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17.2 Properties of Hankel Transform

17.2.1 Derivatives

Note: 

Example

.

But from 17.1.3

and hence

17.2.2 Similarity

Example (see 17.1.3)
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17.2.3 Division by r

1. 

2. 

3. 

17.2.4 Parseval’s Theorem

1.  

2.  for complex signals

3.  

17.2.5 Convolution Identity

Hence

Also   

17.2.6 Moment
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hence

  
Ha r f r

s

v
F s F sv v v{ ( )} ( ) ( )−

− += +[ ]1
1 12

  
Ha r

d

dr
r f r sF sv

v v
v{ [ ( )]} ( )− −
−=1 1

1

  

Ha r
d

dr
r f r sF sv

v v
v

− − +
+[ ]








=1 1
1( ) ( )

F s a f r G s a g rv v v v( ) { ( )}, ( ) { ( )}= =H H

0 0

∞ ∞

∫ ∫=F s G s sds rg r f r drv v( ) ( ) ( ) ( )

0 0

∞
∗

∞
∗∫ ∫=F s G s sds rf r g r drv v( ) ( ) ( ) ( )

0

2

0

2
∞ ∞

∫ ∫=r f r dr s F s ds( ) ( )

  

F( ) ( ) ( ( ) ( ) ) ( ) ( )2 1 1
2

1
2

2 1
2

1
2

1 1
2

1 24∫∫
−∞

∞

+ − + −











=f x y f x x y y dx dy F s F sπ

H Fa f r f r f r f r F s F s0 1 2 2 1 2 1 2

1
2

2{ ( ) ( )} { ( ) ( )} ( ) ( )( )∗ ∗ = ∗ ∗ =
π

π

  
Ha f r f r F s F s0 1 2 1 22{ ( ) ( )} ( ) ( )π = ∗∗

m r f r drn
n=

∞

∫0
( )

  

J sr
sr sr

n
sr

n

n n

0

2

2

4

0

2

2

1
2

1
2 2

1
2

( )
( !)

( )
( !)

= −



 + 



 − = − 





=

∞

∑L

F s a f r
n

s
r f r dr

m

n
s

n

n n
n

n

n
n
n

n( ) { ( )}
( )
( !)

( )
( )

( !)
= = − 



 =

−

=

∞ ∞
+

=

∞
+∑ ∫ ∑H 0

0

2

2

0

2 1

0

2 1
2 2

21
2

1

2

© 1999 by CRC Press LLC



                           
17.3 Examples of Hankel Transform

17.3.1 Example

From

implies that , where pa(r) = 1 for r < a and zero otherwise.

17.3.2 Example

From  we obtain 

17.3.3 Example

From  we obtain   and because of sym-
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17.3.4 Example

If  then from 17.2.5 

.

Hence

,

where  and 0 otherwise.

17.3.5 Example

From the relationship

we find

.

17.3.6 Example

From  and equals zero for s > 2a, 17.2.5 and 17.3.3
we obtain .
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17.3.7 Example

From  and cycles zero for  from  =
;  from  and 17.2.5 we obtain  =

.

17.3.8 Example

 where  and 0 for

r > a is the unit step function. But  (see 25.3.2) and, hence,

.

17.3.9 Example

17.4 Relation to Fourier Transform

17.4.1 Relationship Between Fourier and Hankel Transform

If F(s) is the Hankel transform of f(r), then

1.

2.

17.4.2 Example

If f(r) = pa(r), then

for  But  (see 17.3.1) and, hence,

.

17.4.3 Example
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for  and equals zero for 
Hence

which implies that 

17.5 Hankel Transforms of Order Zero

Table 17.1 lists the Hankel transforms of some particular functions for the important special case ν =
0. Table 17.2 lists Hankel transforms of general order ν. In these tables, u(x) is the unit step function,
Iν and Kν are modified Bessel functions, L0 and H0 are Struve functions, and Ker and Kei are Kelvin
functions as defined in Abramowitz and Stegun.

TABLE 17.1 Hankel Transform of Order Zero 
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Exponential function

Trigonometric function

Other functions

TABLE 17.1 Hankel Transform of Order Zero (continued)
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TABLE 17.2 Hankel Transform of Order νth 
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Exponential function
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TABLE 17.2 Hankel Transform of Order νth (continued)
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