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Special Categories of Detection
Problems

In Chapters 2 and 3, we studied the simple binary detection problem and
the general binary detection problem. Most of our examples dealt with
state-representable processes, because we could obtain a complete solution
for this class of problem. In this chapter, we discuss three categories of
problems for which we can also obtain a complete solution. The three
categories are the following:

1. The stationary-processes, long-observation-time (SPLOT) problem.
2. The separable-kernel (SK) problem.
3. The low-energy-coherence (LEC) problem.

We shall explain the categories in detail in the appropriate sections.
The discussion is important for two reasons. First, almost all physical
situations fall into one of these four categories (the above three categories
plus finite-state processes). Second, we can obtain a complete solution
for problems in these categories.

4.1 STATIONARY PROCESSES: LONG OBSERVATION TIME

In many physical situations of interest, the received waveforms under
both hypotheses are segments of stationary processes. Thus, we can
characterize the processes by their power density spectra. If the spectra
are rational, they will have a finite-dimensional state representation and
we can solve the problem using state-variable techniques. In our previous
work with state variables we saw that when the input was a stationary
process the gains in the optimum system approached constant values and
the system approached a time-invariant system. In this section, we consider

99



100 4.1 Stationary Processes: Long Observation Time

cases in which the observation time is Jong compared with the time neces-
sary for the system transients to decay. By ignoring the transient, we can
obtain much simpler solutions. If desired, we can always check the validity
of the approximation by solving the problem with state-variable techniques.
We refer to the results obtained by ignoring the transients as asymptotic
results and add a subscript oo to the various expressions. As in the general
case, we are interested in optimum receiver structures and their per-
formance. We begin our discussion with the simple binary problem.

4.1.1 Simple Binary Problem

The model for the simple binary problem was given in Section 2.1.
For algebraic simplicity we discuss only the zero-mean case in the text.
The received waveforms are

r(t) = s(t) + w(1), T, <t LTy H,

r(t) = w(t), T, <t < T, H,, M

We assume that s(¢) is a zero-mean Gaussian process with spectrum S,(w).
The noise w(¢) is a white, zero-mean Gaussian process that is statistically
independent of s(¢) and has a spectral height Ny/2. The LRT is

H)
I+ 1;; 2 Ino. ©)
Hy

We first examine various receiver realizations for computing /5. Next
we derive a formula for /5. Finally, we compute the performance.
If we use Canonical Realization No. 1 (pages 15-16),

Ty
Ip = L JJ‘r(t)hl(t, u)r(u) dt du, 3)
N
T
where 4,(t, ©) is a solution to (4),

T
Bonttw+ [ h oK -0 d =K@ -, T<LugT,
T

4
From our work in Chapter I-4 (page I-321), we know that the total
solution is made up of a particular solution that does not depend on the
limits and a weighted sum of bounded homogeneous solutions that give
the correct endpoint conditions. These homogeneous solutions decay
as we move into the interior of the interval. If the time interval is large, the
particular solution will exert the most influence on /g, so that we can
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obtain a good approximation to the solution by neglecting the homo-
geneous solutions. To accomplish this, we let T; = —oo0 and T, = ©
in (4). With the infinite limits, we would assume that we could find a
solution to (4) that corresponded to a time-invariant filter. To verify this,
we let

(1, u) = by (t — u) )

in (4) and try to find a solution. Rewriting (4), we have

% hy(t — ) +f hy(t — 2K,z — u) dz = K(t — u),
—o < tu<oo, (6)

which can be solved by using Fourier transforms. Transforming, we have

Ss(w)

o0 = S+ (5

Q)

which is the desired result. This filter is familiar from our work with

unrealizable MMSE estimators in Section 1-6.2.3. The resulting receiver is

shown in Fig. 4.1. Notice that we have used only the infinite limits to

solve the integral equation. The receiver still operates on r(t) over [T;, T,].
To implement Canonical Realization No. 3, we must solve (2.45).

Ty
e =[ heonEud, T<Lu<T,  ®
JTy
To find the asymptotic solution, we let 7, = — oo and T, = oo, use (5),
and assume that a time-invariant solution exists. The resulting equation is
hy(t — u) =f hy(z — t)h, (2 — u) dz, —o<t,bu< o (9
Transforming, we have
Hy o (jo) = |Hyo(jo)I* (10)
( ! S
r(t) 2\ 1 (% R >
x N dt Y
N, ‘L; NG ;0
lp
Ss(w)
Ss(w) + 52-0-

Fig. 4.1 Canonical Receiver No. 1: stationary process, long observation time.
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This type of equation is familiar from our spectrum factorization work in
Section 1-6.2. Because H,,(jw) has all the properties of a power density
spectrum, we can obtain a realizable solution easily.

IHfm(jw) = [Hyo(jo)I* 11)

We recall that the superscript 4+ means that we assign all the poles and
zeros of H;,(s) that lie in the left half of the complex s-plane to Hy,,(s).
Notice that this assignment of zeros is somewhat arbitrary. (Recall the
discussion on page I-311.) Thus the solution to (10) that we have indicated
in (11) is not unique. The resulting receiver is shown in Fig. 4.2. Notice
that we can also choose an unrealizable solution to (10). An example is

Hfuoo(j(")) = |Hloo(1w)l% (12)

To implement Canonical Realization No. 4, we must solve the realizable

filtering problem. By letting 7; = —oo and assuming stationarity, we
obtain the Wiener filtering problem. The solution is given by (I-6.78),

1 l: Sy(w) :|
[Si(@) + (No/DTTLIS (@) + (No/2)T "1+
The receiver is shown in Fig. 4.3. Comparing Figs. 4.1, 4.2, and 4.3, we
see that Canonical Realization No. 3 in Fig. 4.2 is the simplest to imple-

ment.
To evaluate the bias /;, we begin with (2.73).

Hopor(jw) = (13)

1 Ty
lp=—— f Epy(D) dt, (14)
NO T;

where &p(¢) is the realizable mean-square error in estimating s(¢), assum-
ing that H, is true. In our work in Section I-6.3 (particularly Examples 1
and 2 on pages 1-546-1-555), we saw that £,,(¢) approached the steady-
state, mean-square error, &p,, reasonably quickly. Thus, if 7, — T; A T
is long compared to the length of this initial transient, we can obtain a
good approximation to /5 by replacing &p,(t) with &p,.

A 1 Ty T
IBoo - — ‘fPoo dt = — — 'SPoo' (15)
NO T; NO
r(t) S, + T,
+(©) Squarer 1% f fdt L !
Sg(w) + N 0Jr, +
S 2 1 +
Ipe

Fig. 4.2 Canonical Receiver No. 3: stationary process, long observation time.
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z | H,
1 [ R >
Noj;. def— 2
- i + Hy

r(t)

9
N
+

Horo, (jw) ‘ Squarer U: 3

Fig. 4.3 Canonical Realization No. 4: stationary process, long observation time.

In Section 1-6.2.4 we derived a closed-form expression for £p,. From

(I1-6.152),
Epy = 2 f [ 8(“’) do (16)
d2n
Using (16) in (15) gives
T[® Sy(w)] do
lpo=—=—1| In|1 17
B 2f_m [ N2 No2] 27° an
where '
TAT,— T, (18)

The result in (17) can also be obtained directly from the asymptotic value
of the logarithm of the Fredholm determinant in (2.74) [e.g., page 1-207
(1-3.182)].

An identical argument gives the asymptotic form of u(s), which we
denote by u,(s). From (2.138),

u(s>=lj\z,sf:,.f"t{sp(rls(~),%)—fp( [0 5525)f 0

(Notice that u(s) = ug(s) because of the zero mean assumption.) Replac-
ing £p(t]s(), ") by Epg(s(-), ), we have

1) = P e (05) = o (055725 )| | @0

Using (16), we obtain

T * Ty 4 2540)] do
HalS) = 2{(1 - S).Loln[ N, ] 27

[ i)

(21)
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An equivalent form is
@ 1—s
= T f ,n[ [1 + (2S,(@)/No)] ]49
[L+ (21 = 9)S(@)/Ng)l 27

2J)-w
To illustrate the application of these asymptotic results, we consider two
simple examples.

(22)

Example 1. First-Order Butterworth Spectrum. The received waveforms on the two
hypotheses are

r(t) = s(t) + w(t), T; <t < T;:H,,

(23)
r(t) = w(t), T; <t < Ts:H,
The signal process, s(), is a sample function from a stationary, zero-mean, Gaussian
random process with spectrum Sy(w),

2P
Sy(w) = m —0 <w< ©, (24)
The noise process is a statistically independent, zero-mean white Gaussian random
process with spectral height Ny/2.
We shall use Canonical Realization No. 3 (Fig. 4.2) for the receiver. Using (24) in (7),
we obtain

%P4 kA,
() = Grpi@? + 1) + N2~ [w® + &1 + AT *
where
4P
=, (26)

is the signal-to-noise ratio in the message bandwidth. From (11),
kAYE

HCO 1 = HCD I +=—__
100 (j0) = [H1c, (j)] P e

@7

We obtain the bias term from (15). The mean-square error £p, was evaluated for the
first-order Butterworth spectrum in Example 3 on page 1-495. From (I-6.112),

£ 2_P (28)
Po = ——————.
14+ VItA
Using (28) in (15), we have
2PT
[Boo = (29)

N VIFA

The resulting receiver is shown in Fig. 4.4. By incorporating part of the filter gain in
the integrator, we can implement the filter as a simple resistor-capacitor circuit. Notice
that the location of the pole of the filter depends on A;. As A, decreases, the filter pole
approaches the pole of the message spectrum. As A, increases, the bandwidth of the
filter increases.
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H
r(t) kAL S —l‘fodt + >11
otk '—_—1+A1 quarer N, N < nn
i —-— HO
2PT
No[1+ VI+A(]

Fig. 4.4 Filter-squarer receiver: first-order Butterworth spectrum, long observation time.

To evaluate the performance, we find u,(s) by using (28) in (20).
a1 —-sT 2P 2P
No W14+ VI+A 1+V1+0-—9A)"

Bools) = (30)

At this point it is useful to introduce an efficient notation to emphasize the important
parameters in the performance expression.
We introduce several quantities,

E, A PT, 31
which is the average energy in the signal process, and
kT
DA 5 (32)

which is a measure of the time-bandwidth product of the signal process. Notice that

_ ZET/NO
Ay = . (33)
Using (31) in (30), we obtain
2F
Peo(s) = — (TT) &1(s, Ay, (34
0

where
S A) A~ =+ VIFA) T =+ VI+ T =9A) L 39

The first factor in (34) is the average signal energy-to-noise ratio and appears in all
detection problems. The second term includes the effect of the spectral shape, the signal-
to-noise ratio in the message bandwidth, and the threshold. It is this term that will vary
in different examples. To evaluate the approximate expressions for Pz and Pp, we need
Lo (s) and jig,(s). Then, from (2.166) and (2.174),

T ———— © — St 36
7 N exp [Uw(s) — stteo(s)] (36)

and

Py~ exp [Heo(s) + (1 — )io(s)] €7

V21l — )% (s)

From (34) and (35) we can obtain the necessary quantities to substitute into (36) and
(37). In Figs. 4.5-4.7 we have plotted the approximate performance characteristics
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Fig. 4.5 Probability of miss versus time-bandwidth product: first-order Butterworth
spectrum, P, = 101,
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Fig. 4.6 Probability of miss versus time-bandwidth product for first-order Butterworth
spectrum, Pp, = 1073,

indicated by (36) and (37). In Fig. 4.5 we have constrained Py to equal 1071, The
horizontal axis is D; (= kTJ2). The vertical axis is Pys. The solid curves correspond to
constant values of 2E,/N,. We see that the performance is strongly dependent on the
time-bandwidth product of the signal process. Notice that there is an optimum value
of A, for each value of 2E,/N,,. This optimum value is in the vicinity of A, = 6. (We
shall find the exact minimum in a later example.) The dashed curves correspond to
constant values of A;. Moving to the right on a constant A, curve corresponds physically
to increasing the observation time. Similar results are shown for Py = 1073 and Pp =
105 in Figs. 4.6 and 4.7, respectively.

For small values of D, (say, D, < 2), the curves should be checked using state-
variable techniques, because the SPLOT approximation may not be valid.

For larger time-bandwidth products our performance calculations give good results,
for two reasons:

1. The error resulting from the large time-interval approximation decreases rapidly
as kT increases. We shall make some quantitative statements about the error on page
142.

2. The error resulting from truncating the Edgeworth series at the first term decreases
as kT increases, because there are more significant eigenvalues. As the number of
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Fig. 4.7 Probability of miss versus time-bandwidth product for first-order Butterworth
spectrum, P, = 10~5.

significant eigenvalues increases, the tilted density becomes closer to a Gaussian
density.

Notice that if the system is operating close to the optimum value of A,, D, will
be large enough to make the SPLOT approximation valid.

Similar results for higher-order Butterworth spectra can be obtained
easily (see Problem 4.1.3). In the next example we consider the case in
which the signal has an ideal bandlimited message spectrum. This is a
problem that is difficult to treat using state-variable techniques but is
straightforward when the SPLOT condition is valid.

Example 2. In this example, we assume that S (w) has a bandlimited spectrum
p
_— —27W < w L 27nW,
Syw) = {2W (¢8)

0, elsewhere.
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The most practical receiver configuration is No. 3. From (38) and (7),

P
—_— —27W L w L 2nW,
Hy o (jw) = { P + NoW (39)
0, elsewhere.
Thus,
1
————, —2aW < w <L 2n7W,
Hyyo(jw) = { (1 + NoW|P)¥% (40)
0, elsewhere.

The bias term is obtained by using (38) in (17).

P
IBao = —WTln(l + I-V-0~W). (41)

The resulting receiver is shown in Fig. 4.8. Notice that we cannot realize the filter in (40)

exactly. We can approximate it arbitrarily closely by using an nth-order Butterworth

filter, where n is chosen large enough to obtain the desired approximation accuracy.
To calculate the performance, we find u,(s) from (21). The result is

_ T — s) P _ NoW P(1 —5)
Hoo(s) = A {NoWln(l + NOW) a9 ln(l + A )} 42)

This can be written as

2E,
:uco(s) = - ﬁo—gw(s’ Aoo)’ (43)
where
Ewls, Ag) = — 2Al— [A=In(d+Ay)—1In(d + (1 —HAL)]
_ -1 a+ AN
=, [I" [(1 A= s)Aw)ﬂ @
and
P
Ay, = I—Vo—W. 45)

Notice that the co subscript of A, and g (-, *) denotes an infinite-order Butterworth
spectrum. In Figs. 4.9 and 4.10, we plot the same results as in Example 1.

H
r(t) Ideal 1 (T + 1
—>{ low-pass Squarer 170f (+) 27
filter T + Hy
lBuo

Fig. 4.8 Optimum receiver: ideal low-pass spectrum, long observation time.
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Fig. 4.9 Probability of miss versus time-bandwidth product, ideal bandlimited spectrum,
Pr =101,

In this section we have considered the simple binary problem, developed
the appropriate asymptotic formulas, and analyzed two typical examples.
The next problem of interest is the general binary problem.

4.1.2 General Binary Problem

In Chapter 3 we extended the results from the simple binary case to the
general binary case. Because of the strong similarities, we can simply
summarize some of the appropriate asymptotic formulas for the general
case. In Table 4.1, we have listed the transfer functions of the filters in the
optimum receiver. In Table 4.2, we have listed the asymptotic formulas
for p,(s). In Table 4.3, we have listed various relationships that are
useful in general binary problems.

To illustrate the application of some of these results, we consider two
examples.
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Fig.4.10 Probability of miss versus time-bandwidth product, ideal bandlimited spectrum,
Py =103,

Example 3. In this example we consider a binary symmetric problem. The transmitted
signals on the two hypotheses are

2E,
\/?t sin @;¢?, T; <t T;:H,,

5() = @“6)

z——ff sin wyt, T, <t<T;:H,,
where
TAT;—T; 47
The signal passes over a fluctuating Rayleigh channel.t The received waveforms are
r(t) = sy(t) + w(t), T; <t <L T;:H,
r(t) =so) + w(t), T;<t< TypH,. 48)

T We previously encountered fluctuating Rayleigh channels in Chapter II-8 and in the
problem section of Chapter II-2. We discuss the model in more detail in Chapter 9.



Table 4.1 Asymptotic formulas for filters in optimum receivers

No Problem Reference SPLOT formula
. LN SH,(CU) - SHO(‘U)
1 General binary (3.33) H,(jo) = —————SHl(w)SHO(w)
2 Class 4, (33)  Hu(jw) = 581(1‘3) ~ Sw(@) ~
(S0 +3) (sur + 3)
Ss(w) +
. -+ — 8
3 Class B, (3.42) [H(jw)] [(Ss(w) T Sn(w))S,.(w)]
Table 4.2 Asymptotic formulas for . (s)
No. Problem Refer-
ence Moo (s)
General
1 binary: (3.178) 1t (s)
nonsingular (a1} 2
=T © (Syl(w)/sﬂu(w)) }d—w
e |5+ (U= )8, (@) Sy (@) 27
2 Classd, (.60 ol = me [ (1 =5 (1 + M)
2 © Nn
28, (@)
+ s In (1 + —Iv'o—)
—1In (1 2(SSSO(w) + (1 - S)Ssl(w)))]
T [Ss(w) + S, (0)]'~*[Sa(w)])*\dw
1 . () = = —_
3 Class B (60 pan(s) ZJLOO In { [(1 — 5)Sy(w) + S,(w)] >2n
TI bd S (w) dw
4 lass B 3.60 (8 ==1(1— | —
Class B, (60 pa(s) 2{“ ) f_m '"(l * 5@ +(N0/2)) 2

[P (14 = 9Ss@) \de
Sp(w) + (No/2) ) 27

— 0

112
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Table 4.3 Relationship among various .., (s) results

No. Reference Relation

1 (3.101) MBP,w(8) = 2ULp, 0 (5)
2 (3.65) 14BS,00(5) = USIB,w(5) + 1sIB,0(l — 5)

3 (3.73) “BS,BP, w0 (}) = 4USIB,LP, o (})

We assume that sy(¢) and s,(¢) are bandpass processes centered at wyand w,, respectively,
which are essentially disjoint and are symmetric about their respective carriers (see

Figs. 3.7 and 3.8). The low-pass spectrum of the signal processes is S ,p(w), where

2P

Sernl®) = r e

49)

The power in the received process depends on the transmitted power and the channel
attenuation,

E0,”
T

Prp & ’ (50)

where @2 is a measure of the mean-square channel strength. Notice that the total
average received power is

P, =2Pp, 1)
and that the total average received signal energy is
E—, = ZET.LP = 2Et6b2 = 2PL To’bz. (52)
We assume that the hypotheses are equally likely and that the criterion is minimum
Pr (e).
The receiver structure follows easily by combining the results from the bandpass

discussion (pages 74-77) with the results in Example 1 (page 104). The receiver is
shown in Fig. 4.11. The four low-pass filters are identical:

_RVTH A
jo + VT + A,

We have eliminated the ideal low-pass filters included in Fig. 3.9 because H,(jw) is
low-pass. We have also eliminated the gain in the integrator because it is the same in
each path and the threshold is zero.

We can evaluate the performance by suitably modifying the results of Example 1.
The first step to go from the low-pass asymmetric problem to the bandpass asymmetric
problem. Recall from Table 4.3 that

Hy, (53)

BBP,w(8) = 241p, o (5). (54)
Using (30) in (54) gives
2E,(1 —5) 1 1
No U+VIith 1+VI+d—94,

By, (s) =

:, (€]
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T
f
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dt

Hy, (jw) Squarer

/2 sinwot
Fig.4.11 Optimum receiver, binary symmetric bandpass problem, long observation time.
where
4P
aAZLP 56
1= N, (56)

The next step is go from the asymmetric (or simple binary) problem to the binary
symmetric problem. We recall that

pps(s) = usi(s) + psip(l — ). 7
Using (55) in (57) gives
£BS,BP,w(5) = Z—E'{ 1___ - (_1_:"0__ - s_} .
o Nol4+ V1A, 1+4VIi+A—9A, 1+1V1+sA,
(58)

This reduces to
2E.(1 ' 1 1
I‘BS,BP,oo(S) = I—V—{K[(l + Al)/é -1+ A0 - NE— (1 + Als)/i + 111, (59)
o (M1

The important quantity in the probability of error expressions is tys BP,o(})
Letting s = ¥ in (59) gives

2E,( 1 l A
i, 5p,00(3) = TO{A—I[“ +AY — 2(1 + -2-1) + 1]} 60)
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If we define
-1 . A
gRPaAD A — 1A+ A —2(1+2) +1}, 61
’ 2A4 2
then we can write

E,
KBS, BP,0(3) = — N -4gpp1(Ay). (62)
0

We refer to 4gyp 1(A;) as the efficiency function of the binary communication system.
To find the approximate Pr (¢) we need i BS,BP,(3). Differentiating (59) twice with
respect to s and evaluating the result at s = 4, we have

.. 2E,(A AN\
HBS,BP,(3) = 70{71(1 + —2—1) ; . (63)

The approximate Pr () follows from (3.77) as

No Ve [1 + (Ay2)% E,
~2|— ——————exp | —4 A - -Z|.
Pr (¢) 2(25_7) \/"Al p [ ¥ BP,1{{0 No] (64)

We see that the Pr (¢) depends on A, the signal-to-noise ratio in the signal process
bandwidth, and 2E,/N,, the ratio of the average received signal energy to the noise
spectral height.

The next step in the analysis depends on the transmitter constraints. If it is completely
specified, we simply evaluate Pr (¢). If the signals are specified to be a segment of sine
waves, as in (46), and the transmitter is peak-power-limited (i.e., E,/T is limited), the
performance is monotonic with T. On the other hand, if the transmitter is energy-limited,
we may be able to optimize the performance by choosing T appropriately. This is an
elementary version of the signal design problem. Later we shall look at the effect of
different signal shapes.

We assume that 6,2, Ny, and k are fixed. Then, if we fix E,, this fixes £,. The only
remaining parameter is T (or, equivalently, A;). We could choose A, to minimize the
Pr (e). A slightly easier procedure is to choose it to minimize upg pp,«(3). From (60),
we see that this is equivalent to maximizing the efficiency factor. In Fig. 4.12 we have
plotted ggp ;(Ay) as a function of A;. We see that the maximum occurs in the vicinity
of A; = 7. We refer to this point as A; gpr,

Ay opT = 6.88, (65
and

gpp1(A 0p) = 0.0592. (66)

We observe that the curve is very flat near the maximum, so that a precise adjustment of
A, is not necessary. Using (66) in (64) gives an expression for the probability of error
when the optimum value of A, is used.

N, E,
Pr, () =~ 1.32 (27;%) exp(—0.118 170). 67

We see that when the system uses the optimum value of A;, the probability of error
decreases exponentially with increasing E;/Nj,.
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Fig. 412 ggp ;(A)) versus A;.

We now consider another example. All of the techniques are identical
with Example 3. The reason for including the example is to derive some
specific numerical results that we shall use later.

Example 4. Symmetric Hypotheses, Bandlimited Spectrum. The basic model is the same
as in the preceding example [see (46) and (48)]. Now we assume that the low-pass
signal process has a bandlimited spectrum

Pyp
AP 2aW <o < 20W,

Sy(w) = { 2W (68)
0, elsewhere.

The receiver structure is an obvious combination of the structures in Figs. 4.8 and 4.11.
As pointed out on page 109, we cannot realize the filters exactly but can approximate
them arbitrarily closely. For the present we are concerned with the system performance.
Using (42)-(45), Tables 4.2 and 4.3, and (68), we obtain

2B 1 [+ (0 — DAL + 5A]
I‘Bs,Bp,ao(S) = - 7\/—;{ m In [ 0+ ALl :I}, (69
where
Prp
A LY
A & NoW * (70)
Letting s = } in (69) gives
UBS,BP, e (}) = — F’ “EBP, 0 M) an
0
where we have defined
1 [+ (Ay/2)P
A ___ -
gBP.oo(Ar/)) —_— A(x) lﬂ [ (l ¥ Am) } (72)
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Thus,

(73)

1+ (Ay /D)) B/ NoAo
exp [4ps pp, o (3] = {[L/_)]_; o

(1 +Ay)

To get the coefficient for the approximate Pr (¢) expression, we differentiate (71) twice
and evaluate the result at s = 4. The result is

:’.‘-BS BP (%) = Z—E-T L‘ . (74)
e Ny [1 + (An/2)P
Then, using (3.76),
AWT
Pr (e) ~ 1+ Aw) (75)

VaWT Al + (A2 T
Asbefore, we can find an optimum value of A, by maximizing ggp, e (A«). The result is

E-'r/NO

AOO,OPT = WT = 307. (76)

Substituting (76) into (75), we obtain

Pr, (e) =~ \/gf/illvi exp (-o.mss[%ﬂ) . a7

We see that the magnitude of the coefficient in the exponent of (77) is slightly larger
than in the one-pole case [recall (67)].

The communication systems in Examples 3 and 4 have illustrated the
application of long-time approximations to particular problems. In
addition, they have given us some interesting results for binary FSK
communication over fluctuating symmetric Rayleigh channels. It is
interesting to compare these results with those we obtained in Chapter 1-4
for binary PSK and FSK systems operating over an additive noise channel.
From (I-4.40) and (I-4.36) we have

Prysy (¢) = erfc, (\/5) (78)
N,
or
5 ‘ _
N E E
Prpgi (€) ~ °)e (— '), < > 2. 79
rrsk (€) (27TE, Xp 2N0 N, = (79)
Similarly,
N, \* E E,
Pr ~ —2) (— —'), E 5o 80
poxc (€) (,TE, e (-2 = (80)

Recall that the received signal energy is fixed in an additive noise channel.
The results from (67), (77), (79), and (80) are summarized in Table 4.4.
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Table 4.4 Efficiency Factors for Various Binary Communication Systems
(Large E,[Ny)

Efficiency Loss in db
System Signals Channel Factor  (relative to system 1)
1 PSK  Additive white 1.0 0
Gaussian noise
2 FSK  Additive white 0.5 3
Gaussian noise
3 FSK  Rayleigh channel: 0.149 8.28
ideal bandlimited
spectrum
4 FSK  Rayleigh 0.118 9.30
channel: one-pole
spectrum

We denote the coefficient of E,/N, as the efficiency factor of a particular
communication scheme. Comparing the exponents, we see that a band-
limited Rayleigh channel requires about 5.28 db more average energy
than the binary FSK system to obtain the same error exponent. A Ray-
leigh channel with a first-order Butterworth spectrum requires about
6.30 db more average energy to obtain the same error exponent. We have
assumed that £ /N, is large.

There are several restrictions to our analysis that should be emphasized:

1. We assumed that a rectangular pulse was transmitted. In Chapter 11,
we shall prove that the efficiency factor for any Rayleigh channel and any
signal shape is bounded by 0.1488. We shall see that for certain channels
the system in Example 4 corresponds to the optimum binary orthogonal
signaling scheme.

2. We used long-time-interval approximations. If E,/N, is large and we
use the optimum time-bandwidth product, the approximation will always
be valid.

3. We detected each signal individually and did not try to exploit the

continuity of the channel from baud to baud by performing a continuous
measurement. In Section 5.1.3, we shall discuss this type of system briefly.

4. We considered only Rayleigh channels whose fading spectra were
symmetric about the carrier. In Chapter 11, we shall analyze more general
channels.

We now summarize briefly the results for the long time interval-
stationary process case.
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4.1.3 Summary: SPLOT Problem

In this section we studied the case in which the received waveform is a
sample function of a stationary random process and the observation
interval is long. By neglecting the transient effects at the ends of the
observation interval, we were able to implement the receiver using time-
invariant filters. The resulting receiver is suboptimum but approaches the
optimum receiver rapidly as the time-bandwidth product of the signal
process increases.

We have not discussed how long the observation interval must be in
order for the SPLOT approximation to be valid. Whenever the processes
have rational spectra, we can compute the performance of both the
optimum receiver and the SPLOT receiver using state-variable techniques.
Thus, in any particular situation we can check the validity of the approxi-
mation quantitatively. A conservative requirement for using the approxi-
mation is to check the time-bandwidth product at the input to the squarer
in Canonical Realization No. 3. If the product is greater than 5, the
approximation is almost always valid. In many cases, the SPLOT receiver
is essentially optimum for products as low as 2.

The performance expressions for the SPLOT case were simplified
because we could use the asymptotic expressions for the Fredholm
determinant. Thus, the calculation of u (s) always reduced to finding the
mean-square filtering error in some realizable Wiener filtering problem.
This reduction meant that many of the detailed results in Section 1-6.2
were directly applicable to the Gaussian detection problem. In many
situations we can exploit this similarity to obtain answers efficiently.

In addition to considering the general SPLOT problem, we considered
the problem of binary communication over a Rayleigh channel. We
found that if we were allowed to control the time-bandwidth product of
the receiver signal process, we could achieve a Pr (¢) that decreased expo-
nentially with E,/N,. This behavior was in contrast to the nonfluctuating
Rayleigh channel discussed in Section 1-4.4.2, in which the Pr (¢) decreased
linearly with E,/N,.

This completes our discussion of the SPLOT problem. There are a
number of problems in Section 4.5 that illustrate the application of the
results to specific situations.

4.2 SEPARABLE KERNELS

In this section we consider a class of signal covariance functions that
lead to a straightforward solution for the optimum receiver and its
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performance. In Section 4.2.1, we consider the separable kernel model
and derive the necessary equations that specify the optimum receiver and
its performance. In Sections 4.2.2 and 4.2.3, we consider physical situa-
tions in which the separable kernel model is valid. Finally, in Section
4.2.4, we summarize our results.

4.2.1 Separable Kernel Model

Our initial discussion is in the context of the simple binary problem
with zero-mean processes. The received waveforms on the two hypotheses
are

r(t) = s(t) + w(1), T, <t< T;:H,,

r(t) = w(), T, < t < T,: H, 81)

The noise w(t) is a sample function from a zero-mean white Gaussian
random process with spectral height Ny/2. The signal s(t) is a sample
function from a zero-mean Gaussian random process with covariance
function K (¢, u).

From (2.28) the LRT is

II

Ty
Iy = - f f F(t)hy(t, w)r(u) di du = 9, (82a)
Ny Ho
T‘

where A,(¢, u) is specified by the integral equation

N, T

—2— hy(t, u) +f hy(t,2)K (2, u) dz = K(t, u), T.<t,u<l T, (82b)
T

In Section [-4.3.6 we studied solution techniques for this integral equation.
On page 1-322, we observed that whenever the kernel of the integral
equation [i.e., the signal covariance function K(t, u)] was separable, the
solution to (82b) followed by inspection. A separable kernel corresponds
to a signal process with a finite number of eigenvalues. Thus, we can write

Ky(t,u) = IE(}%'S?{’i(t)ﬁl’i(u): I;<tu<T, (83)
i=1

where ¢,(t) and A2 are the eigenfunctions and eigenvalues, respectively,
of the signal process. In this case the solution to (82b) is

K K K
ha(t, u) = Zlhﬁ/n(t)rﬁi(u) =2 (‘I‘V‘/‘;)—’n, pi(Dpi(u),
= i=1 0 n

T,<tu<T. (84)
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r(t)

T
(’% jTi f dt {7 Squarer

®; (1) .
(K—1) similar paths Ir

Fig. 4.13 Correlator realization of separable kernel receiver.

This can be verified by substituting (84) into (82b). For separable kernels,
the simplest realization is Canonical Realization No. 3 (the filter-squarer
receiver). From (2.45),

Ty
hy(t, u) =f h(z, )h,(z, u) dz, (85)
T;
whose solution is
K
ez ) = 3 h7$@b(), T <t,2<T, (86)
i=1

Using (85) and (86) in (82a) and performing the integration on z we
obtain

Sal [rosmal. @7

=L
N T

The operations on r(t) can be realized using either correlators or matched
filters. These realizations are shown in Figs. 4.13 and 4.14. These receiver
structures are familiar from Fig. 1-4.66 on page I-353. Looking at

Sample

at Tf
-ﬂa & (T = 7) !\ 'h’f\ Squarer

]

(K~1) similar paths

Fig. 4.14 Matched filter realization of separable kernel receiver.
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(1-4.399), we see that the received signal on H; was

=3 as+w), 0LI<T (59)

where the a, are N(0, 0, ) and the s,(¢) are orthonormal. The total signal is

K
s(t) = glafsi(t), (89)

which is a zero-mean Gaussian process with covariance function

K
Ks(ts ll) = Z O':isi(t)s'i(u)’ 0 < ta u S T. (90)
i=1

Comparing (90) and (83), we see that the separable kernel problem is
identical with the problem that we solved in Section 1-4.4.2, in the context
of an unwanted parameter problem. As we observed on page 1-353, the
problem is also identical with the general Gaussian problem that we solved
in Section 1-2.6. The reason for this simplification is that the signal has
only a finite number of eigenvalues. Thus, we can immediately map r(f)
into a K-dimensional vector r that is a sufficient statistic. Therefore, all of
the examples in Sections 1-2.6 and 1-4.4 correspond to separable kernel
Gaussian process problems, and we have a collection of results that are
useful here.

The approximate performance of the optimum receiver is obtained by
calculating u(s) and using the approximate expressions in (2.166) and
(2.174). From the first term in (2.132), we have

_1 K (1 4 24°/No)*™* On
MR(s) = %Elm 1+ [2(1 — $)/NoAs)

Using (91) in (2.166) and (2.174) gives an approximate expression for Py
and P,,;. We recall that when the K eigenvalues were equal we could obtain
an exact expression. Even in this case the approximate expressions are
easier to use and give accurate answers for moderate K (see Fig. 1-2.42).

At this point we have established that the separable kernel problem is
identical with problems that we have already solved. The next step is to
discuss several important physical situations in which the signal processes
have separable kernels.

4.2.2 Time Diversity

Historically, the first place that this type of problem arose was in pulsed
radar systems. The transmitted signal is a sequence of pulsed sinusoids
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at a carrier frequency w, = 2nw|T, where n is a large integer. The sequence
is shown in Fig. 4.15. The ith signal is

sit) & \/%sinwct, (—DT,L<t<(i— DT, + T,

0, elsewhere.

92)

If a target is present, the pulses are reflected. We shall discuss target
reflection models in detail in Chapter 9. There we shall see that for many
targets the reflection from the ith pulse can be modeled as

2 . . '
5,u(1) = ""\/ Tein(d ), (-DLKISGE-DTL+T oy
0, elsewhere,

where the v; are Rayleigh random variables and the ¢, are uniform random
variables. (Notice that we have put the target at zero range for simplicity.)
Asin SectionI-4.4.2,we write 5,,(f) in terms of two quadrature components,

b,; \/2 sin w,t + b, \/2- COos w,t,
T T

(i—DT,<t<(—-DT,+T, (%4a)

sri(t) &
0, elsewhere.
Equivalently, we can write
5,:(8) A by (1) + by i(1), — <t < oo, (94b)

where ¢,,(t) and ¢,,(¢) include the time interval in their definition. The
b,; and b, are statistically independent Gaussian random variables with
variances 0,2, The average received energy per pulse is

E, 5202 (95)

The received waveform consists of the signal reflected from the sequence
of pulses plus a white noise component,

) = 3 huhu) + bede®) 4 9D, TSIST. (90
T,
T,>>T

Fig. 4.15 Transmitted pulse sequence.
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The observation interval includes all of the reflected pulses completely.
Now, when we let v; and ¢; be random variables, we are assuming that
the target reflection is essentially constant over the pulse duration. In
general, T, is much larger than the pulse duration. Thus, if the target is
fluctuating, it is plausible to assume that the v, and ¢, are independent
random variables for different i. This means that the b,, and b,; are
independent for different i. The covariance function of the signal process is

K
Ks(l, u) = gl{gb2¢ci(t)¢ci(u) + 6b2¢si(0¢si(u)}a Tz S Lou S Tf'
o7

Thus we have a separable kernel with 2K equal eigenvalues. Using Figs.
4.13 and 1-4.68, we obtain the receiver structure shown in Fig. 4.16. Here
the orthogonality arises because the signals are nonoverlapping in time.
We refer to this as the time-diversity case.

We have already computed the performance for this problem (Case 1A
on page I-108). By letting

N = 2K, (98)
6 = o) =, (99)
2
N
0, = ?" (100)

the results in Fig. 1-2.35 apply directly. Notice that

(1 4+ E4[Ng)* :| (101)
1+1 - s)(Erl/NO) ‘

upp,sx(s) = K ln [

[use either (I-2.501) or (91)].
The ROC is shown in Fig. 4.17. The average received signal energy per
pulse is E,,, and the total average received energy is E,, where

E, = KE,,. (102)

In Fig. 4.18, we fix E, and Py and plot P, as a function of K. (These are
Figs. I-2.35b and c relabeled.) This shows us how to optimize the number

Bandpass Square-law Sample Hy
) 1 matched envelope every sumk | L g >
filter detector Tp seconds samples H,

Fig. 4.16 Optimum receiver for pulsed radar problem.
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Py

| 1 | | | | | | |
0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 09 10

P ——>

Fig. 4.17 Receiver operating characteristic: pulsed radar, Rayleigh target.

of transmitted pulses in various situations. Notice that Fig. 1-2.35 was
based on an exact calculation. As shown in Fig. 1-2.42, an approximate
calculation gives a similar results.

A second place that time-diversity occurs is in ionospheric communica-
tion. In the HF frequency range, long-range communication schemes
frequently rely on waves reflected from the ionosphere. As a result of
multiple paths, a single transmitted pulse may cause a sequence of pulses
to appear at the receiver. Having traveled by separate paths, the amplitudes
and phases of the different pulses are usually not related. A typical
situation is shown in Fig. 4.19. If the output pulses do not overlap, this
is commonly referred to as a resolvable multipath problem. If the
path lengths are known (we discuss the problem of unknown path lengths
in a later section), this is identical with the time diversity problem
above.
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10 T

| ||
0'011 2 3 4

[ |

56 8 10 20 32
K

Fig. 4.18 Pj; as a function of the number of transmitted pulses (total energy fixed).

l

4.2.3 Frequency Diversity

The obvious dual to the time problem occurs when we transmit K
pulses at different frequencies but at the same time. A typical application
would be a frequency diversity communication system operating over K
nonfluctuating Rayleigh channels. On H;, we transmit K signals in disjoint
frequency bands,

© =
2 .
sull) = gl \/ism wt, 0<t<T, (103)

0, elsewhere.

On H,, we transmit X signals in a different set of disjoint frequency bands,

K
2
> [Zsi it 0Lt <T,
so() = { N 50 “ob - 07 (104)

0, elsewhere.



Frequency Diversity 127

I N O | L1
2 3 4 56 8 10 15 20 32

K —>

0.002 ‘ !
1

Fig. 4.18 (Continued.)

Each of the K transmitted signals passes over a Rayleigh channel. The
output is

K .

M) = 3o Zsin ot + $1+w(), 0< 1< T:H,
= NT (105)
K

r(t) =20 \/%; sin [wg;t + ¢;1 + w(t), 0<L1t< T:H,.

j=1
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s¢(1) sp(t)

(a) Transmitted signal (b) Received signal

Fig. 4.19 Ionospheric model: resolvable multipath.

The frequencies w;; and w,; are chosen so that the outputs due to the
signals are orthogonal. We shall assume that the fading in the different
Rayleigh channels is statistically independent and that each channel has
identical statistical characteristics. The average received signal energy in
each channel is

E@?) =202 AE,. (106)

We see that this problem is just the binary symmetric version of the
problem in Section 4.2.2. The optimum receiver structure is shown in
Fig. 4.20. To evaluate the performance, we observe that this case is
mathematically identical with Example 3A on pages I-130-1-132 if we let

N = 2K, (107)
E,
o’ =0 = —2—‘ (108)
and
o, = %’ ) (109)

Then u(3) is given by (I-2.510) as

1 + E,/N
tps.pr,sk(3) = Kln {—Lﬂ_}

(L + Eq /2N, (110)

We can also obtain (110) by using Table 4.3 and (101). A bound on the
Pr () follows from (I-2.473) and (110) as

Pr(e) < 1{ (111)

(1 + E,/No) ;K
5 .

(1 + En[2Ny)*
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Sample
Bandpass Square-law atT
matched envelope |—>
filter: w11 detector
—— 3
—s ]
. .
Bandpass Square-law h
matched envelope f—>
filter: w,x detector
r(t) Choose
largest [
Bandpass Square-law
matched envelope |[—>
filter: wo1 detector b
\é. .
S o
—— .
Bandpass Square-law
matched envelope —
filter: wox detector

Fig. 4.20 Frequency diversity receiver.

An approximate error expression is given by (I-2.516) and (110) as

T (4 END®
Pro=\7x : 12
r(¢) \/771( (E/No)(1 + Erl/ZNO)K/2"1 (112)

Frequently the total energy available at the transmitter is fixed. We
want to divide it among the various diversity branches in order to minimize
the Pr (¢). When the channel attenuations are equal, the optimum division
can be calculated easily using either exact or approximate Pr (¢) expres-
sions. The simplest procedure is to introduce an efficiency factor for the
diversity system.

E,
ugs,sp.sk(3) = — — g.4), (113)
N,
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where
1 (1 + A/2)*
A) ==In{—=* 4
ga(4) 111{(1_’_1)} (114)
and
- E_rl
L = —. 115
A N, (115)

We see that g,(4) is identical with g ;. ,(A,) in Example 4 on page 116.
Thus, it is maximized by choosing
Aopr = (5-‘) = 307, (116)
o/ OPT
and the Pr (¢) is given by (78). The result in (116) says that the optimum
strategy is to divide the energy so that the average energy-to-noise spectral
height ratio in each Rayleigh channel is 3.07.

The comparison of these two results is interesting. In this case we
optimized the performance by choosing the diversity properly. Previously
we chose the signal-to-noise ratio in the signal process bandwidth
properly. The relationship between the two problems is clear if we inter-
pret both problems in terms of eigenvalues. In the case of the bandlimited
spectrum, there are 4 WT equal eigenvalues (for WT > 1) and in the diver-
sity system there are 2K equal eigenvalues.

4.2.4 Summary: Separable Kernels

In this section we have studied the separable kernel problem. Here,
the receiver output consists of a weighted sum of the squares of a finite
number of statistically independent Gaussian variables. The important
difference between the separable kernel case and the general Gaussian
problem is that we have finite sums rather than infinite sums. Therefore,
in principle at least, we can always calculate the performance exactly.
As we observed in Chapter 1-2, if the eigenvalues are different and X is
large, the procedure is tedious. If the eigenvalues are equal, the sufficient
statistic has a chi-squared density (see page I-109). This leads to an exact
expression for Py and Pp,. As discussed in Section 1-2.7 (page I-128), our
approximate expressions based on u(s) are accurate for moderate K.
Thus, even in cases when an exact probability density is available, we
shall normally use the approximate expressions because of their simplicity.

In the foregoing text we have considered examples in which the signal
process had equal eigenvalues and the additive noise was white. In the
problems in Section 4.5, we consider more general separable kernel prob-
lems.
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4.3 LOW-ENERGY-COHERENCE (LEC) CASEft

In this section we consider the simple binary problem described in
Chapter 2 (page 8). The received waveforms on the two hypotheses are

r(t) = s(t) + w(t), T,<t<T,H,
r(t) = w(t), T,<t<L T,:H, (117

We assume that w(t) is a white, zero-mean Gaussian process with spectral
height Ny/2 and that s(#) is a zero-mean Gaussian random process with
covariance function K(f,u). The signal covariance function can be
written as a series,

Kt u) = 3 Aid(Dgu), Ti<t,u<T, (118)
i=1

If we write s(¢) in a Karhunen-Loéve expansion, the eigenvalue, 4,°, is the
mean-square value of the ith coefficient. Physically this corresponds to the
average energy along each eigenfunction. If all of the signal energy were
contained in a single eigenvalue, we could write

s(t) = 5,:4:(t) (119)

and the problem would reduce to known signal with Gaussian random
amplitude that we solved in Section 1-4.4. This problem is sometimes
referred to as a coherent detection problem because all of the energy is
along a single known signal.

In many physical situations we have a completely different behavior.
Specifically, when we write

o0

s() =2 s:¢(), T, <t<T, (120)
i=1
we find that the energy is distributed along a large number of coordinates
and that all of the eigenvalues are small compared to the white noise level.
Specifically,

/1;«1—\’2—0, i=1,2,.... (121)

We refer to this case as the low-energy-coherence (LEC) case. In this
section we study the implications of the restriction in (121) with respect

1 Most of the original work in the low-energy-coherence case is due to Price [1], [2]
and Middleton [3], [5], [7]. It is sometimes referred to as the ‘‘coherently undetectable™
or “threshold” case. Approaching the performance through u(s) is new, but it leads to
the same results as obtained in the above references. In [9], Middleton discusses the
threshold problem from a different viewpoint. Other references include [10], [11].
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to the optimum receiver structure and its performance. Before we begin
our discussion, several observations are worthwhile.

1. When s(?) is a stationary process, we know from page 1-208 that

)‘is S Amnx S max S‘(f) (]22)
f
Thus, if
No
max S(f) «— 5 (123)

the LEC condition exists.

2. It might appear that the LEC condition implies poor detection per-
formance and is therefore uninteresting. This is not true, because the
receiver output is obtained by combining a large number of components.
Even though each signal eigenvalue is small, the resulting test statistic
may have appreciably different probability densities on the two hypotheses.

3. We shall find that the LEC condition leads to appreciably simpler
receiver configurations and performance calculations, Later we shall
examine the effect of using these simpler receivers when the LEC con-
dition is not satisfied.

We begin our discussion with the general results obtained in Section 2.1.
From (2.31) we have

Ty
lp = NL ffr(t)hﬂt, w)r(u) dt du, (124)
and from (2.19), ‘
_LAVS (A ).
e = 2(No) i; (1 + (2/N0)}.i8)r1 : (125)

To get an approximate expression, we denote the largest eigenvalue by
As

max*

Amax < 77 (126)

we can expand each term of the sum in (125) in a power series in 4,

2(N0) 2H [1 - le * (Fz;)z(mz - } (127)

The convergence of each expansion is guaranteed by the condition in
(126). The LEC condition in (121) is more stringent that (126). When

N lf,m 1, [LEC condition] (128)
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we can approximate [, by retaining the first two terms in the series.
The reason for retaining two terms is that they are of the order in 24,°/N,.
(The reader should verify this.) The first term is

2 2 54
1 = 2(}3) S A = %(Ni) f f HOK(L, wyr(u) dt du.  (129)
o/ =1 0.
T:

The second term is

IR = - l( : )3 3 (e (130)
B 2\N,

If we define a kernel
. Ty
KO = [ K1 )K (.2 de
T:

=S 090sW, T<Lu<T, (13D
then -

12— _ —( ) f f HOK®(t, u)r(u) di du. (132)

Similarly, when 24,,.[N, < 1, we can expand /3. From (2.33),

12 2 .,

- {+ ]701218 E(No)é( O+ (No)g(“) +- } (133)

When 24,,,,/N, < 1, we can obtain an approximate expression by using
the first two terms.

Ip=~— %(ﬁ;) lg A+ 4(N0) 12 (A2)?

=_.§(N£0)F K1, 1) dt + ( )HK (t, u) dt du. (134)

Equations (129), (132), and (134) correspond to two parallel operations on
the received data and a bias term.

We can show that as
2

Y L} 135
N, e (135)
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the ratio of the variance of /g’ + I'? on H,, to the variance of /' on H,
approaches zero. The same statement is true on H because

Var [I¥ | Hy) =~ Var [I} | H,) (136)
and
Var (I | H,] = Var I | H,]. (137)

In this case, we may replace /{2 by its mean on H, (the means under both
hypotheses are approximately equal):

E[P | Hy) = — —( )HK (t, u) dt du. (138)

Now /{2’ becomes a bias term and /%’ is the only quantity that depends on
r(t). The resulting test is

IR+ 1, ~ ( )J]r(t)lx (t, wyr(u) dt du
—%(ﬁz;)f K (t, 1) dt —~(—) ﬂx (t,u)dtdu. (139)

Including the bias in the threshold gives the test

. 1!1
—(—) f J HOK (1, uyr(u) di du 2y, (140)
2\N, Ho

where

y:lnn+%(Nlo)f: (6,0 dt + ( )ﬂx (1, u) dt du. (141)

We refer to the receiver that performs the test in (140) as an optimum LEC
receiver. Observe that it has exactly the same form as the general receiver
in (124). The difference is that the kernel in the quadratic form is the signal
covariance function instead of the optimum linear filter. Notice that the
optimum linear filter reduces to K(t, u) under the LEC condition. One
form of the receiver is shown in Fig. 4.21. The various other realizations
discussed in Section 2.1 (Figs. 2.4-2.7) can be modified for the LEC case.

When 24, [N, is less than 1 but does not satisfy (128), we can use more
terms in the series of I and /5. As long as

2
S e < 1, 142
N \ (142)

0
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212 Tf l,?) H,
0 C—{1 () [ #2323
T Hy
Ks(t,u)

Unrealizable filter

Fig. 4.21 Optimum LEC receiver.

we can find a series solution for the optimum detector that will converge.t
The general form follows easily,

1R=—l(llrhnméiiﬁjﬂK?@umwdu (143)

2\N,/ J1+ Ny i
and
) n [Tr
=13 l(— i) f K, 1) d, (144)
2 n=1 n 0 T;
where

Ty Ty
Kin)(t’ “) =f oo ‘J‘T Ks(t, zl)Ks(zla zz) T Ks(zn—h u) dzl T dz'n—l'
’ ' (145)

An interesting physical interpretation of higher-order approximations
is given in Problem 4.3.2.

The final question of interest is the performance of the optimum
receiver in the LEC case. We want to find a simpler expression for u(s)
by exploiting the smallness of the eigenvalues. From (2.134),

(s) = %i [(1 — ) In(1 4 24;No) — In (1 + (1 — 5)247No)]. (146)
i=1

Expanding the logarithms and retaining the first two terms, we have

L RN o R Vo S P
u(s) = 22_;}{0 s)[Noz, 2(N0)<zl)]

- [(1 Py Q—Lsf(i)z (/1,-3)2]}. (147)

N, 2 N,
We see that the terms linear in 4,* cancel. Writing > 2. (4 in closed

t This approach to finding the filter is identical with trying to solve the integral equation
iteratively using a Neumann series (e.g., Middleton [5] or Helstrom [4]). This procedure
is a standard technique for solving integral equations.
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form, we obtain

Ty
p(s) ~ — S_Q_;S){%(Nl) f f K 2(t, u) dt duJAuLEC(s). (148)
0.
T

The term in braces has an interesting interpretation. For the known signal

problem, we saw in Chapter I-4 that the performance was completely
determined by d2, where

o a (EUR'| H] — EUZ' | Ho)®
B Var [I9 | H,]

(149)

Physically, this could be interpreted as the output signal-to-noise ratio.
For the Gaussian signal problem discussed in this chapter, d* is no longer
uniquely related to the error performance, because /%) is not Gaussian.
However, in the coherently undetectable case, it turns out that the term in
braces in (148) is d?, so that whenever our approximations are valid, the
output signal-to-noise ratio leads directly to the approximate expressions
for Py, Py, and Pr (e). It remains to be verified that the term in braces in
(148) equals d2. This result follows easily by using the fact that the expecta-
tion of four jointly Gaussian random variables can be written as sums of
second moments (e.g., [8, page 168] or page 1-229). (See Problem 4.3.4.)
Thus, for the LEC case,

prEc(s) = — LZ_S) d’. (150)

Substituting the expression for uygc(s) given in (150)into (2.164) and
(2.173) gives the desired error expressions as

Py ~ erfc, (sd) = erfc, (g + 5) (151)
. d_y
P, =~ erfc, (1 — s)d) = erfc, (5 - E) (152)

The ROC obtained by varying the threshold y is plotted in Fig. 1-4.13.
The low-energy-coherence condition occurs frequently in radar astron-
omy and sonar problems. Price has studied the first area extensively
(e.g., [6]), and we shall look at it in more detail in Chapter 11. In the sonar
area the stationary process-long observation time assumption is often
valid in addition to the LEC condition. The receiver and the performance
are obtained by combining the results of this section with those in Section
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r(t) + Ty Hl
———> [So(w)] Squarer f dt 2
T; Hy

Fig.4.22 Optimum receiver, low-energy-coherence, stationary-process, long-observation-
time case.

4.1. A filter-squarer implementation of the resulting receiver is shown in
Fig. 4.22. The value of d? is

T{2V (> do
d2=—(-—)[ SHw)— .
2\ L ( )2" (153)

We see that d% increases linearly with T, the observation time. Thus,
regardless of the relative signal and noise levels, we can achieve a desired
performance by observing the process over a sufficiently long observation
time. We shall discuss the sonar area in more detail in Array Processing.

Occasionally the LEC receiver in Fig. 4.21 is used even though the LEC
condition in (128) is not satisfied. In order to analyze the performance,
we must treat it as a suboptimum receiver. In Chapter 5 we discuss
performance analysis techniques for suboptimum receivers.

4.4 SUMMARY

In this chapter we have developed techniques for finding the optimum
receiver and evaluating its performance for three special categories of
detection problems. In Chapter 2, we had demonstrated a solution algo-
rithm for cases in which the processes had finite-state representations.

It appears that a large portion of the physical situations that we en-
counter can be approximated by one of these four special cases. When
this is true, we can design the optimum receiver completely and analyze
its performance.

4.5 PROBLEMS
P.4.1 Stationary Process, Long Observation Time (SPLOT)

Unless otherwise indicated, you should assume that the SPLOT condition is valid in
all problems in this section.
SIMPLE BINARY DETECTION

Problem 4.1.1. Consider the model in (1). Assume that s(¢) is a Wiener process such that
K (t, u) = o2 min [¢, u)
and
s(0) =0.
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1. Find the optimum receiver.

2. Evaluate uy(s) by using (20).

3. Compare your result with that in Problem 2.1.5.
Problem 4.1.2. Consider the expression for the logarithm of the Fredholm determinant
given in (2.75).

1. Derive the asymptotic version of (2.75).

2. Use the result in part 1 to obtain an alternative expression for s . (s).

3. Evaluate u,(s) for the model in Problem 4.1.1.

Problem 4.1.3. Consider the model in (1). Assume that
2nP sin (m/2n)
Ss) = 2 T @i

Evaluate u(s) for this case.

Problem 4.1.4 (continuation). In Problem 4.1.3 we derived an expression for . (s). Fix
s at some value sy, where

0<s5p<1.
Study the behavior of uq(sp) as a function of n. Consider different values of s,. How
does

2nP
Agd—_—_

kN,
enter into the discussion?

Problem 4.1.5 (non-zero means). Consider the simple binary detection problem with
nonzero means.

1. Derive the asymptotic version of (2.32) and (2.34).
2. Derive the asymptotic version of (2.147).

GENERAL BINARY DETECTION

Problem 4.1.6. Consider the binary symmetric bandpass version of the class 4,, problem.
Assume that the equivalent low-pass signal spectrum is
2nP: sin (7/2n)
S, (@) = ZLp

k 1+ (wfk)2®’
where

Prp =

Recall that
MBS BP,w(3) = 4ug1B LP, 0 (})-

1. Use the result of Problem 4.1.3 to find ugg P, o (3)-
2. Express your answer in the form

E
“Bs BP,o(}) & — 17’ - 4gpp n(An).
()
Plot ggp n(Ag) for various n. Find

max [gBP,n(AB)].
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3. Find
max {max [ gBP,n(AB)]}

n (Ag
Problem 4.1.7. Consider the binary symmetric bandpass version of the class 4,, problem.

1. Write ups Bp,(1/2) as a function of S, (w) (the equivalent low-pass spectrum)
and N,/2.

2. Constrain

©  do P
J Su@ 5 =5 ®.1)

Find the spectrum that minimizes ugg Bp, (1/2) subject to the constraint in (P.1).

Problem 4.1.8. Consider the class B problem (see Fig. 3.1). Verify that the results in
Tables 4.1 and 4.2 are correct.

Problem 4.1.9. Consider the class B,, problem in which

2kP,
SO e
2k, P,
Sp(w) = m
N
Sul@) ==

1. Find the optimum receiver.
2. Evaluate f(s).
3. Consider the special case in which &, = k. Simplify the expressions for g (s).

Comment: In the discussion of minimum Pr (e) tests in the text, we emphasized the
case in which the hypotheses were equally likely and u(s) was symmetric around
s = } (see pages 77-79). In many minimum Pr () tests the hypotheses are equally
likely but u(s) is not symmetric. We must then solve the equation

2(5)|g—s,, = O (F.1)
for s,,. We then use this value of s,, in (I-2.484) or (I-2.485). From the latter,
1
Pr (e) ~ exp f(sy,). (F.2)

RQmi(sm)sm(1 = )]
(Assumes s,,V ji(s,)) > 3 and (1 — s,,)V jils,,) > 3.) From (I-2.473),
Pr () < % exp u(sp)- (F.3)
The next several problems illustrate these ideas.

Problem 4.1.10. Consider the class 4,, problem in which

2kaP,
Ssl(w) = wz + kz ’

2kP
Sso(w) = m N
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1. Draw a block diagram of the optimum receiver. Include the necessary biases.
2. Evaluate pq(s).

3. Assume that a minimum Pr (e) test is desired and that the hypotheses are equally
likely. Find s,, such that

8(8)s=s,, = 0.
4. Compute the approximate Pr (¢) using (F.2).
5. Compute a bound on the Pr (¢) using (F.3).
6. Plot u(s,,) as a function of a.
7. Evaluate
(s, @)
oo

a=0
This result will be useful when we study parameter estimation.

Problem 4.1.11. Consider the class 4,, problem in which

P
B Jel<k

Ssl(a)) ={ k
0, lw|] > &,

and

2 lel<k

Sso(w) ={k
0, |w| > k.

Repeat Problem 4.1.10.
Problem 4.1.12. Consider the class 4,, problem in which

26P,
Ssl(w) = m
and
2aP,
Sgo(w) = R

1. Repeat parts 1-5 of Problem 4.1.10.
2. Evaluate the approximate Pr (¢) for the case in which

BPy _

Py

and
N, = 0.

Problem 4.1.13. Consider the binary symmetric class 4,, problem. All processes are
symmetric around their respective carriers (see Section 3.4.3 and Fig. 3.9). The received
waveform r, (¢) is

ro,(8) =so,(t) + ne, () + w(t), T, <t < Ty

re,(t) = ng (1) + w(t), T;,<t<Ty. (P.1)
Notice that (P.1) completely describes the problem because of the assumed symmetries.

The random processes in (P.1) are statistically independent with spectra S(w), S,, (@),
and Ny/2, respectively.
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1. Derive a formula for ugg Bp, o (%)
2. Assume that Sy(w) and Ny/2 are fixed. Constrain the power in n, (),
i do P
Ky — ==,
f (@3- =3
—0
Choose S, (w) to maximize pgp Bs, o (})-
3. Assume that S, (w) and Ny/2 are fixed. Constrain the power in 50,(8),
© do Py
f Sg(w) w2
—o0
Choose Sy(w) to minimize pgp Bs, oo (3)-

Problem 4.1.14. Consider the vector problem described in Problem 3.2.7. Specialize the
results of this problem to the case in which the SPLOT condition is valid.

Problem 4.1.15. Consider the special case of Problem 4.1.14 in which

s,(t) = JAOO h(t — 7)s(7) dr (P.1)
and -

5o(1) = 0. (P.2)

The matrix filter h(r) has one input and N outputs. Its transfer function is H(jw).
Simplify the receiver in Problem 4.1.14.

Problem 4.1.16. Consider Problem 3.2.8. Specialize the results to the SPLOT case.

Problem 4.1.17.

1. Consider Problem 3.2.9. Specialize the results to the SPLOT case.

2. Consider the particular case described in (P.1) of Problem 4.1.15. Specialize the
results of part 1.
Problem 4.1.18.

1. Review the results in Problem 3.5.18. Derive an expression for ., (s) for the general
vector case.

2. Specialize the result in part 1 to the class 4,, SPLOT problem.
3. Specialize the results in part 2 to the class B,, SPLOT problem.
4. Specialize the results in part 1 to the case in which the signal is described by
(P.1) in Problem 4.1.15.
Problem 4.1.19. The received waveforms on the two hypotheses are
rt) =s,(t) + w(t), T;<t<T;:H,
r(t) = so(t) + w(t), T; <t < T;:H)

The signals s;(¢) and s5y(z) are stationary, zero-mean, bandpass Gaussian processes
centered at w; and w,, respectively. Their spectra are disjoint and are not necessarily
symmetric around their carrier frequencies. The additive noise is white (Ny/2).

Find the optimum receiver and an expression for ugp «(s). (Hint: Review the results
of Problem 3.4.9.)
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Problem 4.1.20. Consider the binary symmetric bandpass problem in Fig. 3.9. Assume
that
’ Elre, () | H] = m,
Elre,(t) | Hyl = m.
All other means are zero.
1. Find the optimum receiver using the SPLOT assumption.
2. Evaluate upg Bs, «(3)-
Problem 4.1.21. Consider the expression for u(s) given in (2.208) and the expression for
It (s) given in (30).
1. Prove

lim u(s) = peo(s).
ET—

2. Consider the binary symmetric bandpass version of (2.208) and (30) [see Example
3, (59) and (60)]. Denote the BS, BP version of (2.208) as ug pp(s, k7). Plot

a #Bs,BPU/2, kT) — pupg Bp, o (3)
tps, pp(1/2, kT)

as a function of kT in order to study the accuracy of the SPLOT approximation.

f(T)

P.4.2 Separable Kernels

Problem 4.2.1. Consider the pulsed radar problem. The performance is characterized by
(98)~(102). From (101),

IU'BP,SK(S) = KIn [

(1 + E[/N'—*
1+ (1 —9E N,y |

Choosing a particular value of s corresponds to choosing the threshold in the LRT.

1. Fix s = 5,, and require

1(S ) — Spfi(s) = c.
Constrain
E, = KE,,.
Choose K to minimize
F A u(s,) + (1 — s,)i(sy)-

Explain the physical significance of this procedure.

2. Compare the results of this minimization with the results in Figs. 4.17 and 4.18.

Problem 4.2.2.

1. Consider the separable kernel problem in which the a; in (89) have non-zero means
a;. Find up(s).

2. Consider the bandpass version of the model in part 1. Assume that each successive
pair of a; have identical statistics. Evaluate xp(s) and pp(s).

Problem 4.2.3.
1. Consider the binary symmetric version of the bandpass model in Problem 4.2.2.
Evaluate ugs pp sk(3)-
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2. Simplify the results in part 1 to the case in which all of the a; are identically
distributed. Assume
Ela;]=m
and
Var [a;] = o,2.

Problem 4.2.4. Consider the model in Problem 4.2.3. A physical situation in which we
would encounter this model is a frequency diversity system operation over a Rician
channel (see Section 4.2.2). If the energy in the transmitted signal is E;, then

2
m® = aE,,

‘7'.(,-2 = ﬂEh

where o and f§ are the strengths of the specular path and the random path, respectively.
1. Express upg pp,sk(1/2) in terms of «, B, E;, and K (the number of paths).

2. Assume that E, is fixed. Choose K to minimize ppgppsk(}).- Explain your
results intuitively and compare them with (116).

Problem 4.2.5. Consider the diversity system described in Section 4.2.2. If the signal
eigenvalues were different, we could write the efficiency factor in (114) as

1+ 2,/2)
a+ ,/)}. ®.1)

K 1

Assume

A=c P.2)
1

M

You may choose K and 4, subject to the restriction in (P.2). Prove that g;(2) is maximized
by the choice
A, i=1,2,...,K
Ay = .
0, i > K,.
Find K.

Problem 4.2.6 Consider the frequency diversity system operating over a Rayleigh
channel as described in Section 4.2.

1. Generalize the model to allow for unequal path strengths, unequal energy trans-
mitted in each channel, and unequal noise levels.

2. Consider the two-channel problem. Constrain the total transmitted power. Find
the optimum division of energy to minimize ugg pp sg(1/2)-

Problem 4.2.7. Consider the class 4,, problem in which

M
K (t,u) = > ASfi(0f;w), T, <t,ulT;
=1

and
N

2
K, (t,u) = 2 A%0gi(t)g;(w), T,<t,u<lTy, (P.1)
=1

J
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where

7y
J fiOfi () dt = 0y, Lk=1,...,N,
T;

7,
f SOt =8y, hk=1,...,N,,

and
T,
f [l (dt = py,  i=1,...,Ny, j=1,...,Np  (P2)
T;

1. Solve (3.33) for hy(¢, u).
2. Specialize part 1 to the case in which
pi; =0, i=1,...,N, j=1,..., N, (P.3)
Explain the meaning of (P.3). Give a physical situation in which (P.3) is satisfied.
3. Derive a formula for ugx(s).
4. Specialize the result in part 3 to the case in which (P.3) is satisfied.
Problem 4.2.8. Consider the class B,, problem in which the received waveforms on the
two hypotheses are
r) =s@)+w(t), T;<t<T;Hy,
r(t) = w(t), T; <t X Ts:H).
The signal and noise processes are statistically independent, zero-mean processes with

covariance functions Kg(¢,u) and N, d(t — u)/2, respectively. The signal process
K (t, u) is separable and has M equal eigenvalues,

M
Ku) =14 3 ¢ ), T;<tu<T,
t=1

1=

1. Verify that the receiver in Fig. P.4.1 is optimum.

T H,
AL rx\ g| dt— 2 vy
T; Ho
Ky(t,u) |

Fig. P.4.1

2. Compute g. Compare the receiver in Fig. P.4.1 with the LEC receiver of Section 4.3.

P.4.3 Low Energy Coherence (LEC)

Problem 4.3.1. Consider the development in (129)-(139). Verify that the various approxi-
mations made in arriving at (139) are valid.
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Problem 4.3.2.

1. Verify the general form in (143).

2. An easy way to remember the structure of / in (143) is shown in Fig. P.4.2. This
is an unrealizable feedback system. Verify that the output is /.

r(t)

: g_d
2 1
G w, Kst,u) o

Cx
|
=
)
i.r

Fig. P.4.2

3. Why is the result in part 2 obvious? Is the receiver in Fig. P.4.2 optimum for the
general case? Why is it a useful idea in the LEC case but not in the general case?

Problem 4.3.3. Consider the vector model in Problem 3.2.7, in which sy(f) = 0.

1. Find the optimum receiver under the LEC condition. Define precisely what the
LEC condition is in the vector case.

2. Assume that both the SPLOT and LEC conditions hold. Find the optimum
receiver and derive an expression for 4o, 1,gc(s). Express the LEC condition in terms of
the signal spectral matrix S, (w).

Problem 4.3.4. Derive the result in (149).
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