 2.26 represent a bound on how well any test could do. We now
want to see how close the actual test performance comes to this bound.

The best performance we could achieve would be obtained if an actual test’s curves
equaled the bound for all M € x. We call such tests uniformly most powerful (UMP).
In other words, for a given P, a UMP test has a P, greater than or equal to any
other test for all M € x. The conditions for a UMP test to exist can be seen in Fig. 2.27.

0.99
0.98

0.9

T 0.7

A 05

&

5

g 03
0.1
1072
1073

[ [ | |

-3 -2 0 +2 +4
M/oc —>
Fig. 2.26 Power function for perfect measurement test.
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Fig. 2.27 Power functions for various likelihood ratio tests.

We first construct the perfect measurement bound. We next consider other possible
tests and their performances. Test A is an ordinary likelihood ratio test designed under
the assumption that M = 1. The first observation is that the power of this test equals
the bound at M = 1, which follows from the manner in which we constructed the
bound. For other values of M the power of test A may or may not equal the bound.
Similarly, test B is a likelihood ratio test designed under the assumption that M = 2,
and test C is a likelihood ratio test designed under the assumption that M = —1.
In each case their power equals the bound at their design points. (The power functions
in Fig. 2.27 are drawn to emphasize this and are not quantitatively correct away from
the design point. The quantitatively correct curves are shown in Fig. 2.29.) They may
also equal the bound at other points. The conditions for a UMP test are now obvious.
We must be able to design a complete likelihood ratio test (including the threshold)
for every M e x without knowing M.

The analogous result for the general case follows easily.
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It is clear that in general the bound can be reached for any particular 6
simply by designing an ordinary LRT for that particular . Now a UMP
test must be as good as any other test for every 8. This gives us a necessary
and sufficient condition for its existence.

Property. A UMP test exists if and only if the likelihood ratio test for every
6 € x can be completely defined (including threshold) without knowledge
of 0.

The “if” part of the property is obvious. The “only if”” follows directly
from our discussion in the preceding paragraph. If there exists some 0 € y
for which we cannot find the LRT without knowing 6, we should have to
use some other test, because we do not know 6. This test will necessarily
be inferior for that particular 8 to a LRT test designed for that particular 6
and therefore is not uniformly most powerful.

Returning to our example and using the results in Fig. 2.8, we know that the
likelihood ratio test is

Hjy
Rz v*, (301)
Ho
and
P =fm;exp(——1—(i) dR, ifM>0 (302)
F * Vino 202 > ’

(The superscript + emphasizes the test assumes M > 0. The value of y* may be
negative.) This is shown in Fig. 2.28a.

Similarly, for the case in which M < 0 the likelihood ratio test is
Ho
Rzvy, (303)
Hy
where
P—fy_ 1 RYar, M<o0 30
o mee (e ar Mo oo
This is shown in Fig. 2.28b. We see that the threshold is just the negative of the
threshold for M > 0. This reversal is done to get the largest portion of p,x,(R|H;)
inside the H, region (and therefore maximize Pp).
Thus, with respect to Example 1, we draw the following conclusions:

1. If M can take on only nonnegative values (i.e., M, > 0), a UMP test exists
[use (301)].

2. If M can take on only nonpositive values (i.e., M; < 0), a UMP test exists [use
(303)].

3. If M can take on both negative and positive values (i.e., M, < 0 and M; > 0),
then a UMP test does not exist. In Fig. 2.29 we show the power function for a likeli-
hood ratio test designed under the assumption that M was positive. For negative
values of M, Pj is less than Py because the threshold is on the wrong side.

Whenever a UMP test exists, we use it, and the test works as well as if
we knew 0. A more difficult problem is presented when a UMP test does
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PrH, (R|Ho) prin, (RIHy)

(for a typical
positive M)

prin, (RIHy) prlH, (RI1Hy)

I
|
|
l
|
|
Mo 0
(b)

Fig. 2.28 Effect of sign of M: [a] threshold for positive M [b] threshold for negative M.

not exist. The next step is to discuss other possible tests for the cases in
which a UMP test does not exist. We confine our discussion to one
possible test procedure. Others are contained in various statistics texts
(e.g., Lehmann [17]) but seem to be less appropriate for the physical
problems of interest in the sequel.

The perfect measurement bound suggests that a logical procedure is to
estimate ® assuming H, is true, then estimate 0 assuming H, is true, and
use these estimates in a likelihood ratio test as if they were correct. If the
maximum likelihood estimates discussed on p. 65 are used, the result is
called a generalized likelihood ratio test. Specifically,

n%aXPr;el(Rlel) Hy

=& 000>
As(R) n’;ax Pria,(R|00) Fo &

(305)

where 0, ranges over all 8 in H, and 0, ranges over all 8 in H,. In other
words, we make a ML estimate of 6,, assuming that H, is true. We then
evaluate p.e,(R|6,) for 0, = 6, and use this value in the numerator. A
similar procedure gives the denominator.

A simple example of a generalized LRT is obtained by using a slightly
modified version of Example 1.
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Fig. 2.29 Performance of LRT assuming positive M.

Example 2. The basic probabilities are the same as in Example 1. Once again, 8 = M.
Instead of one, we have N independent observations, which we denote by the vector
R. The probability densities are,

o~ 1 _ (R — M)?
Prim.u,(R|M,H,) = ‘13 Vo5 &%P ( 397 )

(306)
Primito(RIM,Ho) = | | —oe— exp (——-R‘Z)~
! i=1 \/211’ ag 20

In this example H, is a composite hypothesis and Ho, a simple hypothesis. From (198)

1=

- 1

M, = N, R, (307)

1
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Then N 1 [R.— (1/N) 3¥.1 R)J?
E\/Eaexp{_ 503 j=1 Yy }Hl
AyR) = o Z (308)
E Vs o P (= R?[20%)
Canceling common terms and taking the logarithm, we have
1 N 2 Hy
n AR = 5oy (3 &) 2 (309)

The left side of (309) is always greater than or equal to zero. Thus, y can always be
chosen greater than or equal to one. Therefore, an equivalent test is

L& )
(m ‘Z Ra) sn (310)
where y; > 0. Equivalently,

2] & L iR 2 (311)
i IS P

The power function of this test follows easily. The variable z has a variance equal

Pz|H0(Z|H0)

-Y1 71

(a)

P2|H1(Z|H1)

=71

(b)

Fig. 2.30 Errors in generalized likelihood ratio test: [a] Pr calculation; [b] Pp
calculation.
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to o2. On H, its mean is zero and on H; its mean is MV N, The densities are sketched
in Fig. 2.30.

- 2 0
Pg =J n_1 exp (—Z—) dzZ + —l:exp (—-Z~—) dz
-® V2r e

VE T " T
= 2erfc, (Z&‘) (12)
and _
© —_ N2
+ " \/zl_ﬂaexp [—(Z ZIY,,_,\/N) ] dZ
= erfes [M} + erfes [ﬁ—‘-;MT’] G13)

' 4
/ Y
058

0.9

Power (F,) —>
o o
[$,] ~
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0.1
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— — Generalized LRT |

4
| VNM/[e|—

Fig. 2.31 Power function: generalized likelihood ratio tests.
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The resulting power function is plotted in Fig. 2.31. The perfect measure-
ment bound is shown for comparison purposes. As we would expect from
our discussion of ML estimates, the difference approaches zero as
V'N Mo — oo.

Just as there are cases in which the ML estimates give poor results, there
are others in which the generalized likelihood ratio test may give bad
results. In these cases we must look for other test procedures. Fortunately,
in most of the physical problems of interest to us either a UMP test will
exist or a generalized likelihood ratio test will give satisfactory results.

2.6 THE GENERAL GAUSSIAN PROBLEM

All of our discussion up to this point has dealt with arbitrary probability
densities. In the binary detection case pyx, (R|H,) and p.x (R|H,) were
not constrained to have any particular form. Similarly, in the estimation
problem p.,(R|A) was not constrained. In the classical case, constraints
are not particularly necessary. When we begin our discussion of the wave-
form problem, we shall find that most of our discussions concentrate on
problems in which the conditional density of r is Gaussian. We discuss
this class of problem in detail in this section. The material in this section
and the problems associated with it lay the groundwork for many of the
results in the sequel. We begin by defining a Gaussian random vector and
the general Gaussian problem.

Definition. A set of random variables ry, r,, . . ., ry are defined as jointly
Gaussian if all their linear combinations are Gaussian random variables.

Definition. A vector r is a Gaussian random vector when its components
ry, rs, ..., ry are jointly Gaussian random variables.

In other words, if

N
z= > gnl Gt (314)
i=1

is a Gaussian random variable for all finite G7, then r is a Gaussian vector.
If we define
Er)=m 3195
and
Cov (r) = E[(r — m)x” — m")] & A, (316)

then (314) implies that the characteristic function of r is

M, (jv) & E[e"*""]= exp (+jv'm — }v7Av) 317
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and assuming A is nonsingular the probability density of r is
P(R) = [2m)"2|A]*] * exp [-}(RT — m")A" (R — m)]. (318)

The proof is straightforward (e.g., Problem 2.6.20).

Definition. A hypothesis testing problem is called a general Gaussian
problem if p.u (R|H;) is a Gaussian density on all hypotheses. An
estimation problem is called a general Gaussian problem if p,a(R|A) has
a Gaussian density for all A.

We discuss the binary hypothesis testing version of the general Gaussian
problem in detail in the text. The M-hypothesis and the estimation
problems are developed in the problems. The basic model for the binary
detection problem is straightforward. We assume that the observation
space is N-dimensional. Points in the space are denoted by the N-dimen-
sional vector (or column matrix) r:

ry
r= . (319)

n
Under the first hypothesis H, we assume that r is a Gaussian random

vector, which is completely specified by its mean vector and covariance
matrix. We denote these quantities as

E(r,|H,) my,
E(ry|H,) m

Efe|H) = | | 2 A :” A m,. (320)
E(ry|H,) mn

The covariance matrix is

K, & E[(c — m)@" — m,")|H,]

1K1 1K12 1K13 oo Koy
- 11.(21 1'KZ2 (321)
IKNl lKNN
We define the inverse of K, as Q,
Q, 2 Kt (322)

Q:K; =K,Q, =1, (323)
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where 1 is the identity matrix (ones on the diagonal and zeroes elsewhere).

Using (320), (321), (322), and (318), we may write the probability density
of ron H;,

prin,(R|Hy) = (272K, %] exp [-3(R” — m;")Q,(R — m,)]. (324)

Going through a similar set of definitions for H,, we obtain the prob-
ability density

Pring(RIHo) = [(2m)"2[Ko| %]~ exp [ 4(R” — mo")Qo(R — mo)].  (325)
Using the definition in (13), the likelihood ratio test follows easily:

AR) A PriyRIH) Kol % exp [~ 3(RT — m,")Qy(R — m,)] 1
= Prn,R[Hg) — [Ky|” exp [ 3(RT — m")Qo(R — my)] 7y
(326)

Taking logarithms, we obtain

R — mp") QR — mo) — I(R" — m,") Q,(R — m,)

Hy
HZ Inp + 41In |K;| — $1n |Ko| & y*. 327

We see that the test consists of finding the difference between two quadratic

Sforms. The result in (327) is basic to many of our later discussions. For
this reason we treat various cases of the general Gaussian problem in
some detail. We begin with the simplest.

2.6.1 Equal Covariance Matrices

The first special case of interest is the one in which the covariance
matrices on the two hypotheses are equal,

K, =K, 2 K, (328)

but the means are different.
Denote the inverse as Q:

Q=K. (329)
Substituting into (327), multiplying the matrices, canceling common
terms, and using the symmetry of Q, we have
Hy
(m," — me")QR 2 In7 + 3(m,"Qm; — my"Qmy) 8 vy (330)
o]
We can simplify this expression by defining a vector corresponding to the

difference in the mean value vectors on the two hypotheses:

Am & m; — m,. (331)
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Then (327) becomes

Hy
IR) & AmTQRE Vi (332)

or, equivalently,

Hy
IR) £ R™Q Am 2 v} (333)

The quantity on the left is a scalar Gaussian random variable, for it was
obtained by a linear transformation of jointly Gaussian random variables.
Therefore, as we discussed in Example 1 on pp. 36-38, we can completely
characterize the performance of the test by the quantity d2. In that
example, we defined d as the distance between the means on the two
hypothesis when the variance was normalized to equal one. An identical
definition is,

g2 o EUIHY = EQ|HYP,

Var (| Ho) (334)
Substituting (320) into the definition of /, we have
E(|H,) = Am"Qm, (335)
and
E(l|H,) = Am"Qm,, (336)

Using (332), (333), and (336) we have
Var [/|H,] = E{{[Am"Q(R — my)][(RT — m,")Q Am]}. 337
Using (321) to evaluate the expectation and then (323), we have
Var [/|H,] = Am™Q Am. (338)
Substituting (335), (336), and (338) into (334), we obtain

d? = Am™Q Am |. (339)

Thus the performance for the equal covariance Gaussian case is com-
pletely determined by the quadratic form in (339). We now interpret it for
some cases of interest.

Case 1. Independent Components with Equal Variance. Each r; has the same
variance o2 and is statistically independent. Thus

K = ¢ (340)
and

Q =5l (341)
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Substituting (341) into (339), we obtain

d? = Am” alz IAm = % AmT Am = olz |Am|2 (342)
or
g — 1aml | (343)
ag

We see that d corresponds to the distance between the two mean-value
vectors divided by the standard deviation of R;. This is shown in Fig. 2.32.
In (332) we see that

I= 5 AmR. (344)

Thus the sufficient statistic is just the dot (or scalar) product of the observed
vector R and the mean difference vector Am.

Case 2. Independent Components with Unequal Variances. Here the r; are
statistically independent but have unequal variances. Thus

~‘712 0 T
K = o® (345)
B 0 . °N2_
and
-1 .
o 0
1
Q= 7% ) (346)
1
|0 o

Substituting into (339) and performing the multiplication, we have

N 2
2 _ (Aml) .
d? = ; 7 (347)
Now the various difference components contribute to d2 with weighting

that is inversely proportional to the variance along that coordinate. We
can also interpret the result as distance in a new coordinate system.
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Let

Am’ = | o2 (348)

and
R=2Lg, (349)
i

This transformation changes the scale on each axis so that the variances
are all equal to one. We see that d corresponds exactly to the difference
vector in this “scaled” coordinate system.

The sufficient statistic is

N Am"'Ri
IR) = 2 =5 (350)
i=1 i
In the scaled coordinate system it is the dot product of the two vectors

IR’) = Am’"R’. (351)

Case 3. This is the general case. A satisfactory answer for / and d is already
available in (332) and (339):

IR) = Am"QR (352)
d? = Am™Q Am. (353)

and

Fig. 2.32 Mean-value vectors.
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Valuable insight into the important features of the problem can be
gained by looking at it in a different manner.

The key to the simplicity in Cases 1 and 2 is the diagonal covariance
matrix. This suggests that we try to represent R in a new coordinate
system in which the components are statistically independent random
variables. In Fig. 2.33a we show the observation in the original coordinate
system. In Fig. 2.33b we show a new set of coordinate axes, which we
denote by the orthogonal unit vectors ¢, &, ..., dy:

b7 b; = 8. (354)

We denote the observation in the new coordinate system by r'. We want to
choose the orientation of the new system so that the components r; and r;
are uncorrelated (and therefore statistically independent, for they are
Gaussian) for all i # j. In other words,

E[(r; — m)(r; — m)] = A3, (355)
where
m; & E(r}) (356)
and
Var [ri] 2 A (357)

Now the components of 1’ can be expressed simply in terms of the dot
product of the original vector r and the various unit vectors

ri= Ty = /. (358)
Using (358) in (355), we obtain
E[$(r — m)(r" — mT),] = A3, (359)

(a) (b)

Fig. 2.33 Coordinate systems: [a] original coordinate system; [b] new coordinate
system.
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The expectation of the random part is just K [see (321)]. Therefore (359)

becomes
Ad; = &Ko, (360)
This will be satisfied if and only if
Ad; = Ko, forj=1,2,...,N. (361)
To check the “if” part of this result, substitute (361) into (360):
Ady = &N, = A5y, (362)

where the right equality follows from (354). The “only if” part follows
using a simple proof by contradiction. Now (361) can be written with the j
subscript suppressed:

A = K. (363)

We see that the question of finding the proper coordinate system reduces
to the question of whether we can find N solutions to (363) that satisfy
(354).

It is instructive to write (363) out in detail. Each ¢ is a vector with N
components:

$1
b2
¢ =]¢s| (364)
by
Substituting (364) into (363), we have

Ky1é1 + Kiopo + -+ Kindy = A,
Kydy + Koopo + -+ Koydy = Ay

KN1¢1 + KN2¢2 +: 4 KNN¢N = )‘?SN

We see that (365) corresponds to a set of N homogeneous simultaneous
equations. A nontrivial solution will exist if and only if the determinant
of the coefficient matrix is zero. In other words, if and only if

(365)

Kin—21Ka Kl
K DKy — A} Ky !
L (R e S =0. (366)
Kay E Kss Ve
| Ky — A
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We see that this is an Nth-order polynomial in A. The N roots, denoted by
Ag, Ag, .. ., Ay, are called the eigenvalues of the covariance matrix K. It can
be shown that the following properties are true (e.g., [16] or [18]):

1. Because K is symmetric, the eigenvalues are real.
2. Because K is a covariance matrix, the eigenvalues are nonnegative.
(Otherwise we would have random variables with negative variances.)

For each A; we can find a solution ¢; to (363). Because there is an
arbitrary constant associated with each solution to (363), we may choose
the ¢; to have unit length

7P, = 1. (367)

These solutions are called the normalized eigenvectors of K. Two other
properties may also be shown for symmetric matrices.

3. If the roots A; are distinct, the corresponding eigenvectors are
orthogonal.

4. If a particular root A; is of multiplicity M, the M associated eigen-
vectors are linearly independent. They can be chosen to be orthonormal.

We have now described a coordinate system in which the observations
are statistically independent. The mean difference vector can be expressed
as

Am’l = ¢1T Am
LA T
Amy = " Am
or in vector notation
$.7
b7
Am’ = [ ----| Am & W Am. (369)
$u"
The resulting sufficient statistic in the new coordinate system is
N = Amj- R
IR) = > . (370)
=1 1
and d? is
N ng
2 _ (Amy) .
d? = Z N (371)
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The derivation leading to (371) has been somewhat involved, but the
result is of fundamental importance, for it demonstrates that there always
exists a coordinate system in which the random variables are uncorrelated
and that the new system is related to the old system by a linear transforma-
tion. To illustrate the technique we consider a simple example.

Example. For simplicity we let N = 2 and mp, = 0. Let

1
K = [ P] (372)
p 1
and
my,
m, = [ ] (373)
ma
To find the eigenvalues we solve
1 -2
P l=0 (374)
p 1 -2
or
(1 -2)2=p2=0. (375)
Solving,
A=1+p, (376)
A,=1—0p
To find &, we substitute A, into (365),
1 1+
[ P] [d’u] _ [( P)¢u] (377
p 11léis (1 + p)g12
Solving, we obtain
11 = b12. (378)
Normalizing gives
-1
*75
$, = | (379)
| V2
Similarly,
-1
*73
d. = L (380)
%A

The old and new axes are shown in Fig. 2.34. The transformation is

Wl — (381)
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Ry
Observation
R;
ARV
74
e
Lo\a5°
|
I
1 Rl
R
@2

Fig. 2.34 Rotation of axes.

, R, + R,
R} = ——=
1 \/2
R’z = —R!%Izz’
2 (382)
, _ mu+ Mz
my; = _——\/i
Mg = myy \;'imIZ'
The sufficient statistic is obtained by using (382) in (370),
n_ 1 (R + Ro)(mi + myp) 1 (Ry = Ry)(myy — my3)
I(R)—l+p 3 +1—p 2 (383)
and d? is
(myy + my2)? (myy — myp)? (m1,)? (m}2)?
d? = + = . 384
WW+p T 2-p A+p U-p 389

To illustrate a typical application in which the transformation is important we
consider a simple optimization problem. The length of the mean vector is constrained,

[m,|2 = 1. (385)

We want to choose m,;; and m,;, to maximize d2. Because our transformation is a
rotation, it preserves lengths

jmj|2 = 1. (386)
Looking at (384), we obtain the solution by inspection:
If p > 0, choose m3; = 0 and mj; = 1.
If p < 0, choose mj; = 1 and mj; = 0.

If p = 0, all vectors satisfying (385) give the same d2.
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We see that this corresponds to choosing the mean-value vector to be equal to the
eigenvector with the smallest eigenvalue. This result can be easily extended to N
dimensions.

The result in this example is characteristic of a wide class of optimization
problems in which the solution corresponds to an eigenvector (or the
waveform analog to it).

In this section, we have demonstrated that when the covariance matrices
on the two hypotheses are equal the sufficient statistic /(R) is a Gaussian
random variable obtained by a linear transformation of R. The perform-
ance for any threshold setting is determined by using the value of d2 given
by (339) on the ROC in Fig. 2.9. Because the performance improves
monotonically with increasing d?, we can use any freedom in the param-
eters to maximize d? without considering the ROC explicitly.

2.6.2 Equal Mean Vectors

In the second special case of interest the mean-value vectors on the two
hypotheses are equal. In other words,

m;, = mg & m. (387
Substituting (387) into (327), we have

H;
JRT - m)(Qu — Q)R —m) 2 Iny + 3In [l . (389)
Because the mean-value vectors contain no information that will tell
us which hypothesis is true, the likelihood test subtracts them from the
received vector. Therefore, without loss of generality, we may assume
that m = 0.
We denote the difference of the inverse matrices as AQ:

AQ 2 Q, - Q.. (389)

The likelihood ratio test may be written as

H
IR) & RTAQR 2 2,* A 5. (390)
Ho

Note that /(R) is the dot product of two Gaussian vectors, RT and AQR.
Thus, /(R) is not a Gaussian random variable.

We now consider the behavior of this test for some interesting special
cases.

Case 1. Diagonal Covariance Matrix on H,: Equal Variances. Here the
R, on H, are statistically independent variables with equal variances:

K, = 0,71 (391)
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We shall see later that (391) corresponds to the physical situation in
which there is “noise” only on H,. The following notation is convenient:

rp=n, H,. 1392)

On H, the r, contain the same variable as on H,, plus additional signal

components that may be correlated:
rp=s + ng H,,
i i i 1 (393)
K, = K, + ¢,

where the matrix K, represents the covariance matrix of the signal com-
ponents. Then

Qo = = I (394)
and
Ly Lx)” 395
Q= o2 ( + ) B (395)
It is convenient to write (395) as
1
Q. = - H], (396)

n

which implies
H = (o, + K) 7K, = K(0,’I + K,)™* =0,°Qo — Q, =0, AQ. (397)

The H matrix has an important interpretation which we shall develop
later. We take the first expression in (397) as its definition. Substituting
(397) into (389) and the result into (390), we have

1

H;
IR) = g RTHR E Y. (398)

Several subcases are important.

Case 1A. Uncorrelated, Identically Distributed Signal Components. In this
case the signal components s; are independent variables with identical
variances:

K, = oL (399)
Then
H = (0,21 + 0,2) 1o/, (400)
or
2
H=—>2 (401)

on2 + 052
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and

2 1 N
IR) = 2—+—RTR e By + — Z . (402)

The constant can be incorporated in the threshold to give
N H,
IR) L& > R 2y (403)
i=1 Ho

We now calculate the performance of the test. On both hypotheses I(R)
is the sum of the squares of N Gaussian variables. The difference in the
hypotheses is in the variance of the Gaussian variables. For simplicity, we
shall assume that N is an even integer.

To find p, 4,(L|H,) we observe that the characteristic function of each
RZis

Mpz2i5,(J0) 2 f e 'l e R0 4R
- 27 oy,

= (1 — 2jvo,2) % (404)

Because of the independence of the variables, M, (jv) can be written as
a product. Therefore

M, 4, (jo) = (1 — 2jvo,®) N2, (405)
Taking the inverse transform, we obtain p;,, (L|Ho):

LNI2-1p-L/20,2
PIIHO(LlHO) = ——N—y L > 0,
oNI2g N (_)
" 2
-0, L<0, (406)

which is familiar as the y2 (chi-square) density function with N degrees of
freedom. It is tabulated in several references (e.g., [19] or [3]). For N = 2
it is easy to check that it is the simple exponential on p. 41. Similarly,

LNI2-1p-Li202
pun,(L|H,) = — L=>0,
2N/20,1NI‘ (5)
=0, L<0, (407)
where 6,2 & 632 + 0,2
The expressions for P, and Py are,

P, = f " 24126 ND(N/2)] LR e~ b2 L (408)

and ’
Pr = f [2¥126,"T(N[2)] - 1L¥12 e~ 120" dL, (409)

-
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Construction of the ROC requires an evaluation of the two integrals.
We see that for N = 2 we have the same problem as Example 2 on p. 41
and (408) and (409) reduce to

_ _2),

P, = exp ( 2012)
yll

Pr = exp (—2%2)’

P = (pD)u +o,2/an2). (411)

For the general case there are several methods of proceeding. First, let
M = NJ2 — 1 and y" = y"/20,2. Then write

(410)

and

I A . 412
=1- - e *dx.
g o M (“412)
The integral, called the incomplete Gamma function, has been tabulated
by Pearson [21]:
uvM+1 xM

Teu, M) & f e dy, (413)
. i

and
Pe=1-1 (—-L—M) 414
F WM r 1 (14
These tables are most useful for P, > 10-% and M < 50.

In a second approach we integrate by parts M times. The result is

<
Pr=exp(—y") > 2 (415)
k=0 *
For small Py, y" is large and we can approximate the series by the last
few terms, Oy ( )
Y YMe=?" M MM -1
P =0 [1 ot T ] (416)
Furthermore, we can approximate the bracket as (1 — M/y”)~1. This
gives
(") "e""

A similar expression for P, follows in which y” is replaced by y** &
y"[20,%. The approximate expression in (417) is useful for manual calcula-
tion. In actual practice, we use (415) and calculate the ROC numerically.
In Fig. 2.35a we have plotted the receiver operating characteristic for some
representative values of N and o,2/0,2.

Two particularly interesting curves are those for N = 8, 0,?/0,2> = 1 and
N =2, 0/0,2 = 4. In both cases the product No%/o,2 = 8. We see that
when the desired P is greater than 0.3, P, is higher if the available ““signal
strength” is divided into more components. This suggests that for each Py
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and product No%/e,? there should be an optimum N. In Chapter 4 we
shall see that this problem corresponds to optimum diversity in com-
munication systems and the optimum energy per pulse in radar. In Figs.
2.35b and ¢ we have sketched P,, as a function of N for Pr = 102 and
10-#, respectively, and various No,2/c,2 products. We discuss the physical
implications of these results in Chapter 4.

Case 1B. Independent Signal Components: Unequal Variances. In this case
the signal components s, are independent variables with variances o, 2:

K, = N . (418)

| | | | | 1 | I 1
0 0.1 0.2 03 04 0.5 0.6 0.7 0.8 0.9 1.0

B —>

Fig. 2.35 a. Receiver operating characteristic: Gaussian variables with identical
means and unequal variances on the two hypotheses.
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Then

- 0312 i O -

0, + s,
0322
H = a,® + o5,” (419)
asNz

- o.nZ + OSNZ_

and
1 & 03(2 2 H
= — — > R2 > .
IR) = — ; TR Y (420)

0.1

0.06

0.04

0.02

0.01 I N N N I 1
2 4 6 8 1012 16 20 20 64

N —>

Fig. 2.35 b. P, as a function of N [P = 10~2].
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The characteristic function of /(R) follows easily, but the calculation of
Pr and P is difficult. In Section 2.7 we derive approximations to the
performance that lead to simpler expressions.

Case 1C. Arbitrary Signal Components. This is, of course, the general case.
We revisit it merely to point out that it can always be reduced to Case 1B
by an orthogonal transformation (see discussion on pp. 102-106).

1.0
038

0.6

04

T 0.06

Py 004
0.02

0.01

0.006

0.003
l | I N T N L1
0‘0022 4 6 8 1012 16 20 30 40 64
N —>

Fig. 2.35 c¢. Py as a function of N [P = 10-*%].



114 2.6 The General Gaussian Problem

Case 2. Symmetric Hypotheses, Uncorrelated Noise. Case 1 was unsym-
metric because of the noise-only hypothesis. Here we have the following
hypotheses:

Hltri=s,»+n‘ l=],,N
n; i=N+1,...,2N,
Ho:ri = n; i = 1,...,N (421)
S+ n; i=N+1,...,2N,

where the n; are independent variables with variance 0,2 and the s; have a
covariance matrix K,. Then

ol + K 0]
e o= (422)
| 0 o
and
oly 0 ]
Ko = [---- oo , (423)
| 0 ! 0,2 + K,

where we have partitioned the 2N x 2N matrices into N x N submatrices.
Then

1 \
;‘n—zl E 0 (Unzl + Ks)_l E 0
AQ =|----- fromms oo T . . (429)
0 , (anzl + Ks)_1 0 i 1
: L o3l
Using (397), we have

1 [0

AQ=—|-1----|» (425)
Oy '

0. -H

where, as previously defined in (397), H is
H 2 (¢, + K) 'K, (426)

If we partition R into two N x 1 matrices,

R,
R=|--|» 427)
R
then
1 1
IR) = - R,"HR; — R,"HR; 2 v¢'. (428)
n Ho

The special cases analogous to 1A and 1B follow easily.
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Case 2A. Uncorrelated, Identically Distributed Signal Components. Let

K, = ¢, (429)
then
N 2N Hy
IR)= > RE— > RZZy (430)
i=1 i=N+1 Ho

If the hypotheses are equally likely and the criterion is minimum Pr(e),
the threshold 7 in the LRT is unity (see 69). From (388) and (390) we see
that this will result in y* = 0. This case occurs frequently and leads to a
simple error calculation. The test then becomes

2N

I(R) & Z RZZ S R2AI®). 431)

”04 N+1
The probability of error given that H, is true is the probability that

I,(R) is greater than /;(R). Because the test is symmetric with respect to
the two hypotheses,

Pr(e) = 4 Pr(e|H,) + 4 Pr(¢|Hy) = Pr (¢|H,). (432a)
Thus

Pr(e) = J—o dLlPl1 |H1(L1|H1) J‘L Ptoml(Loin) dL,. (432b)

Substituting (406) and (407) in (432b), recalling that N is even, and evalu-
ating the inner integral, we have

— m—l__ Ni2-1 ,-L,/20,2
PO = [ g 5
N2 - 2\k
x [ty RS a1, s
k=0
Defining
- oo 433
@ = 012 + o,n2 - 032+20n2’ ( )
and integrating, (432c¢) reduces to
N2-1 [£Y
Pr9 =o' > ( - )(1 — o). (434)
=0 J

This result is due to Pierce [22]. It is a closed-form expression but it is
tedious to use. We delay plotting (434) until Section 2.7, in which we derive
an approximate expression for comparison.

Case 2B. Uncorrelated Signal Components: Unequal Variances. Now,
03,2 0

K,

(435)
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It follows easily that
1 X 0,2 ) 2N 0% _y ,] Ha
= e— PR L S— — — 27" R. > A
I(R) O’n2 [,-Zl 07;2 + 0'342 Ri 1=Z+1 O'nz + 0s2¢—N R' ] l‘fo LA (436)

As in Case 1B, the performance is difficult to evaluate. The approxi-
mations developed in Section 2.7 are also useful for this case.

2.6.3 Summary

We have discussed in detail the general Gaussian problem and have
found that the sufficient statistic was the difference between two quadratic
forms:

IR) = 3(RT — my")Qo(R — my) — L(RT — m;")Q,;(R — m,). (437)

A particularly simple special case was the one in which the covariance
matrices on the two hypotheses were equal. Then

IR) = $ Am"QR, (438)
and the performance was completely characterized by the quantity d2:
d? = Am"Q Am. (439)

When the covariance matrices are unequal, the implementation of the
likelihood ratio test is still straightforward but the performance calcula-
tions are difficult (remember that d2 is no longer applicable because /(R) is
not Gaussian). In the simplest case of diagonal covariance matrices with
equal elements, exact error expressions were developed. In the general
case, exact expressions are possible but are too unwieldy to be useful.
This inability to obtain tractable performance expressions is the motivation
for discussion of performance bounds and approximations in the next
section.

Before leaving the general Gaussian problem, we should point out that
similar results can be obtained for the M-hypothesis case and for the
estimation problem. Some of these results are developed in the problems.

2.7 PERFORMANCE BOUNDS AND APPROXIMATIONS

Up to this point we have dealt primarily with problems in which we
could derive the structure of the optimum receiver and obtain relatively
simple expressions for the receiver operating characteristic or the error
probability.

In many cases of interest the optimum test can be derived but an exact
performance calculation is impossible. For these cases we must resort to



