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38.1 Introduction

The idea of a lapped transform (LT) maintaining orthogonality and non-expansion of the samples
was developed in the early 1980s at MIT by a group of researchers unhappy with the blocking artifacts
so common in traditional block transform coding of images. The idea was to extend the basis function
beyond the block boundaries, creating an overlap, in order to eliminate the blocking effect. This idea
was not new, but the new ingredient to overlapping blocks would be the fact that the number of
transform coefficients would be the same as if there was no overlap, and that the transform would
maintain orthogonality. Cassereau [1] introduced the lapped orthogonal transform (LOT), and
Malvar [5, 6, 7] gave the LOT its design strategy and a fast algorithm. The equivalence between an
LOT and a multirate filter bank was later pointed out by Malvar [9]. Based on cosine modulated
filter banks [15], modulated lapped transforms were designed [8, 25]. Modulated transforms were
generalized for an arbitrary overlap later creating the class of extended lapped transforms (ELT) [10]–
[13]. Recently a new class of LTs with symmetric bases was developed yielding the class of generalized
LOTs (GenLOT) [17, 19, 20]. As we mentioned, filter banks and LTs are the same, although studied
independently in the past. We, however, refer to LTs for paraunitary uniform FIR filter banks with
fast implementation algorithms based on special factorizations of the basis functions.

We assume a one-dimensional input sequence x(n) which is transformed into several coefficients
yi(n), whereyi(n)wouldbelong to the ith subband. Wealsowill use thediscrete cosine transform[23]
and another cosine transform variation, which we abbreviate as DCT and DCT-IV (DCT type 4),
respectively [23].

38.2 Orthogonal Block Transforms

In traditional block-transform processing, such as in image and audio coding, the signal is divided
into blocks of M samples, and each block is processed independently [2, 3, 12, 14, 22, 23, 24]. Let
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the samples in the mth block be denoted as

xT
m = [x0(m), x1(m), . . . , xM−1(m)] , (38.1)

for xk(m) = x(mM + k) and let the corresponding transform vector be

yT
m = [y0(m), y1(m), . . . , yM−1(m)] . (38.2)

For a real unitary transform A, AT = A−1. The forward and inverse transforms for the mth block
are

ym = Axm , (38.3)

and
xm = AT ym . (38.4)

The rows of A, denoted aT
n (0 ≤ n ≤ M − 1), are called the basis vectors because they form

an orthogonal basis for the M-tuples over the real field [24]. The transform vector coefficients
[y0(m), y1(m), . . . , yM−1(m)] represent the corresponding weights of vector xm with respect to this
basis.

If the input signal is represented by vector x while the subbands are grouped into blocks in vector
y, we can represent the transform T which operates over the entire signal as a block diagonal matrix:

T = diag {. . . , A, A, A, . . .} , (38.5)

where, of course, T is an orthogonal matrix.

38.2.1 Orthogonal Lapped Transforms

For lapped transforms [12], the basis vectors can have length L, such that L > M , extending
across traditional block boundaries. Thus, the transform matrix is no longer square and most of
the equations valid for block transforms do not apply to an LT. We will concentrate our efforts on
orthogonal LTs [12] and consider L = NM , where N is the overlap factor. Note that N , M , and hence
L are all integers. As in the case of block transforms, we define the transform matrix as containing
the orthonormal basis vectors as its rows. A lapped transform matrix P of dimensions M × L can
be divided into square M × M submatrices Pi (i = 0, 1, . . . , N − 1) as

P = [P0 P1 · · · PN−1] . (38.6)

The orthogonality property does not hold because P is no longer a square matrix and it is replaced
by other properties which we will discuss later.

If we divide the signal into blocks, each of size M , we would have vectors xm and ym such as in 38.1
and 38.2. These blocks are not used by LTs in a straightforward manner. The actual vector which
is transformed by the matrix P has to have L samples and, at block number m, it is composed of
the samples of xm plus L − M samples. These samples are chosen by picking (L − M)/2 samples
at each side of the block xm, as shown in Fig. 38.1, for N = 2. However, the number of transform
coefficients at each step is M , and, in this respect, there is no change in the way we represent the
transform-domain blocks ym.
The input vector of length L is denoted as vm, which is centered around the block xm, and is defined
as

vT
m =

[
x

(
mM − (N − 1)

M

2

)
· · · x

(
mM + (N + 1)

M

2
− 1

)]
. (38.7)
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FIGURE 38.1: The signal samples are divided into blocks of M samples. The lapped transform uses
neighboring block samples, as in this example for N = 2, i.e., L = 2M , yielding an overlap of
(L − M)/2 = M/2 samples on either side of a block.

Then, we have

ym = Pvm . (38.8)

The inverse transform is not direct as in the case of block transforms, i.e., with the knowledge of
ym we do not know the samples in the support region of vm, and neither in the support region of xm.
We can reconstruct a vector v̂m from ym, as

v̂m = PT ym . (38.9)

where v̂m 6= vm. To reconstruct the original sequence, it is necessary to accumulate the results
of the vectors v̂m, in a sense that a particular sample x(n) will be reconstructed from the sum of
the contributions it receives from all v̂m, such that x(n) was included in the region of support of
the corresponding vm. This additional complication comes from the fact that P is not a square
matrix [12]. However, the whole analysis-synthesis system (applied to the entire input vector) is
orthogonal, assuring the PR property using 38.9.

We can also describe the process using a sliding rectangular window applied over the samples of
x(n). As an M-sample, block ym is computed using vm, ym+1 is computed from vm+1 which is
obtained by shifting the window to the right by M samples, as shown in Fig. 38.2.

FIGURE 38.2: Illustration of a lapped transform with N = 2 applied to signal x(n), yielding
transform domain signal y(n). The input L-tuple as vector vm is obtained by a sliding window
advancing M samples, generating ym. This sliding is also valid for the synthesis side.

As the reader may have noticed, the region of support of all vectors vm is greater than the region
of support of the input vector. Hence, a special treatment has to be given to the transform at the
borders. We will discuss this fact later and assume infinite-length signals until then, or assume the
length is very large and the borders of the signal are far enough from the region to which we are
focusing our attention.
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If we denote by x the input vector and by y the transform-domain vector, we can be consistent
with our notation of transform matrices by defining a matrix T such that y = Tx and x̂ = TT y. In
this case, we have

T =




. . .

P
P

P
. . .




. (38.10)

where the displacement of the matrices P obeys the following

T =




. . .
. . .

. . .

P0 P1 · · · PN−1
P0 P1 · · · PN−1

. . .
. . .

. . .


 . (38.11)

T has as many block-rows as transform operations over each vector vm.
Let the rows of P be denoted by 1×L vectors pT

i (0 ≤ i ≤ M − 1), so that PT = [p0, · · · , pM−1].
In an analogy to the block transform case, we have

yi(m) = pT
i vm . (38.12)

The vectors pi are the basis vectors of the lapped transform. They form an orthogonal basis for an
M-dimensional subspace (there are only M vectors) of the L-tuples over the real field.

Assuming that theentire inputandoutput signals are representedby thevectorsxandy, respectively,
and that the signals have infinite length, then, from 38.10, we have

y = Tx (38.13)

and, if T is orthogonal,

x = TT y . (38.14)

The conditions for orthogonality of the LT are expressed as the orthogonality of T. Therefore,
the following equations are equivalent in a sense that they state the PR property along with the
orthogonality of the LT.

N−1−l∑
i=0

PiP
T
i+l =

N−1−l∑
i=0

PT
i Pi+l = δ(l)IM . (38.15)

TTT = TT T = I∞ (38.16)

It is worthwhile to reaffirm that orthogonal LTs are a uniform maximally decimated FIR filter
bank. Assume the filters in such a filter bank have L-tap impulse responses fi(n) and gi(n) (0 ≤
i ≤ M − 1,0 ≤ n ≤ L − 1), for the analysis and synthesis filters, respectively. If the filters originally
have a length smaller than L, one can pad the impulse response with 0s until L = NM . In other
words, we force the basis vectors to have a common length which is an integer multiple of the block
size. Assume the entries of P are denoted by {pij }. One can translate the notation from LTs to filter
banks by using

pkn = fk(L − 1 − n) = gk(n) (38.17)
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38.3 Useful Transforms

38.3.1 Extended Lapped Transform (ELT)

Cosine modulated filter banks are filter banks based on a low-pass prototype filter modulating a
cosine sequence. By a proper choice of the phase of the cosine sequence, Malvar developed the
modulated lapped transform (MLT) [8], which led to the so-called extended lapped transforms
(ELT) [10, 11, 12, 13]. The ELT allows several overlapping factors N , generating a family of LTs with
good filter frequency response and fast implementation algorithm.

In the ELTs, the filter lengthL is basically an even multiple of the block sizeM , asL = NM = 2kM .
The MLT-ELT class is defined by

pk,n = h(n) cos

[(
k + 1

2

) ((
n − L − 1

2

)
π

M
+ (N + 1)

π

2

)]
(38.18)

for k = 0, 1 . . . , M −1and n = 0, 1, . . . , L−1. h(n) is a symmetric window modulating the cosine
sequence and the impulse response of a low-pass prototype (with cutoff frequency at π/2M) which
is translated in frequency to M different frequency slots in order to construct the uniform filter bank.
The ELTs have as their major plus a fast implementation algorithm, which is depicted in Fig. 38.3
in an example for M = 8. The free parameters in the design of an ELT are the coefficients of the
prototype filter. Such degrees of freedom are translated in the fast algorithm as rotation angles.

For the case N = 4 there is a useful parameterized design [11, 12, 13]. In this design, we have:

θk0 = −π

2
+ µM/2+k (38.19)

θk1 = −π

2
+ µM/2−1−k (38.20)

where

µi =
[(

1 − γ

2M

)
(2k + 1) + γ

]
(38.21)

andγ is a control parameter, for 0 ≤ k ≤ (M/2)−1. γ controls the trade-off between the attenuation
and transition region of the prototype filter. For N = 4, the relation between angles and h(n) is:

h(k) = cos(θk0) cos(θk1) (38.22)

h(M − 1 − k) = cos(θk0) sin(θk1) (38.23)

h(M + k) = sin(θk0) cos(θk1) (38.24)

h(2M − 1 − k) = − sin(θk0) sin(θk1) (38.25)

for k = 0, 1, . . . , M/2 − 1. See [12] for optimized angles for ELTs. Further details on ELTs can be
found in [10, 11, 12, 13, 17].

38.3.2 Generalized Linear-Phase Lapped Orthogonal Transform
(GenLOT)

The generalized linear-phase lapped orthogonal transform (GenLOT) is also a useful family of LTs
possessing symmetric bases (linear-phase filters). The use of linear-phase filters is a popular require-
ment in image processing applications. Let

W = 1√
2

[
IM/2 IM/2
IM/2 −IM/2

]
and 9i =

[
Ui 0M/2

0M/2 Vi

]
, (38.26)
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FIGURE 38.3: Implementation flow-graph for the ELT with M = 8.

where Ui and Vi can be any M/2 × M/2 orthogonal matrices. Let the transform matrix P for the
GenLOT be constructed interactively. Let P(i) be the partial reconstruction of P after including up to
the ith stage. We start by setting P(0) = E0 where E0 is an orthogonal matrix with symmetric rows.
The recursion is given by:

P(i) = 9iWZ

[
WP(i−1) 0M

0M WP(i−1)

]
(38.27)

where

Z =
[

0M/2 0M/2 IM/2 0M/2
0M/2 IM/2 0M/2 0M/2

]
. (38.28)

At the final stage we set P = P(N−1). E0 is usually the DCT while the other factors (Ui and Vi)
are found through optimization routines. More details on GenLOTs and their design can be found
in [17, 19, 20]. The implementation flow-graph of a GenLOT with M = 8 is shown in Fig. 38.4.

38.4 Remarks

We hope this introductory work is helpful in understanding the basic concepts of lapped transforms.
Filter banks are covered in other parts of this book. An excellent book by Vaidyanathan [28] has
a thorough coverage of such subject. The interrelations of filter banks and LTs are well covered by
Malvar [12] and Queiroz [17]. For image processing and coding, it is necessary to process finite-
length signals. As we discussed, such an issue is not so straightforward in a general case. Algorithms
to implement LTs over finite-length signals are discussed in [7, 12, 16, 17, 18, 21]. These algorithms
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FIGURE 38.4: Implementation flow-graph for the GenLOT with M = 8, where β = 2N−1.

can be general or specific. The specific algorithms are generally targeted to a particular LT invariantly
seeking a very fast implementation. In general, Malvar’s book [12] is an excellent reference for lapped
transforms and their related topics.
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