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s(t) to maximize d2. The solution follows directly from our earlier signal
design results (p. 302). We can express d? in terms of the channel eigen-
values and eigenfunctions

2 0
2 . = chg 2

d2 = o Zl A2, (346)

where
b

5 A f VE s(4) $:(u) du (347)
and A" and é,(u) correspond to the kernel Q.. (1, v). To maximize d2 we
choose

Sy = \/E,

and (348)

S1=O, l#l,

because A;°" is defined as the largest eigenvalue of the channel kernel
QO.n(u, v). Some typical channels and their optimum signals are developed
in the problems.

When we try to communicate sequences of signals over channels with
memory, another problem arises. Looking at the basic communications
system in Fig. 4.1, we see that inside the basic interval 0 < ¢t < T there is
interference due to noise and the sequence of signals corresponding to
previous data. This second interference is referred to as the intersymbol
interference and it turns out to be the major disturbance in many systems
of interest. We shall study effective methods of combatting intersymbol
interference in Chapter I1.4.

4.4 SIGNALS WITH UNWANTED PARAMETERS: THE COMPOSITE
HYPOTHESIS PROBLEM

Up to this point in Chapter 4 we have assumed that the signals of
concern were completely known. The only uncertainty was caused by the
additive noise. As we pointed out at the beginning of this chapter, in many
physical problems of interest this assumption is not realistic. One example
occurs in the radar problem. The transmitted signal is a high frequency
pulse that acquires a random phase angle (and perhaps a random ampli-
tude) when it is reflected from the target. Another example arises in the
communications problem in which there is an uncertainty in the oscillator
phase. Both problems are characterized by the presence of an unwanted
parameter.

Unwanted parameters appear in both detection and estimation problems.
Because of the inherent similarities, it is adequate to confine our present
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discussion to the detection problem. In particular, we shall discuss general
binary detection. In this case the received signals under the two hypotheses
are

l‘(t) = Sl(t3 0) + n(t), T; t

< T,:H,,
r(t) = so(t,8) + n(t), Ty<t

IAIA

The vector 8 denotes an unwanted vector parameter. The functions sq(z, 8)
and s,(#, 8) are conditionally deterministic (i.e., if the value of 0 were
known, the values of sy(¢, 0) and s,(¢, 8) would be known for all ¢ in the
observation interval). We see that this problem is just the waveform
counterpart to the classical composite hypothesis testing problem discussed
in Section 2.5. As we pointed out in that section, three types of situations
can develop:

1. 6 is a random variable with a known a priori density;
2. 0 is a random variable with an unknown a priori density;
3. 6 is a nonrandom variable.

We shall confine our discussion here to the first situation. At the end of
the section we comment briefly on the other two. The reason for this choice
is that the two physical problems encountered most frequently in practice
can be modeled by the first case. We discuss them in detail in Sections 4.4.1
and 4.4.2, respectively.

The technique for solving problems in the first category is straight-
forward. We choose a finite set of observables and denote them by the
K-dimensional vector r. We construct the likelihood ratio and then let
K — o0.

A lim Prin®RIH)
Alr@)] & lim = 1o (R[Ho)

The only new feature is finding prn, (R|H,) and p.u (R|Ho) in the
presence of 0. If 8 were known, we should then have a familiar problem.
Thus an obvious approach is to write

(350)

PrisyRIHD = [ pri,(RI9, Hy) poys, @) 40, (351)
g
and
Doty RIHo) = f Prio. iy RIS, Ho) pois, G| H) 0. (352)
%g

Substituting (351) and (352) into (350) gives the likelihood ratio. The
tractability of the procedure depends on the form of the functions to be
integrated. In the next two sections we consider two physical problems in
which the procedure leads to easily interpretable results.
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4.4.1 Random Phase Angles

In this section we look at several physical problems in which the un-
certainty in the received signal is due to a random phase angle. The first
problem of interest is a radar problem. The transmitted signal is a band-
pass waveform which may be both amplitude- and phase-modulated. We
can write the transmitted waveform as

N V2E, f(t) cos [w,t + ¢(1)], O0<t<T, (353)
sit) = {0, elsewhere.

Two typical waveforms are shown in Fig. 4.50. The function f(¢) corre-
sponds to the envelope and is normalized so that the transmitted energy is
E,. The function ¢(¢) corresponds to a phase modulation. Both functions
are low frequency in comparison to w,.

For the present we assume that we simply want to decide whether a
target is present at a particular range. If a target is present, the signal will
be reflected. In the simplest case of a fixed point target, the received wave-
form will be an attenuated version of the transmitted waveform with a
random phase angle added to the carrier. In addition, there is an additive
white noise component w(¢) at the receiver whether the target is present or

f(® ()

/O

(@)

ft) (t)

at?

(b)
Fig. 4.50 Typical envelope and phase functions.
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not. If we define H; as the hypothesis that the target is present and H, as
the hypothesis that the target is absent, the following detection problem
results:

Hy:r(t) = V2E. f(t — 7)cos (w(t — 7) + ¢(t — 7) + 6)
+ w(?), r<t<T+ T,
= w(t), Ti<t<mnr+T<t<sTy,
Dst—-1,0+wt), T, <t=<T,. (354a)
Hy:r(t) = w(t); T,<t=<T;. (354b)

Because the noise is white, we need only observe over the interval
7 <t £ 7+ T. Under the assumption that we are interested only in a
particular =, the model is the same if we let 7 = 0. Thus we need only
consider the problem

Hy:r(t) = s, 0) + w(t), 0<t<T, (355a)
Hy:r(t) = wit), 0<t<T (355b)

Here we have a simple binary detection problem in which the unknown
parameter occurs only on one hypothesis. Before solving it we indicate
how a similar problem can arise in the communications context.

In a simple on-off communication system we send a signal when the
source output is “one” and nothing when the source output is *“zero”.
The transmitted signals on the two hypotheses are

H,:s5(t) = V2E, f(t) cos (w,t + ¢(t) + 6,), O
Ho:s(t) = 0, 0

IA

t
t

T,

s (359

IA 1A
A IA

—

Frequently, we try to indicate to the receiver what 8, is. One method of
doing this is to send an auxiliary signal that contains information about
0,. If this signal were transmitted through a noise-free channel, the receiver
would know 6, exactly and the problem would reduce to the known signal
problem. More frequently the auxiliary signal is corrupted by noise and
the receiver operates on the noise-corrupted auxiliary signal and tries to
estimate 6,. We denote this estimate by 8,. A block diagram is shown in
Fig. 4.51. We discuss the detailed operation of the lower box in Chapter
11.2. Now, if the estimate 8, equals 8,, the problem is familiar. If they are
unequal, the uncertainty is contained in the difference § = 0, — 8., which
is a random variable. Therefore we may consider the problem:

Hy:r(t) = V2E, f(t) cos (wet + ¢(t) + ) + w(t), 0=t
Hy:r(t) = w(t), 0

IA

T, (357)
T, (358)

IA

t

IA
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Data signals
Transmitter Detector
Auxiliary
signal A~
(pilot tone) 0q
Device to
estimate 6,

Fig. 4.51 A phase estimation system.

where E, is the actual received signal energy and 6 is the phase measure-
ment error. We see that the radar and communication problems lead to the
same mathematical model.

The procedure for finding the likelihood ratio was indicated at the
beginning of Section 4.4. In this particular case the model is so familiar
(see (23)) that we can write down the form for K — co immediately. The
resulting likelihood ratio is

T T
o(6) d6 exp [+1-f,-o fo r(t) si(t, 0) dt — Nio fo 52, o)dz],
(359)

Aro) = [

where we assume the range of 0 is [—=, =]. The last integral corresponds
to the received energy. In most cases of interest it will not be a function of
the phase so we incorporate it in the threshold. To evaluate the other
integral, we expand the cosine term in (357),

cos [w.t + ¢(t) + 0] = cos [w,t + $(¢)] cos § — sin [w.t + $(2)] sin 6, (360)
and define
LA f V3 (1) f(t) cos [w,t + $(2)] dt, 361)
0
and

T
LA f V3 K1) f() sin [wit + $(1)] dt. (362)
0o
Thus the integral of interest is

ANr@)] = f _ Po(0) d8 exp [ZX,OE (L, cos 8 — L, sin 9)]. (363)

To proceed we must specify py(6). Instead of choosing a particular density,
we specify a family of densities indexed by a single parameter. We want to
choose a family that will enable us to model as many cases of interest as
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Fig. 4.52 Family of probability densities for the phase angle.

possible. A family that will turn out to be useful is given in (364) and shown
in Fig. 4.52%:

“exp [An cos 0]

Pa(8: Ar) = S5 RN <0<m (364)

The function I,(A,) is a modified Bessel function of the first kind which
is included so that the density will integrate to unity. For the present A,,

1 This density was first used ior this application by Viterbi [44].
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can be regarded simply as a parameter that controls the spread of the
density. When we study phase estimators in Chapter I1.2, we shall find
that it has an important physical significance.

Looking at Fig. 4.52, we see that for A,, = 0

PO =5 —msOsm (365)

This is the logical density for the radar problem. As A,, increases, the
density becomes more peaked. Finally, as A,, — 0o, we approach the known
signal case. Thus by varying A, we can move continuously from the
known signal problem through the intermediate case, in which there is
some information about the phase, to the other extreme, the uniform
phase problem.

Substituting (364) into (363), we have

01 = [ s e [(A”Zﬁ L)

This is a standard integral (e.g., [45)). Thus
w0 = (o 5 + (EL)T) o

Substituting (367) into (359), incorporating the threshold, and taking the
logarithm, we obtain

el + 2B+ L)

Hy
> lnn + L+ InI(Ay). (368)
Ho No

2‘16-5' 5 ]do.
(366)

The formation of the test statistic is straightforward (Fig. 4.53). The
function I,(-) is shown in Fig. 4.54. For large x

Io(x) ~ ‘*21_ x> 1, (369)
TX
whereas for small x
2
LX) ~1+ %’ x<« 1, (370a)
and
x2
In Iy(x) ~ T x« 1. (370b)

Observe that because In Iy(x) is monotone we can remove it by modifying
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Fig. 4.53 Optimum receiver: random phase angle

the threshold. Thus two tests equivalent to (368) are

(L FELCCI SN (371a)
° T 2WE, ) -4 a
and
(2‘/_) (L2 + L2) + 2A, 2‘1§E L (3715)
0
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Fig. 4.54 Plot of Iy(x).
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Fig. 4.55 Alternate realization of optimum receiver.

Redrawing the receiver structure as shown in Fig. 4.55, we see that the
optimum receiver consists of a linear component and a square-law
component.

Looking at (371a), we see that the region in the L., L plane corre-
sponding to the decision H, is the interior of a circle centered at
(= NoA,/2VE,, 0) with radius y*%. We denote this region as Q, The
probability density of L. and L, under H, is a circularly symmetric
Gaussian density centered at the origin. Therefore, if y is fixed and A,, is
allowed to increase, 2, will move to the left and the probability of being
in it on H, will decrease. Thus, to maintain a constant P, we increase y as
A, is increased. Several decision regions are shown in Fig. 4.56. In the
limit, as A,, — oo, the decision boundary approaches a straight line and
we have the familiar known signal problem of Section 4.2. The probability
density on H; depends on 6. A typical case is shown in the figure. We
evaluate Pr and P, for some interesting special cases on p. 344 and in the
problems. Before doing this it will be worthwhile to develop an alternate
receiver realization for the case in which A,, = 0. In many cases this
alternate realization will be more convenient to implement.

Matched Filter-Envelope Detector Realization. When A, = 0, we must
find VL2 + L2 We can do so by using a bandpass filter followed by an
envelope detector, as shown in Fig. 4.57. Because A(¢) is the impulse
response of a bandpass filter, it is convenient to write it as

h(t) = hi(t) cos [wet + ¢(1)], (372)
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Fig. 4.56 Decision regions, partially coherent case.

where h(t) and ,(¢) are low-pass functions. The output at time T is

AT) = f: WT — 7) r(r) dr. (373)

Using (372), we can write this equation as

wT)

f: ) hy(T — 7) cos [w(T — 7) + (T — )] dr

T
cos wcho ) h(T — 7) cos [wer — Y (T — 7)] dr

+ sin wchT r(7) hy(T — 7)sin [w,7 — Y (T — 7)]dr. (374)

Observe at time

r(t) 1 y(t) Envelope t=T
h(7) detector l
Bandpass
filter

Fig. 4.57 Matched filter-envelope detector for uniform phase case.
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This can be written as
WT) & y(T) cos w,T + y(T) sin w, T

= VYT + y2(T) cos [wcT — tan~?! ;’7:%] (375)

Observing that

y{T) = Re f: r(7) h(T — 7) exp [+jw.r — jib(T — 7)) dr (376a)
and

2AT) = T [ 1(e) h(T = 7Y exp [ fer = (T = )] dr, (3760)

we see that the output of the envelope detector is

T
VIED) T 73D = [ ) BT = 2 exp [T = ) + jur] |
@377
From (361) and (362) we see that the desired test statistic is
- T —
VLE+ L3E = | J' r(1)V2 f(r)et10@e*Ioct drl, (378)
0
We see the two expressions will be identical if
hy(T — 7) = V2 f(7) (379
and
(T — 1) = —¢(). (380)

This bandpass matched filter provides a simpler realization for the uniform
phase case.

The receiver in the uniform phase case is frequently called an incoherent
receiver, but the terminology tends to be misleading. We see that the
matched filter utilizes all the internal phase structure of the signal. The
only thing missing is an absolute phase reference. The receiver for the
known signal case is called a coherent receiver because it requires an
oscillator at the receiver that is coherent with the transmitter oscillator.
The general case developed in this section may be termed the partially
coherent case.

To complete our discussion we consider the performance for some
simple cases. There is no conceptual difficulty in evaluating the error
probabilities but the resulting integrals often cannot be evaluated analyti-
cally. Because various modifications of this particular problem are fre-
quently encountered in both radar and communications, a great deal of
effort has been expended in finding convenient closed-form expressions
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and in numerical evaluations. We have chosen two typical examples to
illustrate the techniques employed.

First we consider the radar problem defined at the beginning of this
section (354-355).

Example 1 (Uniform Phase). Because this model corresponds to a radar problem, the
uniform phase assumption is most realistic. To construct the ROC we must compute
Prand Pp. (Recall that Pr and Pp, are the probabilities that we will exceed the threshold
y when noise only and signal plus noise are present, respectively.)

Looking at Fig. 4.55, we see that the test statistic is

l=L?2+ L2 (381)

where L. and L, are Gaussian random variables. The decision region is shown in
Fig. 4.56. We can easily verify that

Ho:E(L;) = E(Ly) = 0; Var(L;) = Var(L,) = %’,

Hy:E(L.|6) = VE, cos8; E(L,0) = VE,sin0; Var(L) = Var(L;) = No, (382)

2
Then . . .

Pr A Prll > y|Ho = J' f (211 %’) exp (—’%) dL.dL,  (383)
0
Qo

Changing to polar coordinates and evaluating, we have
= _Y)
Pr = exp ( No) (384)
Similarly, the probability of detection for a particular 6 is

Po(f) = H(zwlvz—"-)'lexp (_(Lc — VE, cos 0)? + (L, — \/I:—‘,sina)z) dL.dL,. (385)
Qo

No

Letting L, = R cos B, L, = R sin B, and performing the integration with respect to B,
we obtain

) R® + E)\ , [2RVE,
PD(")‘P"’LvTv?Re""(‘ A )’°( A

As we expected, P, does not depend on 6. We can normalize this expression by letting
z = V2]N, R. This gives

) dR. (386)

Po = f " zexp (—22 + dz) Io(zd) dz, (387)
va¥Ng 2
where d? A 2E,/N,.
This integral cannot be evaluated analytically. It was first tabulated by Marcum
[46, 48] in terms of a function commonly called Marcum’s Q function:

O, ) 2 f: zexp (—22 ; “2)1°(az) dz. (388)

This function has been studied extensively and tabulated for various values of «, 8
(e.g., [48], [49], and [50]). Thus

Po= Q(d, (Izvyo)y (389)
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0 0.2 0.4 0.6 0.8 1.0

Fig. 4.58 Receiver operating characteristic, random phase with uniform density.

This can be written in terms of Pr. Using (384), we have

P, = Q(d, YV =21n Py). (390)
The ROC is shown in Fig. 4.58. The results can also be plotted in the form of Pp
versus d with Pr as a parameter. This is done in Fig. 4.59. Comparing Figs. 4.14 and
4.59, we see that a negligible increase of d is required to maintain the same Pp, for a
fixed Pr when we go from the known signal model to the uniform phase model for
the parameter ranges shown in Fig. 4.59.

The second example of interest is a binary communication system in
which some phase information is available.

Example 2. Partially Coherent Binary Communication. The criterion is minimum
probability of error and the hypotheses are equally likely. We assume that the signals
under the two hypotheses are

Hy:r(t) = V2E, fi(t)cos (wet + 0) + w(t), 0=t
Ho:r(t) = V2E, fo(t) cos (wet + 6) + w(t), O0<t

A
N

(391)

IA
N
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where fo(t) and f,(¢) are normalized and

[rorwa=p -15,=1. (392)

The noise spectral height is N,/2 and p,(0) is given by (364). The likelihood ratio test
is obtained by an obvious modification of the simple binary problem and the receiver
structure is shown in Fig. 4.60.

We now look at Pr (¢) as a function of p, d2, and A,. Intuitively, we expect that as
An — 0 we would approach the known signal problem, and p = —1 (the equal and
opposite signals of (39)) would give the best result. On the other hand, as A, — 0,

0.99
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0.1
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1073

Fig. 4.59 Probability of detection vs d, uniform phase.
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Fig. 4.60 Receiver: binary communication system.

the phase becomes uniform. Now, any correlation (+ or —) would move the signal
points closer together. Thus, we expect that p = 0 would give the best performance.
As we go from the first extreme to the second, the best value of p should move from
-1toO.

We shall do only the details for the easy case in which p = —1; p = 0 is done in
Problem 4.4.9. The error calculation for arbitrary p is done in [44].
When p = —1, we observe that the output of the square-law section is identical

on both hypotheses. Thus the receiver is linear. The effect of the phase error is to
rotate the signal points in the decision space as shown in Fig. 4.61.
Using the results of Section 4.2.1 (p. 257),

Pr (c|6) = f’m (211 %ﬂ)_%exp [—(—"‘—‘/Nfo—c—"s—o)—z] dx (393)
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Fig. 4.61 Effect of phase errors in decision space.

or
- Jﬁ,—lﬁa cos 6 1 z2
Pr (¢|6) = f B T o (—5) dz. (394)
Using (364), e (A 0 6
ex m COS
Pr (¢) = f _n ‘;—"Mm- Pr (<|6) d6. (395)

This can be integrated numerically. The results for two particular values of d2 are
shown in Figs. 4.62 and 4.63.1 The results for other p were also evaluated in [44]
and are given in these figures. We see that for A, greater than about 2 the negatively
correlated signals become more efficient than orthogonal signals. For A,, > 10 the
difference is significant. The physical significance of A, will become clearer when we
study phase estimating systems in Chapter II1.2.

In this section we have studied a particular case of an unwanted param-
eter, a random phase angle. By using a family of densities we were able to
demonstrate how to progress smoothly from the known signal case to the
uniform phase case. The receiver consisted of a weighted sum of a linear
operation and a quadratic operation. We observe that the specific receiver
structure is due to the precise form of the density chosen. In many cases
the probability density for the phase angle would not correspond to any
of these densities. Intuitively we expect that the receiver developed here
should be “almost” optimum for any single-peaked density with the same
variance as the member of the family for which it was designed.

We now turn to a case of equal (or perhaps greater) importance in
which both the amplitude and phase of the received signal vary.

+ The values of d? were chosen to give a Pr(¢) = 102 and 10-5, respectively, at
A, = .
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Fig. 4.62 Pr (¢), partially coherent binary system (102 asymptote) [44].

4.4.2 Random Amplitude and Phase

As we discussed in Section 4.1, there are cases in which both the
amplitude and phase of the received signal vary. In the communication
context this situation is encountered in ionospheric links operating above
the maximum usable frequency (e.g., [S1]) and in some tropospheric links
(e.g., [52]). In the radar context it is encountered when the target’s aspect
or effective radar cross section changes from pulse to pulse (e.g., Swerling
[53)).

Experimental results for a number of physical problems indicate that
when the input is a sine wave, V'2 sin w.t, the output (in the absence of
additive noise) is

r(t) = veu(2)sin [wt + O.(1)]. (396)

An exaggerated sketch is shown in Fig. 4.64a. The envelope and phase
vary continuously. The envelope v.,(¢z) has the Rayleigh probability
density shown in Fig. 4.64b and that the phase angle 6.,(¢) has a uniform
density.
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Fig. 4.63 Pr (¢), partially coherent binary system (10~° asymptote) [44].

There are several ways to model this channel. The simplest technique is
to replace the actual channel functions by piecewise constant functions
(Fig. 4.65). This would be valid when the channel does not vary significantly
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in a T second interval. Given this “slow-fading” model, two choices are
available. We can process each signaling interval independently or exploit
the channel continuity by measuring the channel and using the measure-
ments in the receiver. We now explore the first alternative.

For the simple binary detection problem in additive white Gaussian
noise we may write the received signal under the two hypotheses ast

Hy:r(t) = vV2 f(t) cos [wet + ¢(t) + 0] + w(t), O0<t<T,

Hy:r(t) = w(t), 0 ; t<T 397)

where v is a Rayleigh random variable and 6 is a uniform random variable.
We can write the signal component equally well in terms of its quad-
rature components:

V2o f(t) cos [wet + (t) + 8] = &, V2 £(2) cos [w.t + $(t)]
+ a;V2 f(t) sin [w.t + $(2)],

0<t=<T, (398)
where a; and a, are independent zero-mean Gaussian random variables
with variance o2 (where E[v?] = 202; see pp. 158-161 of Davenport and
Root [2]). We also observe that the two terms are orthogonal. Thus the
signal out of a Rayleigh fading channel can be viewed as the sum of two
orthogonal signals, each multiplied by an independent Gaussian random
variable. This seems to be an easier way to look at the problem. As a

matter of fact, it is just as easy to solve the more general problem in which
the received waveform on H, is,

M
rt)y = as(t) +wt), 0<t<T, (399)
i=1
where the a; are independent, zero-mean Gaussian variables N(0, ¢,,) and

T
[ swswar=s, (400)
1]
The likelihood ratio is

Alr()] =
Jvoo on 2 (T M
[T P ) ) P exp [+ [ ) X Ay
- - oJo i=1

M

1 (T
—-ATOJ; 121

M
S Ay si(0) si(0) dt] dA;---ddy.  (401)
j=1

t For simplicity we assume that the transmitted signal has unit energy and adjust the
received energy by changing the characteristics of v.
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Fig. 4.66 Receivers for Gaussian amplitude signals: (a) correlation-squarer receiver;
(b) filter-squarer receiver.

Defining
T
L= f He) sit) dt, (402)
0

using the orthogonality of the s;(¢), and completing the square in each of
the M integrals, we find the test reduces to

M Hx

%) L(———_};N—/i) (403)t

i=
Two receivers corresponding to (403) and shown in Fig. 4.66 are commonly
called a correlator-squarer receiver and a filter-squarer receiver, respec-
tively. Equation 403 can be rewritten as

- Ua, Li _ d Py
= Z (% A /2) = ;1 L, (404)

t Note that we could have also obtained (403) by observing that the L, are jointly
Gaussian on both hypotheses and are sufficient statistics. Thus the results of Section
2.6 [specifically (2.326)] are directly applicable. Whenever the L, have nonzero means
or are correlated, the use of 2.326 is the simplest method (e.g., Problem 4.4.21).
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This structure, shown in Fig. 4.67, can be interpreted as an estimator—
correlator receiver (i.e., we are correlating r(¢) with our estimate of the
received signal.) The identification of the term in braces as d; follows from
our estimation discussion in Section 4.2. It is both a minimum mean-square
error estimate and a maximum a posteriori probability estimate. In Fig.
4.67a we show a practical implementation. The realization in Fig. 4.67b
shows that we could actually obtain the estimate of the signal component
as a waveform in the optimum receiver. This interpretation is quite
important in later applications.

L
(x) Ik |~ (x)
ﬁ Ualz \T/
t sy(t Y —
2)—1' . ult7)| G !
o z,| L o
\? fo dt x
Oap? l
sm(t) 2, NoF—x
c’M+ T am
(a)
r(t) 2T l
Delay T fT dt F—>
Ga,?
T MMSE estimate
ol fo dt 0g, %+ ﬁzg of signal
component
si(t)
° VuMz
T
x Io dt Gar? + _I%g
su(t) sm(t=T)

(d)

Fig. 4.67 Estimator-correlator receiver.
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We now apply these results to the original problem in (397). If we relate
L, to L. and L, to L,, we see that the receiver is

H,

L:+L22y (405)

Ho
(where L, and L, were defined in the random phase example). This can be
realized, as shown in the preceding section, by a bandpass matched filter
followed by an envelope detector. The two alternate receiver realizations
are shown in Figs. 4.68a and b.

The next step is to evaluate the performance. We observe that L, and L,
are Gaussian random variables with identical distributions. Thus the
Rayleigh channel corresponds exactly to Example 2 on p. 41 of Chapter 2.
In Equation (2.80), we showed that

Pp = (Pp)7o*l°s?, (2.80)
where 0,2 is the variance of L, on H, and 0,2 is the variance of L, on H,.
Looking at Fig. 4.58a, we see that
0o? = Mo (406)
and
, 407)

-
() | V2f(t)cos|wet + $(t)] Threshold

—_— o
V2f()sinlwet + $(1)] device

ré}
(a)
Sample at
T

r(t) Bandpass Square law 5 7\ »| Threshold
matched filter envelope det. 1 device

h(1)=~V2f(T=7)cos(wer = §(T = 7)]
(b)

Fig. 4.68 Optimum receivers, Rayleigh channel: (a) squarer realization; (5) matched
filter-envelope detector realization.
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because v? is the received signal energy. Substituting (406) and (407) into
(2.80), we obtain

Py = (Pp)** Er/No (408)
The ROC is plotted in Fig. 4.69.

The solution to the analogous binary communication problem for
arbitrary signals follows in a similar fashion (e.g., Masonson [55] and

10 | 1 | |
09— ]
08— _
07 > _

0.6} Vv —

b"U —_—

05 ’@*/Y“ u
04 -
0.3 —

0.2 ]

0.1 —

0 I N IR I L1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
P, F —>

Fig. 4.69 (a) Receiver operating characteristic, Rayleigh channel.

Turin [56]). We discuss a typical system briefly. Recall thatthe phaseangle
6 has a uniform density. From our results in the preceding section (Figs.
4.62 and 4.63) we would expect that orthogonal signals would be optimum.
We discuss briefly a simple FSK system using orthogonal signals. The
received signals under the two hypotheses are

Hy:r(1) = V20 f(t) cos [wyt + $(¢) + 0] + w(t), O0<t<T,

Hy:r(t) = V30 f(t) cos [wot + ¢(0) + 6] + w(r), 0s<t<T. %
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The frequencies are separated enough to guarantee orthogonality. Assum-
ing equal a priori probabilities and a minimum probability of error
criterion, » = 1. The likelihood ratio test follows directly (see Problem
4.4.24).

Hy
Ln:l2 + L512 Hzo L002 + Lsoz- (410)

0.99 T T T

1 3 5 10 30 50 100

2E,
No

Fig. 4.69 (b) probability of detection vs. 2E,/N,.

The receiver structure is shown in Fig. 4.70. The probability of error
can be evaluated analytically:
Pr(d =+ [1 +LET
2 2 N,
(See Problem 4.4.24.) In Fig. 4.71 we have plotted the Pr (¢) as a function
of E,/N,. For purposes of comparison we have also shown the Pr (¢) for

411)
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Bandpass Square law Samnle Lc12 + lez
matched > envelope |—>{*7F ;
filter detector
* H
t 1
—;iﬁ- G-b——) Z0
Hy
Bandpass Square law
matched envelope ——)S:;"?Je
filter detector Le) + Lg,)?

Fig. 4.70 Optimum receiver: binary communication system with orthogonal signals.

the known signal case and the uniform random phase case. We see that
for both nonfading cases the probability of error decreases exponentially
for large E,/N,, whereas the fading case decreases only linearly. This is
intuitively logical. Regardless of how large the average received energy
becomes, during a deep signal fade the probability of error is equal or
nearly equal to 4. Even though this does not occur often, its occurrence
keeps the probability of error from improving exponentially. In Chapter
I1.3 we shall find that by using diversity (for example, sending the signal
over several independent Rayleigh channels in parallel) we can achieve an
exponential decrease.

As we have already pointed out, an alternate approach is to measure
the channel characteristics and use this measurement in the receiver
structure. We can easily obtain an estimate of the possible improvement
available by assuming that the channel measurement is perfect. If the
measurement is perfect, we can use a coherent receiver. The resulting Pr ()
is easy to evaluate. First we write the error probability conditioned on the
channel variable v being equal to V. We then average over the Rayleigh
density in Fig. 4.64b. Using coherent or known signal reception and
orthogonal signals the probability of error for a given value V is given by

(36) and (40),

© 1 .
= o p-vRi2
Pr (¢ V) fwm =R, (V20 @412)
and
Y-y,
(V) =9 (413)

0, V<o.
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Thus

© vy =
Pr =j avy -V“/zv”f L evrg, 414
© 0 ¢ ViTN; ViRt 4 “414)

Changing to polar coordinates and integrating, we obtain

Pr(e) = %[1 - (TTE/‘E]Y}’T\J;)/] 415)

The result is shown in Fig. 4.72.

0.5

107!

1072

Pr(e)
1073
10~4
- -
oSl 11
012345_6789101112
Er/NO"—>

Fig. 4.71 Probability of error, binary orthogonal signals, Rayleigh channel.
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Comparing (415) and (411) (or looking at Fig. 4.72), we see that perfect
measurement gives about a 3-db improvement for high E,/N, values and
orthogonal signals. In addition, if we measured the channel, we could use
equal-and-opposite signals to obtain another 3 db.

Rician Channel In many physical channels there is a fixed (or
““specular”’) component in addition to the Rayleigh component. A typical
example is an ionospheric radio link operated below the maximum usable
frequency (e.g., [57], [58], or [59]). Such channels are called Rician
channels. We now illustrate the behavior of this type of channel for a

107!

1072

Pr(e)

1073

1074

SR I T I A S N SN N
01 2 3 4 5 6 7 8 9 10 11 12
Er/NO—‘)

105 -

Fig. 4.72 Probability of error, Rayleigh channel with perfect measurement.



Rician Channels 361

binary communication system, using orthogonal signals. The received
signals on the two hypotheses are

Hy:r(t) = V2 a fi(t) cos [wet + ¢:(1) + 8]
+ V20 fi(t) cos [wet + $:(2) + 0] + w(o),
0<t<T,

Hy:r(t) = V2 a fot) cos [wet + ¢o(t) + 8]
+ V20 fo(t) cos [wet + do(t) + 0] + w(z),
0<t<T,

(416)

where « and & are the amplitude and phase of the specular component.
The transmitted signals are orthonormal. In the simplest case « and 8 are
assumed to be known (see Problem 4.5.26 for unknown §). Under this
assumption, with no loss in generality, we can let § = 0. We may now
write the signal component on H; as

a{V2 f(t) cos [wst + $()]} + ax{V2 £i(t) sin [w.t + $(1)]},
(i=0,1). (417

Once again, a, and a, are independent Gaussian random variables:

E(@) = «,  E(a) =0,

Var (a,) = Var (a;) = o (418)

The expected value of the received energy in the signal component on
either hypothesis is

E(E) = 26 + o2 & o*2 + 7?). (419)

where y2 is twice the ratio of the energy in the specular component to the
average energy in the random component.
If we denote the total received amplitude and phase angle as

v’ = Va? + a2, 0’ = tan~!? Z—- (420)
1
The density of the normalized envelope (V, = V/o)p,,(X) and the density
of the phase angle p,.(8") are shown in Fig. 4.73 ([60] and [56]). As we
would expect, the phase angle probability density becomes quite peaked
as y increases.

The receiver structure is obtained by a straightforward modification of
(398) to (405). The likelihood ratio test is

(i+iL )2 + (—I-L )“9 (i+lL )2 + (—I-L )2- (421)
202 No cl No s1 H<o 202 No c0 No s0
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Fig. 4.73 (b) probability density for phase angle, Rician channel.

The receiver structure is shown in Fig. 4.74. The calculation of the
error probability is tedious (e.g., [56]), but the result is

- Y yB+1)
Pt = Ol F e )

e[ 5 EREplrsY) eo
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Fig. 474 Optimum receiver for binary communication over a Rician channel.

where 8 & 20%/N, is the expected value of the received signal energy in
the random component divided by N,. The probability of error is plotted
for typical values of y in Fig. 4.75. Observe that y = 0 is the Rayleigh
channel and y = oo is the completely known signal. We see that even
when the power in the specular component is twice that of the random
component the performance lies close to the Rayleigh channel perform-
ance. Once again, because the Rician channel is a channel of practical
importance, considerable effort has been devoted to studying its error
behavior under various conditions (e.g., [56]).

Summary As we would expect, the formulation for the M-ary signaling
problem is straightforward. Probability of error calculations are once
again involved (e.g., [61] or [15]). In Chapter I1.3 we shall see that both
the Rayleigh and Rician channels are special cases of the general Gaussian
problem.

In this section we have studied in detail two important cases in which
unwanted random parameters are contained in the signal components.



Rician Channels 365

Because the probability density was known, the optimum test procedure
followed _directly from our general likelihood ratio formulation. The
particular examples of densities we considered gave integrals that could be
evaluated analytically and consequently led to explicit receiver structures.
Even when we could not evaluate the integrals, the method of setting up
the likelihood ratio was clear.

When the probability density of 8 is unknown, the best procedure is
not obvious. There are two logical possibilities:

1. We can hypothesize a density and use it as if it were correct. We can
investigate the dependence of the performance on the assumed density by
using sensitivity analysis techniques analogous to those we have demon-
strated for other problems.

2. We can use a minimax procedure. This is conceptually straight-
forward. For example, in a binary communication problem we find the

0.5

0.1

1072

Pr(e)

1073

10~4—

1075

Fig. 475 Probability of error for binary orthogonal signals, Rician channel.
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Pr (¢) as a function of pg(8) and then choose the pg(0) that maximizes
Pr (¢) and design for this case. The two objections to this procedure are its
difficulty and the conservative result.

The final possibility is for 8 to be a nonrandom variable. To deal with
this problem we simply extend the composite hypothesis testing techniques
that we developed in Section 2.5 to include waveform observations. The
techniques are straightforward. Fortunately, in many cases of practical
importance either a UMP test will exist or a generalized likelihood ratio
test will give satisfactory results. Some interesting examples are discussed
in the problems. Helstrom [14] discusses the application of generalized
likelihood ratio tests to the radar problem of detecting signals of unknown
arrival time.

45 MULTIPLE CHANNELS

In Chapter 3 we introduced the idea of a vector random process. We
now want to solve the detection and estimation problems for the case in
which the received waveform is a sample function from a vector random
process.

In the simple binary detection problem, the received waveforms are

ler(t) = S(t) + n(t), Tl S t S T,,
Hy:x(z) = n(2), T, <t<T,. (4231
In the estimation case, the received waveform is
r(t) = s(t, A) + n(2), T, <t<T,. (424)

Two issues are involved in the vector case:

1. The first is a compact formulation of the problem. By using the
vector Karhunen-Loéve expansion with scalar coefficients introduced in
Chapter 3 we show that the construction of the likelihood ratio is a trivial
extension of the scalar case. (This problem has been discussed in great
detail by Wolf [63] and Thomas and Wong [64].)

2. The second is to study the performance of the resulting receiver
structures to see whether problems appear that did not occur in the scalar
case. We discuss only a few simple examples in this section. In Chapter I1.5
we return to the multidimensional problem and investigate some of the
interesting phenomena.

1 In the scalar case we wrote the signal energy separately and worked with normalized
waveforms. In the vector case this complicates the notation needlessly, and we use
unnormalized waveforms.
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4.5.1 Formulation

We assume that s(¢) is a known vector signal. The additive noise n(¢) is
a sample function from an M-dimensional Gaussian random process. We
assume that it contains a white noise component:

n(z) = w(z) + n(2), (425)
where
E[W()WI(w)] = % 18(t — w). (426a)

a more general case is,
E[w(t) wT(u)] = N 8(¢t — u). (426b)

The matrix N contains only numbers. We assume that it is positive-
definite. Physically this means that all components of r(¢) or any linear
transformation of r(¢) will contain a white noise component. The general
case is done in Problem 4.5.2. We consider the case described by (426a) in
the text. The covariance function matrix of the colored noise is

E[n(t) n," ()] & K(t, u). (427)

We assume that each element in K (¢, ©) is square-integrable and that the
white and colored components are independent. Using (425-427), we have

K.(t, ) = %’1 5t — u) + K., ). (428)

To construct the likelihood ratio we proceed as in the scalar case.
Under hypothesis H,

r A f () du(e) dt
Ty

- f () bu(0) de + [ 070 i) dr

=5 + n;. (429)

Notice that all of the coefficients are scalars. Thus (180) is directly
applicable:

3 430
2% (430)

N —

In Afr(t)] = 2 5)’\1& -

Substituting (429) into (430), we have

In AR = [ [r) S SO ) gy gy

3 [[s) 5 POW sy g @3y
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Defining
t u
Qn(t )_ Zd)()d)i()

T,<t,u<T,,

we have

In Afr(t)] = f f ¥7(t) Qu(t, ) s(u) dt du

—1 f f §(t) Qut, u) s(u) dt du.

(432)

(433)

Using the vector form of Mercer’s theorem (2.253) and (432), we observe

that

T
f ! K. (¢, u) Qu(y, z) du = 8(t — 2)I, T,<tz<T,;
T;

By analogy with the scalar case we write

Qut, 1) = Niolts(t — 4) — hy(t, 0)]

(434)

(435)

and show that h,(z, ) can be represented by a convergent series. The
details are in Problems 4.5.1. As in the scalar case, we simplify (433) by

defining,

o) = f Qult, w) s du, T, <1< T,

r(t) D de Threshold | Hy or Ho
o ¢ device
8(t)
(a)
Observe
att=T o or
r(t) Threshold | H1 or Ho
87(T-7) ;\_' device
(b)

(436)

Fig. 4.76 Vector receivers: (a) matrix correlator; () matrix matched filter.
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The optimum receiver is just a vector correlator or vector matched
filter, as shown in Fig. 4.76. The double lines indicate vector operations
and the symbol © denotes the dot product of the two input vectors.
We can show that the performance index is

42 = i J' $7(¢) Qult, u) s(u) dt du

Ty

- f $T(¢) g(t) dt. 437)

Ty

4.5.2 Application

Consider a simple example.

Example.
VE s:(t)

s([) — \/'E_z Sz(t)

, 0<r<T, (438)
VEu su(?)

where the s,() are orthonormal.
Assume that the channel noises are independent and white:

N,
2 0
N,
E[wW()W' ()] = 2 3t — u). (439)
0 No
2
Then
2E a0
g = i . (440)
2‘1\/,:5“ su(®)

The resulting receiver is the vector correlator shown in Fig. 4.77 and the perform-

ance index is

= 3 2E,
it=1 No

a2 (441)
This receiver is commonly called a maximal ratio combiner [65] because the inputs
are weighted to maximize the output signal-to-noise ratio. The appropriate combiners
for colored noise are developed in the problems.
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ri(t) 2VE,;
Ny
Gain
2 b font !
rac(®) /x\ 2VEy
No
Gain
sm(t)

Fig. 4.77 Maximal ratio combiner.

Most of the techniques of the scalar case carry over directly to the vector
case at the expense of algebraic complexity. Some of them are illustrated
in the problems and a more detailed discussion is contained in Chapter I1.5.
The modifications for linear and nonlinear estimation are straightforward
(see Problems 4.5.4 and 4.5.5). The modifications for unwanted parameters
can also be extended to the vector case. The formulation for M channels of
the random phase, Rayleigh, and Rician types is carried out in the
problems.

4.6 MULTIPLE PARAMETER ESTIMATION

In this section we consider the problem of estimating a finite set of
parameters, ay, dy, ..., a,. We denote the parameters by the vector a.
We will consider only the additive white noise channel. The results are
obtained by combining the classical multiple parameter estimation result
of Chapter 2 with those of Section 4.2.

Our motivation for studying this problem is twofold:

1. One obvious reason is that multiple parameter problems are present
in many physical situations of interest. A common example in radar is
finding the range and velocity of a target by estimating the delay and
Doppler shift of the returned pulse.

2. The second reason is less obvious. In Chapter 5 we shall consider the
estimation of a continuous waveform, and we shall see that by expanding
the waveform in a series we can estimate the coefficients of the series and
use them to construct a waveform estimate. Thus the multiple parameter
problem serves as a method of transition from single parameter estimation
to waveform estimation.
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4.6.1 Additive White Gaussian Noise Channel

Joint MAP Estimates. We assume that the signal depends on the param-
eter values A, 4,, ..., Ay. Then, for the additive channel, we may write
the received signal as

rit) =s(t,A) +w(t), T, <t<T, (442)
where the A is a column matrix:
Al
A=|: | (443)
Au

We want to form the a posteriori density in terms of a suitable set of
observables which we denote by the K-dimensional vector r. We then find
the estimate 4 that maximizes the a posteriori density and let K— oo to
get the desired result.

The parameters ay, a,, ..., ay can be coupled either in the signal
structure or because of an a priori statistical dependence. We can categorize
this statistical dependence in the following way:

1. The ay, a,, . . ., ay are jointly Gaussian.

2. The a,, a,, . . ., a) are statistically independent and Gaussian.

3. The a,, a,, . . ., ay are statistically independent but not Gaussian.

4. The ay, a,, . . ., ay are not statistically independent and are not
jointly Gaussian.

Our first observation is that Case 1 can be transformed into Case 2.
The following property was proved in Chapter 2 (2.237).

Property. If b is a nonsingular linear transformation on a (i.e., b = La),
then

bmap = Lﬁmam
and (444)

n
a = 1.1
Amap = L™ 'bap.

We know that there is a nonsingular linear transformation that transforms
any set of dependent Gaussian variables into a set of independent Gaussian
variables (Chapter 2, pp. 101-105). Thus, if the a; are dependent, we can
estimate the b; instead. Therefore the assumption

M
pn(A) A pa1a2>>-uM(Al> vy AM) = I—_[ pa;(Af) (445)
i=1

effectively includes Cases 1, 2, and 3. Case 4 is much more involved in
detail (but not in concept) and is of no importance in the sequel. We do
not consider it here.
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Assuming that the noise is white and that (445) holds, it follows in the
same manner as the scalar case that the MAP estimates are solutions to the
following set of M simultaneous equations:

T, dln p,
0= {No f 3“‘;’14“) @) — s, A)) e + T2 Pel2) R

(= 1,2,...,M). (446)
If the a; are Gaussian with zero-mean and variances 0,2, the equations
reduce to a simple form:

. _ 200”71 8s(t, A) A) P
4= 3 fﬂ 6 = s AN =12, M),
(447)

This set of simultaneous equations imposes a set of necessary conditions
on the MAP estimates. (We assume that the maximum is interior to the
allowed region of A and that the indicated derivatives exist at the
maximum.)

The second result of interest is the bound matrix. From Section 2.4.3
we know that the first step is to find the information matrix. From
Equation 2.289

Jr =3, + Jp, (448)
2%In A(A)
I, = ~E(St s LA, (449)
and for a Gaussian a priori density
Jp = A7, (450)

where A, is the covariance matrix. The term in (449) is analogous to (104)
in Section 4.2. Thus it follows easily that (449) reduces to,

2 [T s, A) a5, A) ]
Iy, = NOE,,[L o dt] (451)

We recall that this is a bound with respect to the correlation matrix R,
in the sense that

Jr — R.? (452)

is nonnegative definite. If the a posteriori density is Gaussian, R,~! = J.

A similar result is obtained for unbiased estimates of nonrandom

variables by letting J, = 0. The conditions for the existence of an efficient

estimate carry over directly. Equality will hold for the ith parameter if and
only if

8s(t A)

alr()] — 4, = 2 k(A) f [r(t) — s(t, A)] dr.  (453)

To illustrate the application of this result we consider a 51mp1e example.
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Example. Suppose we simultaneously amplitude- and frequency-modulate a sinusoid
with two independent Gaussian parameters a, N(0, o,), and b, N(0, 0,). Then

2EVE
He) = s(t, A, B) + w(t) = (7) Bsin (ot + BA1) + w(t); —L<t<Z. (454

The likelihood function is

In Afr(r)|4, B] = Nio _TI; [Zr(t) - (—Z-E)%Bsin (wct + BAI)]

T
Y%
x (ZTE) Bsin (w.t + BAL) dr. (455)
then os(t, A, B) [2E\*
s(t, A, B) _ (2E\*
e (T) B Bt cos (it + PAL) (456)
and

Y
3—5—(’%‘;—’@ = (3}—5) sin (wet + BAY). (457)

Because the variables are independent, J; is diagonal.
The elements of Jr are

T|2
Jin = E,, ,,f 132,‘32t2 cos? (wet + BAt) dt + L
TI2
. JT?2E,, L ,
2o Dy L (459)
-2 T2 2E . o, + L2601
Ju = o J' L S (ot A + 2 T (459)
and
2 T2 9s(¢, A, B) os(t, A, B) ]
Ja = E“"’U-m a4 B
2 T2
-2 E,,_,,[ f 2E B8t sin (wet + BAY) cos (wit + BAL) dt] ~ 0. (460)
No -2 T
Thus the J matrix is diagonal. This means that
1 T22E \-1
—_ 2 —_ 22 _&™ pe
El@d - a] = (%2 + ol NOB) @61)
and
El( — b)) = (L +2£ ) (462)
Ty NO

Thus we observe that the bounds on the estimates of a and b are uncorrelated. We
can show that for large E/N, the actual variances approach these bounds.

We can interpret this result in the following way. If, each time the experiment was
conducted, the receiver were given the value of b, the performance in estimating a
would not be improved over the case in which the receiver was required to estimate b
(assuming large E/Ny).

We observe that there are two ways in which J,, can be zero. If

J‘m os(t, A, B) os(t, A, B) dt =
ra 04 2B

before the expectation is taken, it means that for any value of 4 or B the partial
derivatives are orthogonal. This is required for ML estimates to be uncoupled.

0 (463)
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Even if the left side of (463) were not zero, however, the value after taking the
expectation might be zero, which gives uncoupled MAP estimates.

Several interesting examples of multiple parameter estimation are
included in the problems.

4.6.2 Extensions

The results can be modified in a straightforward manner to include
other cases of interest.

Nonrandom variables, ML estimation.
Additive colored noise.

Random phase channels.

Rayleigh and Rician channels.
Multiple received signals.

e =

Some of these cases are considered in the problems. One that will be
used in the sequel is the additive colored noise case, discussed in Problem
4.6.7. The results are obtained by an obvious modification of (447) which
is suggested by (226).

R Tr 0s(z, A)
a; = O'ai2 fT 0A;
fl i

[r(z2) — g(2)] dz, i=1,2,..., M, (464)

A=amap

where

rfz) — g(2) & f:’ On(z, Wlr(w) — s, 8map)l du, Ty < z < T, (465)

47 SUMMARY AND OMISSIONS

4.7.1 Summary

In this chapter we have covered a wide range of problems. The central
theme that related them was an additive Gaussian noise component. Using
this theme as a starting point, we examined different types of problems and
studied their solutions and the implications of these solutions. It turned
out that the formal solution was the easiest part of the problem and that
investigating the implications consumed most of our efforts. It is worth-
while to summarize some of the more general results.

The simplest detection problem was binary detection in the presence of
white Gaussian noise. The optimum receiver could be realized as a
matched filter or a correlation receiver. The performance depended only
on the normalized distance between the two signal points in the decision



