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13.1 Introduction

Detection and classification arise in signal processing problems whenever a decision is to be made
among a finite number of hypotheses concerning an observed waveform. Signal detection algo-
rithms decide whether the waveform consists of “noise alone” or “signal masked by noise.” Signal
classification algorithms decide whether a detected signal belongs to one or another of prespecified
classes of signals. The objective of signal detection and classification theory is to specify systematic
strategies for designing algorithms which minimize the average number of decision errors. This
theory is grounded in the mathematical discipline of statistical decision theory where detection and
classification are respectively called binary and M -ary hypothesis testing [1, 2]. However, signal pro-
cessing engineers must also contend with the exceedingly large size of signal processing datasets,
the absence of reliable and tractible signal models, the associated requirement of fast algorithms,
and the requirement for real-time imbedding of unsupervised algorithms into specialized software
or hardware. While ad hoc statistical detection algorithms were implemented by engineers before
1950, the systematic development of signal detection theory was first undertaken by radar and radio
engineers in the early 1950s [3, 4].

This chapter provides a brief and limited overview of some of the theory and practice of signal
detection and classification. The focus will be on the Gaussian observation model. For more details
and examples see the cited references.
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13.2 Signal Detection

Assume that for some physical measurement a sensor produces an output waveformx = {x(¢) : ¢t €
[0, T} over atime interval [0, T']. Assume that the waveform may have been produced by ambient
noise alone or by an impinging signal of known form plus the noise. These two possibilities are called
the null hypothesis H and the alternative hypothesis K, respectively, and are commonly written in the
compact notation:

H : x = noisealone
K : x =signal + noise.

The hypotheses H and K are called simple hypotheses when the statistical distributions of x under H
and K involve no unknown parameters such as signal amplitude, signal phase, or noise power. When
the statistical distribution of x under a hypothesis depends on unknown (nuisance) parameters the
hypothesis is called a composite hypothesis.

To decide between the null and alternative hypotheses one might apply a high threshold to the
sensor output x and make a decision that the signal is present if and only if the threshold is exceeded
at some time within [0, T']. The engineer is then faced with the practical question of where to set the
threshold so as to ensure that the number of decision errors is small. There are two types of error
possible: the error of missing the signal (decide H under K (signal is present)) and the error of false
alarm (decide K under H (no signal is present)). There is always a compromise between choosing
a high threshold to make the average number of false alarms small versus choosing a low threshold
to make the average number of misses small. To quantify this compromise it becomes necessary to
specify the statistical distribution of x under each of the hypotheses H and K.

13.2.1 The ROC Curve

Let the aforementioned threshold be denoted y. Define the K decision region Rx = {x : x(¢) >
y, forsome ¢ € [0, T']}. This region is also called the critical region and simply specifies the con-
ditions on x for which the detector declares the signal to be present. Since the detector makes
mutually exclusive binary decisions, the critical region completely specifies the operation of the de-
tector. The probabilities of false alarm and miss are functions of y given by Pr4 = P(Rk|H) and
Py = 1—P(Rg|K)where P(A|H)and P(A|K) denote the probabilities of arbitrary event A under
hypothesis H and hypothesis K, respectively. The probability of correct detection Pp = P(Rg|K)
is commonly called the power of the detector and Pr4 is called the level of the detector.

The plot of the pair Pr4 = Pra(y)and Pp = Pp(y) over the range of thresholds —co < y < oo
produces a curve called the receiver operating characteristic (ROC) which completely describes the
error rate of the detector as a function of y (Fig. 13.1). Good detectors have ROC curves which
have desirable properties such as concavity (negative curvature), monotone increase in Pp as Pra
increases, high slope of Pp at the point (Pra, Pp) = (0, 0), etc. [5]. For the energy detection
example shown in Fig. 13.1 it is evident that an increase in the rate of correct detections Pp can
be bought only at the expense of increasing the rate of false alarms Pr4. Simply stated, the job of
the signal processing engineer is to find ways to test between K and H which push the ROC curve
towards the upper left corner of Fig. 13.1 where Pp, is high for low Pg4: this is the regime of Pp and
Pr 4 where reliable signal detection can occur.

13.2.2 Detector Design Strategies

When the signal waveform and the noise statistics are fully known, the hypotheses are simple, and
an optimal detector exists which has a ROC curve that upper bounds the ROC of any other detector,
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FIGURE 13.1: The receiver operating characteristic (ROC) curve describes the tradeoff between
maximizing the power Pp and minimizing the probability of false alarm Pg4 of a test between two
hypotheses H and K. Shown is the ROC curve of the LRT (energy detector) which tests between
H : x = complex Gaussian random variable with variance c2 = 1, vs. K : x = complex Gaussian
random variable with variance 02 = 5 (7dB variance ratio).

i.e., it has the highest possible power Pp for any fixed level Pr4. This optimal detector is called
the most powerful (MP) test and is specified by the ubiquitous likelihood ratio test described below.
In the more common case where the signal and/or noise are described by unknown parameters, at
least one hypothesis is composite, and a detector has different ROC curves for different values of the
parameters (see Fig. 13.2). Unfortunately, there seldom exists a uniformly most powerful detector
whose ROC curves remain upper bounds for the entire range of unknown parameters. Therefore, for
composite hypotheses other design strategies must generally be adopted to ensure reliable detection
performance. There are a wide range of different strategies available including Bayesian detection [5]
and hypothesis testing [6], min-max hypothesis testing [2], CFAR detection [7], unbiased hypothesis
testing [1], invariant hypothesis testing [8, 9], sequential detection [10], simultaneous detection and
estimation [11], and nonparametric detection [12]. Detailed discussion of these strategies is outside
the scope of this chapter. However, all of these strategies have a common link: their application
produces one form or another of the likelihood ratio test.

13.2.3 Likelihood Ratio Test

Here we introduce an unknown parameter 6 to simplify the upcoming discussion on composite
hypothesis testing. Define the probability density of the measurement x as f (x|6) where 6 belongs
to a parameter space ®. It is assumed that f(x|0) is a known function of x and 6. We can now state
the detection problem as the problem of testing between

H : x ~ f(x|9), 00Oy (13.1)
K : x ~ f(x|0), 6 €Ok, (13.2)

where ®y and ®k are nonempty sets which partition the parameter space into two regions. Note
it is essential that ® 5 and Ok be disjoint (O N O = ) so as to remove any ambiguity on the
decisions, and exhaustive (O U ® ¢ = ©) to ensure that all states of nature in ® are accounted for.
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FIGURE 13.2: Eight members of the family of ROC curves for the LRT (energy detector) which tests
between H : x = complex Gaussian random variable with variance 02 = 1, vs. composite K : x =
complex Gaussian random variable with variance 02 > 1. ROC curves shown are indexed over a
range [0dB, 21dB] of variance ratios in equal 3dB increments. ROC curves approach a step function
as variance ratio increases.

Let a detector be specified by a critical region Rg. Then for any pair of parameters 6 € ® g and
0k € Ok the level and power of the detector can be computed by integrating the probability density
f(x]0) over Rk

Pra = / F(x[0)dx. (13.3)
xERK

and
Pp = f f(x]6k)dx. (13.4)
XERK

The hypotheses (13.1) and (13.2) are simple when ® = {0y, 0k} consists of only two values
and Oy = {0y} and O = {0k} are point sets. For simple hypotheses the Neyman-Pearson
Lemma [1] states that there exists a most powerful test which maximizes Pp subject to the constraint
that Pr4 < «, where « is a prespecified maximum level of false alarm. This test takes the form of a
threshold test known as the likelihood ratio test (LRT)

v o

Loy O FC10)
F&10m)

where 7 is a threshold which is determined by the constraint Prs = «

. (13.5)

foo g10m)dl = a. (13.6)
n

Here g(/|6x) is the probability density function of the likelihood ratio statistic L (x) when 6 = 6y. It
must also be mentioned that if the density g (1|0 ) contains delta functionsasimple randomization [1]
of the LRT may be required to meet the false alarm constraint (13.6).

The test statistic L (x) isa measure of the strength of the evidence provided by x that the probability
density f(x|0g) produced x as opposed to the probability density f(x|6). Similarly, the threshold
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n represents the detector designer’s prior level of “reasonable doubt” about the sufficiency of the
evidence — only above a level 7 is the evidence sufficient for rejecting H.

When 6 takes on more than two values at least one of the hypotheses (13.1) or (13.2) are composite,
and the Neyman Pearson lemma no longer applies. A popular but ad hoc alternative which enjoys
some asymptotic optimality properties is to implement the generalized likelihood ratio test (GLRT):

L (x) dzef ma)@[(é@]( f(x|9K)
¢ maXp, co, f(x10H)

(13.7)

T AV X
3

where, if feasible, the threshold » is set to attain a specified level of Pr4. The GLRT can be interpreted
as a LRT which is based on the most likely values of the unknown parameters 6y and 6k, i.e., the
values which maximize the likelihood functions f(x|6g) and f(x|6x), respectively.

13.3 Signal Classification

When, based on a noisy observed waveform x, one must decide among a number of possible signal
waveforms s1, ..., s, p > 1, we have a p-ary signal classification problem. Denoting f(x|6;) the
density function of x when signal s; is present, the classification problem can be stated as the problem
of testing between the p hypotheses

Hi : x~ f(x]|61),01 € ©1

H, @ x~f(x|6,),6, €0,

where ©; is a space of unknowns which parameterize the signal s;. As before, it is essential that the
hypotheses be disjoint, which is necessary for { f (x |9,-)}j.”:1 to be distinct functions of x forall 9; € ®;,
i =1,..., p, and that they be exhaustive, which ensures that the true density of x is included in
one of the hypotheses. Similarly to the case of detection, a classifier is specified by a partition of the
space of observations x into p disjoint decision regions Ry, .. ., Rp,. Only p — 1 of these decision
regions are needed to specify the operation of the classifier. The performance of a signal classifier is
characterized by its set of p misclassification probabilities Py, =1 — P(x € Ry, |H1), ..., Py, =
P(x € Ru,|H)). Unlike the case of detection (p = 2), even for simple hypotheses, where ©; = {6;}
consists of a single point, i = 1, ..., p, optimal p-ary classifiers that uniformly minimize all Py,’s
do not exist. However, classifiers can be designed to minimize other weaker criteria such as average
misclassification probability % Z{’Zl Py, [5], worst case misclassification probability max Py, [2],
Bayes posterior misclassification probability [12], and others.

The maximum likelihood (ML) classifier is a popular classification technique which is closely
related to maximum likelihood parameter estimation. This classifier is specified by the rule

decide H; ifand only if maxy,co; f(x|0;) > max. max,co, f(x16k), j=1,...,p. (138)
When the hypotheses Hy, ..., H, are simple, the ML classifier takes the simpler form:
decide H; ifand only if f;(x) > max, fi(x), j=1,...,p

where fi = f(x|6x) denotes the known density function of x under Hy. For this simple case it can
be shown that the ML classifier is an optimal decision rule which minimizes the total misclassifica-
tion error probability, as measured by the average % Zf:l Py;. In some cases a weighted average

1v-P i i i ifinati i
5 Y i1 Bi Pu; is a more appropriate measure of total misclassification error, e.g., when g; is the
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prior probabilityof H;,i =1, ..., p, Zf’zl Bi = 1. For this latter case, the optimal classifier is given
by the maximum a posteriori (MAP) decision rule [5, 13]

decide H; ifand only if f;(x)B; > max. fi(x)Be, j=1...,p.

13.4 The Linear Multivariate Gaussian Model

Assume that X is an m x n matrix of complex valued Gaussian random variables which obeys the
following linear model [9, 14]
X=ASB+W (13.9)

where A, S, and B are rectangular m x ¢, g x p, and p x n complex matrices, and Wisanm x n
matrix whose n columns are i.i.d. zero mean circular complex Gaussian vectors each with positive
definite covariance matrix R,,. We will assume that n > m. This model is very general, and, as will
be seen in subsequent sections, covers many signal processing applications.

A few comments about random matrices are now in order. If Z is an m x n random matrix the
mean, E[Z], of Z is defined as the m x n matrix of means of the elements of Z, and the covariance
matrix is defined as the mn x mn covariance matrix of the mn x 1 vector, vec[Z], formed by stacking
columns of Z. When the columns of Z are uncorrelated and each have the same m x m covariance
matrix R, the covariance of Z is block diagonal:

covZ]=R®I,. (13.10)

where |, is the n x n identity matrix. For p x g matrix C and r x s matrix D the notation C ® D
denotes the Kronecker product which is the following pr x ¢s matrix:

Cdix Cdip ... Cdy
Cdo1 Cdop ... Cdy
C®D= . . . . (13.11)
Cda Cdo ... Cdy
The density function of X has the form [14]
L0 — 1 Hp-1
FOG6) = e exp(-tr [[x — ASB][X — ASBI"'R;, }) , (13.12)

where |C| is the determinant and tr{D} is the trace of square matrices C and D, respectively. For
convenience we will use the shorthand notation

X~ Nun(ASB, Ry, ® 1)

which is to be read as X is distributed as an m x n complex Gaussian random matrix with mean ASB,
and covariance R, ® |,,

In the examples presented in the next section, several distributions associated with the com-
plex Gaussian distribution will be seen to govern the various test statistics. The complex non-
central chi-square distribution with p degrees of freedom and vector of noncentrality parameters
(p, d) plays a very important role here. This is defined as the distribution of the random variable

x2(p, d) d=ef Zf’zl d;|zi 1%+ p where the z;'s are independent univariate complex Gaussian random

variables with zero mean and unit variance and where p is scalar and d is a (row) vector of positive
scalars. The complex noncentral chi-square distribution is closely related to the real noncentral
chi-square distribution with 2p degrees of freedom and noncentrality parameters (p, diag([d, d1))
defined in [14]. Thecaseof p = 0andd = [1, ..., 1] corresponds to the standard (central) complex
chi-square distribution. For derivations and details on this and other related distributions see [14].
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13.5 Temporal Signals in Gaussian Noise

Consider the time-sampled superposed signal model

p
x(t) =Y sibjt) +wt), i=1....n,
j=1

where here we interpret ¢; as time; but it could also be space or other domain. The temporal signal
waveformsgj =[bj(t1),...,bjt)I", j =1,..., p,areassumed to be linearly independent where
p < n. The scalar s; is a time-independent complex gain applied to the jth signal waveform. The
noise w(t) is complex Gaussian with zero mean and correlation function r,, (¢, ) = E[w(t)w*(7)].
By concatenating the samples into a column vector x = [x(f1), ..., x(t,)]7 the above model is
equivalent to:

x =Bs+w, (13.13)

where B = [by, ..., b,l,s =1ls1,..., sp17. Therefore, the density function (13.12) applies to the
vector x = x” withR,, = cov(w),m =¢ =1,and A = 1.

13.5.1 Signal Detection: Known Gains

For knowngain factors s;, knownsignal waveforms b;, and known noise covariance R,,,, the LRT (13.5)
is the most powerful signal detector for deciding between the simple hypotheses H : x ~ N, (0, Ry)
vs. K : x ~ N, (Bs, Ry). The LRT has the form

Vo

L(x):exp(—Z*Re {LHR;lB§]+§HBHR;1B§> > (13.14)
H

This test is equivalent to a linear detector with critical region Rx = {x : T(x) > y} where

T(0) = Re [x"R}s, |
ands, =Bs = ;’:1 sjb; is the observed compound signal component.

Under both hypotheses H and K the test statistic 7" is Gaussian distributed with common variance
but different means. It is easily shown that the ROC curve is monotonically increasing in the
detectability index p = s”Ry1s... Itis interesting to note that when the noise is white, R, = o2,
and the ROC curve depends on the form of the signals only through the signal-to-noise ratio (SNR)

.12
p= ”% In this special case the linear detector can be written in the form of a correlator detector

n K
T(x) = Re{Zs:(ti)x(z,-)] oy
i=1 H
where s. (1) = 5’:1 s;bj(t). When the sampling times #; are equispaced, e.g., t; = i, the correlator
takes the form of a matched filter
n K
T(x) = Re {Zh(n - i)x(i)} .z
i=1 H

where h(i) = s¥(—i). Block diagrams for the correlator and matched filter implementations of the
LRT are shown in Figs. 13.3 and 13.4.
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FIGURE 13.3: The correlator implementation of the most powerful LRT for signal component
sc(t;) in additive Gaussian white noise. For nonwhite noise a prewhitening transformation must be
performed on x(z;) and s.(z;) prior to implementation of correlator detector.

K

x(i) T(x)
——  h(i) Re 2
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FIGURE 13.4: The matched filter implementation of the most powerful LRT for signal compo-
nent s.(i) in additive Gaussian white noise. Matched filter impulse response is A(i) = s} (—i).
For nonwhite noise a prewhitening transformation must be performed on x(i) and s.(i) prior to
implementation of matched filter detector.

13.5.2 Signal Detection: Unknown Gains

When the gains s; are unknown the alternative hypothesis K is composite, the critical region R g
depends on the true gains for p > 1, and no most powerful test for H : x ~ N,(0,Ry) vs.
K : x ~ N,(Bs, Ry) exists. However, the GLRT (13.7) can easily be derived by maximizing the
likelihood ratio for known gains (13.14) over s. Recalling from least squares theory that miny(x —
Bs)”R;1(x —Bs) = x#R;1x — x ¥R 1B[BA R, 1B] 1B/ R 1x the GLRT can be shown to take the
form

T(x) = x"R,'BIBYR,'BI B R, 2 .

TAV X

A more intuitive form for the GLRT can be obtained by expressing 7, in terms of the prewhitened
1

_1 . _1 1
observations ¥ = R,,%x and prewhitened signal waveform matrix B = R,, B, where R,,? is the
right Cholesky factor of R;;*

=

T, (x) = |B[B" B 18" 72 (13.15)

B[B"B1-18" is the idempotent n x n matrix which projects onto column space of the prewhitened
signal waveform matrix B (whitened signal subspace). Thus, the GLRT decides that some linear
combination of the signal waveforms b, .. ., b, is present only if the energy of the component of x
lying in the whitened signal subspace is sufficiently large.
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Under the null hypothesis the test statistic 7 is distributed as a complex central chi-square random
variable with p degrees of freedom, while under the alternative hypothesis 7, is noncentral chi-square
with noncentrality parameter vector (gHBHRngg, 1). The ROC curve is indexed by the number of
signals p and the noncentrality parameter but is not expressible in closed form for p > 1.

13.5.3 Signal Detection: Random Gains

In some cases a random Gaussian model for the gains may be more appropriate than the unknown
gain model considered above. When the p-dimensional gain vector s is multivariate normal with
zero mean and p x p covariance matrix Ry the compound signal component s. = Bs is an n-
dimensional random Gaussian vector with zero mean and rank p covariance matrix BR;B. A
standard assumption is that the gains and the additive noise are statistically independent. The
detection problem can then be stated as testing the two simple hypotheses H : x ~ N, (0, R,) vs.
K : x ~ N,(0,BRyB¥ +R,). It can be shown that the most powerful LRT has the form

14 A 1 )
T(x)= Z (m) |27Rw2£|

i=1

V. (13.16)

T AV X

1 H
where {Ai}f’zl are the nonzero eigenvalues of the matrix Ry 2BR,BR, 2 and {yi}f’zl are the
associated eigenvectors. Under H the test statistic 7'(x) is distributed as complex noncentral
chi-square with p degrees of freedom and noncentrality parameter vector (0,d ;) where d; =
(A1/(1 4+ A1), ..., Ap/(1 4+ A,)]. Under the alternative hypothesis T is also distributed as non-
central complex chi-square, however, with noncentrality vector (0, d ;) where d ;. are the nonzero
eigenvalues of BRyB# . The ROC is not available in closed form for p > 1.

13.5.4 Signal Detection: Single Signal

We obtain a unification of the GLRT for unknown gain and the LRT for random gain in the case of
a single impinging signal waveform: B = by, p = 1. In this case the test statistic 7, in (13.15) and
T in (13.16) reduce to the identical form and we get the same detector structure

|)_CHR;1l21|2

bR, by "

T AV X

This establishes that the GLRT is uniformly most powerful over all values of the gain parameter s for
p = 1. Note that even though the form of the unknown parameter GLRT and the random parameter
LRT are identical for this case, their ROC curves and their thresholds ¢ will be different since the
underlying observation models are not the same. When the noise is white the test simply compares
the magnitude squared of the complex correlator output "'_, b} (1;)x(;) to a threshold y.

13.6 Spatio-Temporal Signals

Consider the general spatio-temporal model
q P
x(t) =) a; Yy siphe(t) +w@), i=1....n
j=1 k=1

This model applies to a wide range of applications in narrowband array processing and has been
thoroughly studied in the context of signal detection in [14]. The m-element vector x(z;) is a
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snapshot at time #; of the m-element array response to p impinging signals arriving from ¢ different
directions. The vector a; is a known steering vector which is the complex response of the array to
signal energy arriving from the jth direction. From this direction the array receives the superposition
>, sjkby of p known time varying signal waveforms b, = [bi(t1), ... be(t)1T k= 1,..., p.
The presence of the superposition accounts for both direct and multipath arrivals and allows for more
signal sources than directions of arrivals when p > ¢. The complex Gaussian noise vectors w(z;)
are spatially correlated with spatial covariance cov[w(#;)] = R, but are temporally uncorrelated
covlw(#), w(t;)1 =0,i # j.

By arranging the » column vectors {x (#;)}7_, inanm x n matrix X we obtain the equivalent matrix
model

X = ASBH +w,

where S = (s,- j) isa g x p matrix whose rows are vectors of signal gain factors for each different
direction of arrival, A = [aq, ... ,a,l isan m x g matrix whose columns are steering vectors for
different directions of arrival, and B = [b;, ...,QP]T isa p x n matrix whose rows are different
signal waveforms. To avoid singular detection it is assumed that A is of rank ¢, ¢ < m, and that B is
of rank p, p < n. We consider only a few applications of this model here. For many others see [14].

13.6.1 Detection: Known Gains and Known Spatial Covariance

First we assume the gain matrix S and the spatial covariance R,, are known. This case is only
relevant when one knows the direct path and multipath geometry of the propagation medium (S), the
spatial distribution of the ambient (possibly coherent) noise (R,,), the g directions of the impinging
superposed signals (A), and the p signal waveforms (B). Here, the detection problem is stated in
terms of the simple hypotheses H : X ~ N, (0,Ry, ® 1) vs. K : X ~ N, (ASB, R, ® I,,). For
this case, the LRT (13.5) is the most powerful test and, using (13.12), has the form

T(x) = Re (tr |AH R;IXBHsH })

T AV X
<

Since the test statistic is Gaussian under H and K the ROC curve is of similar form to the ROC for
detection of temporal signals with known gains.

1 1

Identifying the quantities X = R,,2X and A = R,,2A as the spatially whitened measurement
matrix and spatially whitened array response matrix, respectively, the test statistic 7 can be interpreted
as a multivariate spatiotemporal correlator detector. In particular, when there is only one signal
impinging on the array from a single direction then p = ¢ = 1, A = & a column vector, B = b a
row vector, S = s a complex scalar, and the test statistic becomes

T(x) = Re {QH G X bt s*}

3
3

In the above the multiplication notation -5 and -; is used to simply emphasize the respective matrix
multiplication operations (correlation) which occur over the spatial domain and the time domain. It
can be shown that the ROC curve monotonically increases in the detectability index p = na”’R;%a -
sl
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13.6.2 Detection: Unknown Gains and Unknown Spatial Covariance

By assuming the gain matrix S and R,, to be unknown, the detection problem becomes one of
testing for noise alone against noise plus p coherent signal waveforms, where the waveforms lie in
the subspace formed by all linear combinations of the rows of B but are otherwise unknown. This
gives a composite null and alternative hypothesis for which the generalized likelihood ratio test can
be derived by maximizing the known-gain likelihood ratio over the gain matrix S. The result is the

GLRT [14]
21
AHR A

To(x) = 12

T AV X

[APR |
AR, A
where | - | denotes the determinant, Ry = %XXH is a sample estimate of the spatial covariance matrix

using all of the snapshots, and Rx = 2X[l, — BH[BB#]~1B]X* is the sample estimate using only
those components of the snapshots lying outside of the row space of the signal waveform matrix B.
To gain insight into the test statistic 7, consider the asymptotic convergence of 7, as the number

of snapshots n goes to infinity. By the strong law R converges to the covariance matrix of X[l,, —
B”[BB#1~1B]. Since I, — B”[BB#1~1B annihilates the signal component ASB, this covariance is
the same quantity R, R < R,,, under both H and K. On the other hand, R ;7 converges to R,, under H
while it converges to R,, + ASBB S” A# under K. Hence when strong signals are present T, tendsto
take on very large values near the quantity (JA¥R=2A[) / (JA#[R,, + ASBBHSHAH 1AM ) » 1.

The distribution of T, under H (K') can be derived in terms of the distribution of a sum of central
(noncentral) complex beta random variables. See [14] for discussion of performance and algorithms
for data recursive computation of T,. Generalizations of this GLRT exist which incorporate nonzero
mean [14, 15].

13.7 Signal Classification

Typical classification problems arising in signal processing are: classifying an individual signal wave-
form out of a set of possible linearly independent waveforms, classifying the presence of a particular
set of signals as opposed to other sets of signals, classifying among specific linear combinations of
signals, and classifying the number of signals present. The problem of classification of the number
of signals, also known as the order selection problem, is treated elsewhere in this Handbook. While
the Gaussian spatiotemporal model could be treated in analogous fashion, for concreteness we focus
on the case of the temporal signal model (13.13).

13.7.1 Classifying Individual Signals

Here itis of interest to decide which one of the p-scaled signal waveforms s1b;, . .., spb,, are present

in the observations x = [x(t1), ... x(t,)]7. Denote by Hy the hypothesis that x = skbx + w. Signal
classification can then be stated as the problem of testing between the following simple hypotheses

Hi @ x=s1bj+w

H, : x=spb,+w

For known gain factors s, known signal waveforms b,, and known noise covariance R,,, these
hypotheses are simple, the density function f(x|sx, by) = N, (skb;, Ryw) under Hj involves no
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unknown parameters, and the maximum likelihood classifier (13.8) reduces to the decision rule
decide H; ifand only if j = argmin,_; ,(x — sebp) ¥Ry Ha — seby) - (13.17)

Thus, the classifier chooses the most likely signal as that signal sjb; which has minimum normalized

distance from the observed waveform x. The classifier can also be interpreted as a minimum distance

classifier which chooses the signal which minimizes the Euclidean distance ||x — sxb, || between the
1 1

prewhitened signal b, = R,,2b, and the prewhitened measurement ¥ = R,, 2 x.

Written in the minimum normalized distance form, the ML classifier appears to involve nonlinear
statistics. However, an obvious simplification of (13.17) reveals that the ML classifier actually only
requires computing linear functions of x

..... Yy si) — 3lsel? bR By} -

Note that this linear reduction only occurs when the covariances R, are identical under each Hy,
k=1,..., p. Inthis case the ML classifier can be implemented using prewhitening filters followed
by a bank of correlators or matched filters, an offset adjustment, and a maximum selector (Fig. 13.5).

n
> | —Re e
i=]
5i(t;) d,
-x(ti) S max J max
n
Y, Re +
i=1
S;(t,') (4,
FIGURE 13.5: The ML classifier for classifying presence of one of p signals s;(;) d=ef sjb; (1),
Jj =1,..., p,under additive Gaussian white noise. d; = —%|sj|2 ||l_)j||2 is an offset and jy,, is the

index of correlator output which is maximum. For nonwhite noise a prewhitening transformation
must be performed on x(z;) and the b; (#;)’s prior to implementation of ML classifier.

An additional simplification occurs when the noise is white, R,, = 1,,, and all signal energies
|sk|2||Q,€’ |2 are identical: the classifier chooses the most likely signal as that signal b;(t;)s; which is
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maximally correlated with the measurement x:

decide H;ifandonlyif j = argmax ,_; ,Re (sk Zb,f(t,-)x(t,»)) .
i=1

The decision regions Ry, = {x : decide Hy} induced by (13.17) are piecewise linear regions,
known as Voronoi cells V, centered at each of the prewhitened signals skék. The misclassification
error probabilities Py, = 1 — P(x € Ry, |Hy) = 1 — ferk f (x|Hy)dx must generally be com-
puted by integrating complex multivariate Gaussian densities f (x|Hy) = Ny (skby. Ry) over these
regions. In the case of orthogonal signals lgiR;ll_zj = 0,7 # j, this integration reduces to a single
integral of a univariate AV1(ox, px) density function times the product of p — 1 univariate A7(0, p;)
cumulative distribution functions, i = 1, ..., p,i # k, where p; = QfR;lgk. Even for this case
no general closed form expressions for Py, is available. However, analytical lower bounds on Py,
and on average misclassification probability % Z,le Py, can be used to qualitatively assess classifer
performance [12].

13.7.2 Classifying Presence of Multiple Signals

We conclude by treating the problem where the signal component of the observation is the linear
combination of one of J hypothesized subsets S, k = 1, ..., J, of the signal waveforms b,, ..., b ,.
Assume that subset S; contains py signals and that the Si, k = 1,..., J, are disjoint, i.e., they
do not contain any signals in common. Define the n x p; matrix B; whose columns are formed
from the subset S;.. We can now state the classification problem as testing between the J composite
hypotheses

Hi : x=Bis;+w, s;e€eC™

. _ pJ
Hy @ x=Bys;+w, s5,€C

where s, is a column vector of p; unknown complex gains.

The density function under Hy, f(x|sy.Bx) = N, (Bks;, Ry), is a function of unknown pa-
rameters s, and, therefore, the ML classifier (13.8) involves finding the largest among maximized
likelihoods max;, f(x|s;,Bk), k =1,...,J. Thisyields the following form for the ML classifier:

decide H; ifand only if j = argmin,_; ; (x — Bkgk)H Ryt (x — Bidy). (13.18)
where §, = [BF/R>1B,] " BF Ry is the maximum likelihood gain vector estimate. The decision
regions are once again piecewise linear but with Voronoi cells having centers at the least squares
estimates of the hypothesized signal components B;s,, k =1, ..., J.

Similarly to the case of noncomposite hypotheses considered in the previous subsection, a simpli-
fication of (13.18) is possible

decide H; if and only if j = argmax,_; _,x#R;By [BHER-1B,] *BIR;Lx

1 N _1
Defining the prewhitened versions ¥ = R, °x and B; = R,,°B; of the observations and the kth
signal matrix, the ML classifier is seen to decide that the linear combination of the p; signals in H;

is present when the length ||I§,-[I§7I§j]‘1l§f] %|| of the projection of ¥ onto the jth signal space
(colspan{B ;1) is greatest. This classifer can be implemented as a bank of p adaptive matched filters
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each matched to one of the least squares estimates B¢5,, k = 1, ..., p, of the prewhitened signal
component. Under any H; the quantities x/ Ry, 1B, [B Ry 1B, 171R, x, k = 1, ... J, aredistributed
as complex noncentral chi-square with p; degrees of freedom. For the special case of orthogonal
prewhitened signals QiRllej = 0,i # j, these variables are also statistically independent and Py,
can be computed as a one-dimensional integral of a univariate noncentral chi-square density times
the product of J — 1 univariate noncentral chi-square cumulative distribution functions.
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