4

Other constructions of wavelets

We have constructed several types of wavelets in the previous chapters.
Among them, the Haar wavelet, that appeared as an example of a mul-
tiresolution analysis (see Examples A and B of Chapter 2). This wavelet
is obtained by taking Vj to be the space of all functions in L*(R) which
are constant on intervals of the form [k, k + 1], ¥ € Z. It is natural to
generalize this construction by allowing a greater degree of smoothness for
the functions of V. By doing so we obtain the Franklin and more general
spline wavelets in the next two sections. It is important to indicate that
these functions, that have been used in applications for more than 25 years,
have found a natural and most useful place in the recent theory of wavelets.

The previous chapters treat the case of orthonormal wavelets in L*(R).
There is a procedure to periodize the wavelets defined on the real line
and obtain orthonormal, periodic wavelets for L*(T). This is presented
successively in section 4.3 (for the Franklin wavelets), in section 4.4 (for the
more general spline wavelets) and in section 4.5 (for very general wavelets
arising from multiresolution analyses).

4.1 Franklin wavelets on the real line

We shall show how to construct a piecewise linear continuous function
on R which is an orthonormal wavelet, and we will show that it is unique in
a sense that is described below. This will be called a Franklin wavelet. We
will construct this wavelet using the notion of a multiresolution analysis
(MRA) introduced in Chapter 2.
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Let Vp be the space of all functions f € L?(R) which are continuous
on R and linear when restricted to each interval of the form [k, k + 1],
k € Z. Define V;, j € Z, as the space of all functions f € L*(R) such that
f(2779-) € Vj; the functions in V; are continuous on R and linear on each
interval of the form [277k,277(k + 1)], k € Z. Tt is clear that properties
(1.1), (1.2), (1.3) and (1.4) of the definition of a multiresolution analysis
(see section 2.1) are satisfied by this sequence of subspaces. In order to show
property (1.5) (on page 44) of an MRA we need to find a scaling function;
that is, a function ¢ in V) whose integer translates form an orthonormal
basis of V. We begin by studying the functions in Vj.

It is clear that the sequence of values {f(k)}rez completely determines
the general function f € V4. In fact, this sequence {f(k)}rez must belong
to £*(Z) and, conversely, any such sequence determines a unique function
f € Vo. We shall show, in fact,

U gy < 1 5e < B[, forall feVe. (11)
The linearity of f on [k, k + 1] allows us to write

k+1 1 )
/ |f(m)\2dx=/ [(1=t)f(k)+tf(k+1)] dt
k 0

PR+ B+ 1) FR)f(k+1)
3 * 3 '

Now observe that

R+ R D FRP+ R DP | fR)f(k+D)
6 - 3

<

3
[f(B)]? + [f(k+ 1))
2

But

=3 [ 1@ia

k=—o0

and, therefore, the above inequalities give us (1.1), since

Z[f(k)]Q = ||{f(k)}Hj2(z)'

kEZ
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Let
T if 0<z <1,

Alzy=<¢ 22—z if 1<z<2,

0 otherwise,

be the “triangle” function depicted in Figure 4.1. It is clear that every
f € Vi has the representation

z) =Y f()Aw—k+1). (1.2)
K€z
If x Xpo.1 We have ¥(€) —i5 51n€(/§2/2) and A = y * ; hence
~ R 2 sin(£/2)\2
A=l =e(755)

From (1.2) we have

Flo) = e (2 5/2 YOS pperins

kEZ

- (e’ > ke = (2 st

where m(€) is a 2m-periodic function on R belonging to L*(T). In fact,

5 1 2ry = 277 KDY oy

We have proved the following result (compare this result with the charac-
terization of Vj given in Lemma 2.6 of Chapter 2 for a general MRA).

THEOREM 1.3 A function f in L*(R) belongs to Vy if and only if

FO = (Fgs2) msto).

where my is a 2w-periodic function in L*(T). Moreover,

HfHLz(]R) ~ HmeL2(’]I‘)'
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Figure 4.1: Graphs of A and \B|

There is another way of characterizing the elements of Vj:

THEOREM 1.4 A function f in L*(R) belongs to Vi if and only if €2f(€)
is a 2mw-periodic function on R.

PROOF: Theorem 1.3 immediately implies that, if f € 1}, then

E2f() = 4sin*(3)my(€)

is a 2m-periodic function on R.

Assume, now, that 52f(§) is a 2m-periodic function on R. Define

€5
pé) = =51
4sin®(5¢)
The 2m-periodicity of the functions involved and the boundedness of the
4
function % on [—, | allow us to obtain
16sin”(£/2)

2’* O, o :
[ morac= [ I ac< e [ iR < Collage,

Thus p € L*(T) and we can write its Fourier series in the form

w() ~ Y pk)e ke

kEZ
~ . sin?
with k% |/l(l€)|2 < 0o. Since A(§) = 6_25% we obtain
70 = gy €)= g ke S
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=" ak)A©)eT FIE =N (k) (re_1 A)(€),

kEZ kEZ
where 7,A(z) = A(x — k). By taking the inverse Fourier transform we

deduce
z) =Y Ak)A(x —k+1).
kezZ

This shows that f € Vo, since {A(- — k) : k € Z} is a basis of V.

Our aim is to prove that the sequence of subspaces {V; : j € Z} forms an
MRA. The scaling function ¢ must belong to the space Vi which we have
characterized in Theorems 1.3 and 1.4. The wavelet 1) must belong to V3.
Two characterizations of this space can be easily obtained from the above
theorems.

THEOREM 1.5 Suppose g € L*(R).
(a) g € V1 if and only if

sin?(£/4)
(€/4)

where my is a 4w-periodic function in L*([0,4x]). Moreover,

g(g) = mg (E)a

Hg||L2(R) ~ ||m9||L2([0,47r])'

(b) g € Vi if and only if £2§(€) is a 4m-periodic function on R.

PROOF : For g € L*(R) define f(z) = g(3x). Then g belongs to V; if and
only if f belongs to Vj. Moreover, f(f) = 2¢(2¢). The result follows by
using the characterizations of V{ given in Theorem 1.3 and in Theorem 1.4.

The system {A(-—k) : k € Z} is a basis for Vj, but it is not an orthogonal
system. As we stated above, we need to find a scaling function ¢ for which
{¢(- — k) : k € Z} is an orthonormal basis of Vj. By Proposition 1.11 of
Chapter 2, the orthonormality of the system {o(-—k) : k € Z} is equivalent
to

Z |p(€ + 2km) |2 =1 for a.e. £ € R. (1.6)
kEZ
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Theorem 1.3 gives us

sin”(£/2)
(£/2)?

where m,, is a 27m-periodic function belonging to L*(T).

P(§) = my(£), (1.7)

From (1.6) we obtain

2sin(1 km)\4
1=y (Y g

kEZ

9 1
= 16sin*(1¢)|my, ()| kzezm (1.8)

The following lemma gives us the value of the infinite sum on the right-hand
side of the above equality.

LEMMA 1.9 For every £ € R we have

1 (L¢
Z(§+2k7r) 16 sin( {1 351n 2 )}

keZ

PROOF: The lemma is proved by differentiating twice both sides of the
equality

1 1
Z (& + 2km)? - 4sin2(%§) '

keZ
To prove this formula we consider the function y = OE Since

igsin(/2)

X = e 5

and {x(- — k) : k € Z} is clearly an orthonormal system in L*(R), we use
Proposition 1.11 of Chapter 2 to obtain the result:

. 4Sin2(l§+k7r) ) 1
1= 2km)P =) ———2——— =4sin*(} —
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We now proceed with our search of the scaling function ¢. Equality (1.8)
and Lemma 1.9 give us

1

Imy(€)] = (1 — 2sin*(3¢)) °. (1.10)

This shows that the orthonormality of the system {@(- — k) : k € Z}

completely determines the absolute values of m, and ¢ (see (1.7)). We
choose

W=

sin®(£/2) 201\
W(l — $sin®(36))

Reversing the above steps we also see that if ¢ is given by (1.11), ¢ satisfies
(1.6), showing, therefore, that {¢(- — k) : k € Z} is an orthonormal system
in V3. We shall show that this system is also complete in V. To see this
consider the bijection from V; to L*(T) given by f +— m (see Theorem 1.3).
The completeness of the translates of ¢ is seen to be equivalent to the
completeness of the system {m.,(§)e="¢ : k € Z} in L*(T). Since

@) = (1.11)

1 1

(1- 3sin2(36) "} = 3+ heose)
is bounded above and below on T, (1.10) shows that the completeness of the

above system is equivalent to the well known completeness of the system
{e~*¢ . k € Z} in L*(T). This proves the desired result.

We have produced an MRA, {V; : j € Z}, where V; is the set of con-
tinuous functions belonging to L*(R) which are linear on each interval of
the form [277k,277(k + 1)], k € Z, whose scaling function ¢ can be cho-
sen so that it satisfies (1.11). The low-pass filter mg of this MRA, as-
sociated with this scaling function ¢, can be obtained from the equation
P(28) = mo(&)P(€) (see (2.3) of Chapter 2) and (1.11):

(sin€)?(1 — Zsin®( )%

mO(f) = 1
(QSin(%f)) (1 — —51 §)2
— 2gin?(L 3
= (COS(%f))2<%Sm(22§)) : (1.12)
3

An orthonormal wavelet 1) associated with the MRA we have just con-
structed can be given by (2.12) of Chapter 2; ¢ satisfies

$(2€) = e mo(€ +7) (€)
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_ it sin%%g)(l — %c:OSQ(%f))% (sin(§/2)> (1 2 sm2(§§)>7%

1—2sin¢ £/2
_ 6i§Sin4(%‘f) ( 1 — 2 cos?(5¢) )%'
(397 (- 3sin® (1 - §sin’(36))

For future reference the results we have obtained are collected in the fol-
lowing theorem:

THEOREM 1.13 For each j € Z, let V; be the subspace of L*(R) of all
continuous functions on R which are linear on each interval of the form
[279k,279(k + 1)], k € Z. Then the sequence {V; : j € Z} forms an MRA
for L*(R). An associated scaling function ¢ can be defined by (1.11). The
orthonormal wavelet ¢ associated with this scaling function via (2.12) of
Chapter 2 satisfies

Lg) (( 1-2 COSQ(};f) )é. (1.14)

1-42 51n2(2§))(1 — = s1n2(i§))

The wavelet we have constructed is often called the Franklin wavelet.
(Though this name is also applied to “equivalent” wavelets in the sense of
Proposition 2.13 of Chapter 2.) We shall obtain several properties of the
Franklin wavelet ¢ and the scaling function . The ones contained in the
next result are a consequence of formula (1.14) that describes the Fourier
transform of the Franklin wavelet 1.

PROPOSITION 1.15 The Franklin wavelet v, whose Fourier transform is
given by (1.14), satisfies:

i) /Rw(:c) dr =0= /Rm[)(:c) dz

ii) ¥ 1s symmetric with respect to x = —%.

PROOF: Part i) follows from (0) = 0 and ‘2—?(0) = 0, which is an easy
consequence of (1.14). Part ii) follows if we show ¢(—1 —x) = ¢)(x). Write
~ €
P(§) = e"27(£); then

v(-1-0) = /w et = o [ et ag

— —22 —ix€
o Rw(ﬁ)e e de.
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Figure 4.2: Graphs of several functions related to the Franklin wavelet:

a) the Franklin wavelet 1,

b) the modulus of the Fourier transform of the Franklin wavelet,
¢) the scaling function ¢ given in (1.11),

d) the Fourier transform of the scaling function,

e) the corresponding low-pass filter mo.

(
(
(
(
(

By (1.14) v(&) is even and we obtain
1 e 1 . )
vi-1=2) = 5= [ 2@etetde = o [ D do = (o)
i

The next property refers to the decay at infinity of the Franklin wavelet
and the associated scaling function. We say that a function g has expo-
nential decay if there exist constants C' > 0 and « > 0 such that

lg(z)| < Ceele] for all =z €R.

PROPOSITION 1.16 The Franklin wavelet ¢ defined by (1.14) and its as-
sociated scaling function ¢ defined by (1.11) have exponential decay.

PROOF: We start by proving the result for the wavelet 1. Write

P(€) = e27()
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as in the proof of Proposition 1.15. Consider the region I'(¢,,7,) described
in Figure 4.3 with 7, small enough so that

sin?(%z) 1— 2 cos?(12) 3
=T : 5

(12 1—%sin2(lz))(1—%sin2(i

v(2)

has no poles in 0 < |Sm(z)| < 1,. We then have

. o ) Mo ) )
0= [ e [T @t [Tt e an
8F(§D 7770) —&o 0

&o ) . Mo X .
_/ V(€ + iny)eEFm) de — / V(=& + in)e 5T gy,
—£o 0

Mo

T(€o.Mo)

_ao 0 g o
Figure 4.3: The region T'(£5,1).

It is clear that there exists a constant C, such that

v(§ +in) < for all &, n€R,

%
&+

which shows that the second and the fourth terms in the above equality
tend to 0 as |£,| — oco. Therefore,

[ —3)| = (/Rv@)e“f q

1
2
1

fo o
5 lim / Y€+ ino)ew:(@rmo) d¢| < Ceme,
™

‘EO|—>OO —&,

Since 1 is symmetric with respect to —% we must have |’(/J($—%>| < Cel=lne
which shows the desired result.

The proof of the exponential decay of ¢ is similar since ¢? appears in the
denominator of the formula for ¢ given in (1.11). I

We conclude this section by proving that the scaling function associated
with the Franklin wavelet minimizes a certain functional.
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THEOREM 1.17 Among the functions g € Vy such that {g(- — k) : k € Z}
is an orthonormal system, the scaling function ¢ given by (1.11) is the
unique one, up to a constant factor of absolute value 1, that minimizes the

functional
/ 2?|g(x)|* da.
R

PROOF : From the boundedness and the exponential decay of ¢ we deduce
that

/ac2|go(m)\2dac < 0.
R

Hence, it suffices to consider only those g € V; such that {g(- — k) ke Z}
is an orthonormal system and [ 22|g(x)|? dx is finite. Thus, 4 d_E exists
almost everywhere and belongs to L*(R). As in the construction of the
scaling function ¢, the orthonormality of the system {g(- — k) : k € Z}

completely determines |§(£)| (see (1.10) and (1.7)):

901 = (T ) (- 3smt o) .

Hence, by (1.11) we must have §(£) = e"*(©@(€). Since both g and ¢ belong
to Vo we must have

Gire) _ Mal€)

where my and m,, are the 2m-periodic functions associated with g and ¢,
respectively, given in Theorem 1.3. Moreover, A(§) can be chosen to be
differentiable since '€ is the quotient of §(£) and ¢(€) and this function
never vanishes. Taking derivatives we obtain

dg AN ine) ixe) 49
dg(f)—l (£ e(E) +e d§(€)~

Since z—’&\, ¢, and ‘Zl—‘g are real valued we have

[ fes@pas = [ \@ fa = [ 2@+ @] &
> []5e¢ /%( >|2dx.
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This proves the desired minimality property. To see uniqueness, observe
that, if we have only equalities in the above estimations, we must have

/‘ d§—0

Since ¢ is never zero (see the definition of ¢ given in (1.11)), it follows that
% = 0 almost everywhere. Thus, A(§) is equal to a constant and, thus,
§(&) = kp(€) with |k| = 1. This is, as promised, the uniqueness up to a
unimodular multiplicative constant. I

4.2 Spline wavelets on the real line

In section 4.1 we have constructed an orthonormal basis of piecewise
linear continuous functions on R. The main purpose of this section is to
show that a similar construction produces wavelets with greater degrees of
smoothness.

For n =0,1,2,---, let P, be the collection of all polynomials of degree
at most n and C™ = C™(R) be the set of all functions f defined on R such
that all the derivatives of f up to order n exist and f(") is continuous on
R. For n € N, the space S” = 8"(R) of splines of order n is the set of
all f € C"! such that the restrictions of f to any interval of the form
[k,k+1], k € Z, are in P,.

A basis for S! has been exhibited at the beginning of section 4.1. In fact,
we observe that the representation (1.2) shows that {A(-—k): k€ Z} is a
basis of this space, with A = y*x and xy = X{0.1)" The linear independence

follows immediately from the fact that A(¢ — k+ 1) = b, for all £ € Z.
Let &X(x) = (A % x)(x); that is,

A(z) = (A*x)(x /A - ) y/:lA(y)dy.
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Figure 4.4: Graphs of & (left) and eigg&(f) (right).

From this, it is easy to deduce

37 if 0<z<1,
) —(z—3)*+3 if 1<z<2,
Az) =
%(x—3)2 if 2<2<3,
0 otherwise,

and

NOE e—i%f(ising/f; 2y

It follows that AX'(- — k) € S2 for all k € Z. The functions X(- — k) are
called the basic splines of order 2. (See the graph of A in Figure 4.4.)

The procedure just described can be extended to obtain splines of order
n. Forn=2,3,4,---, define

A= N""xy, (2.1)

where A = A. By the definition of convolution we have
K@= [ & ene-nay= [ &wa @)
r—1

We can now prove by induction that A" € 8", n = 1,2,3,---. This is true
for n =1 (see Figure 4.1) and n = 2 (see Figure 4.4). If x € [k, k+1], (2.2)
shows that

k T
K@= [ &G [ 87w,

where A"’fl‘[wil . and A"71|[k 2 ATe polynomials of degree at most n — 1;
thus, A'(z) is a polynomial of degree at most n when restricted to [k, k+1).

Since A’ € C"~2, it is clear from (2.2) that A" € C"~1. This shows the
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desired result. It follows that A'(- — k) € S™ for all k € Z. The functions
A'(-— k), k € Z, are called the basic splines of order n. In the next
lemma we collect some results about the basic splines.

LEMMA 2.3 The basic spline of order n, X', satisfies the following prop-
erties:

R N G

(ii) supp (A") = [0,n+1] and A'(z) >0 forall z € (0,n+1);

(oo}
(i) Y N@—k)=1 foral z€R;
k=—oc0
(iv) A’ is symmetric with respect to %(n +1), that is,
A(n+ +x)=A(n+ —x) for all x €R.

PROOF: (i) follows from % (&) = e—i% sm(/§/2) and (2.1). Property (ii) is
easily deduced by induction. Induction is again the main tool to prove (iii).
The case n = 1 is easy, and left to the reader; by assuming the inductive
hypothesis, we use (2.2) to obtain

ZA”(x— Z/wkl NN dy—Z/ —k)dz

kEZ kEZ kEZ

L ZA’” }dz—l

1 *kez

Property (iv) follows, again, by induction and (2.2). Details are left to the
reader.
i

We shall now try to construct wavelets that belong to the class S, n > 1.
The case n = 1 was developed in section 4.1 where we began the construc-
tion by introducing the space Vi which was used to introduce an associated
multiresolution analysis that produced the desired wavelet by the method
developed in Chapter 2. We shall see that the cases n > 1 are somewhat
more complicated and there are some differences between the cases when
n is odd and when n is even. In particular, it is not possible to proceed in

© 1996 by CRC Press LLC



a way that is very close to that employed in the last section; however, this
treatment does provide some good motivation for the following construc-
tion.

We shall try to find a function ¢ € S* N L*(R) that has the appropriate
properties of a scaling function. Motivated by Theorems 1.3 and 1.4 we
impose the condition that é"T1p(€) = ¢, (€) defines a 27-periodic function
in L*(T). It is also clear that we must impose the condition

STlpE+2km)P =1 for ae ER, (2.4)
kEZ

which, by Proposition 7?7 of Chapter 2, guarantees the orthonormality of
the system {p(- — k) : k € Z} in L*(R).

REMARK: The condition ¢ € L*(R) N S™ requires £"1¢(€) to be a 27-
periodic function in L*(T). To see this, observe that on the interval
(k,k 4 1) the function ¢ agrees with a polynomial of order at most n;
thus, (j;—t:lgp)(x) =0 on (k,k + 1) and, therefore, (C;';—";L@)(x) equals
a constant on this interval. In the sense of distributions this means
that near k, the function (%L—Tlgp should coincide with a multiple of

the Dirac “6-function” at k; that is,

n+1
(%@) (@) =Y axd(z — k),

kEZ

where ay, is the “jump” at k exhibited by the piecewise constant func-
tion %gp at the point k. Since the Fourier transform of 6(- — k) is the
function e~ ¢ we have, formally,

€G(E) = (=) Y Jare

kEZ

We may consider the right-hand side of this equality to be the Fourier
series of the function we denoted by ¢, (§).

If we replace $(€) in (2.4) by £ " te, (€) (= 4(€)) and use the 27-
periodicity of ¢, () we obtain
1
1= len© X e gpos 25)

kEZ
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Recall that in the proof of Lemma 1.9 we established a precise formula for
the infinite sum in (2.5) when n = 0:

#: gin( % —2
% e (2sin(1¢)) " (2.6)

In fact, Lemma 1.9 gives us the value of the series in (2.5) when n = 1. For
all of the cases N > 1 we have

PROPOSITION 2.7 Suppose N =1,2,3,---, then

> e = (@sn) R (28)

kEZ

where Py s a trigonometric polynomial satisfying:

(i) Py is an even function, and Py(kr) = (—1)*N=Y for all k € Z;
(ii)  when N is odd, Py is w-periodic and Py(§) > 0 for all £ € R;
(ili) when N is even, Py(§+ w) = —Pn (&) for all £ € R.

PROOF: We prove the various assertions in this proposition by induction.
Equality (2.6) gives us the case N = 1, for which P;(§) = 1. In fact,
Lemma 1.9 shows that P3(¢) =1 — %sinQ &. An even simpler calculation
leads us to P2(€) = cos¢. Let us assume the validity of equality (2.8) for
the case N — 1:

1 _ Pnoa(36)
2 (€ +2km)N — (2sin(36)N

1
keZ 2
where Py_1(€) is a trigonometric polynomial. Differentiating both sides of
this equality we obtain (2.8) with

Pr(€) = (c0sE) Pr_1(€) — (&) Py &), (29)

which is clearly a trigonometric polynomial (that is, a polynomial in sin¢
and cos§). From this and P; = 1 we see that

Py (k) = (=1)* Py (kr) = (—=1)*V =D Py (kr) = (—1)FV D
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for all k € Z. If we assume the validity of (i), (ii) and (iii) for N — 1 we
also obtain from (2.9) that

Pr(~€) = (cos&) Pr-1(€) + 1-(sn€) Phy_y (~¢)
= (cos) Py 1(6) — - (sm &) Ph_y (6) = Px(©),

since the evenness of Py_; implies that Pj,_, is odd. This establishes (i).

We now prove (ii) and (iii) simultaneously. In particular, let us assume
that

Py_1(+m) = (-1)N'Py_1().

Then a direct computation involving (2.9) shows that this relation holds
for Py (&) as follows:

Pn(E+7) = —(cos&)Py_1(E+7) + %(sinf)P]’V_l(f + )
= (=1)N(cos &) Py_1(§) — (*1)N%(Sinf)va_1(f) = (=) Py (8).

The only thing remaining to be shown is that Py (&) > 0 for all £ € R when
N is odd. But from (2.8) we have

_ (2singN*H sin(§ 4 km)\N+1
Py(&) = %W—é( )k(NH)(W) )

When N is odd the last sum is clearly positive.

|
We have already observed that Pi(§) = 1, P»(€) = cos§ and
P3(&) =1— 2sin®¢ = 2 + £ cos(26).
Simple calculations show that
PO = oo’ €+ oo
’ (2.10)
P5(€) = g5 cos*(2€) + 55 cos(2€) +

The graphs of P>, P35, Py and P5 are given in Figure 4.5. We see, in
particular, that there is an important difference between the polynomials
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Figure 4.5: Graphs of P2, Ps, Py and Ps.

Py when N is even and N is odd: in the latter case Py (€) is always positive
(see part (ii) of Proposition 2.7), while in the former case Py (&) assumes
negative values (see part (iii) of Proposition 2.7). This phenomenon is
consistent with equality (2.5), that must be satisfied by the scaling function
 we are seeking, since the sum on the right side has the form of the left
side of (2.8) with N = 2n + 1. Since ¢(&) = £7""te,(€), (2.5) and (2.8)
completely determine |$(£)|. Indeed, we must have

. _|sin(£/2) vt 1
[6(&)] = £/ T (2.11)

Thus, the scaling function we are seeking, ", must have a Fourier transform
@" having absolute value given by the expression on the right in (2.11). For
reasons that will become clear shortly, once again we find that the cases
when n is odd or even must be treated differently. In fact, we choose p™ so
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that

sm(§/2) n+1 1 . .
S - ( £/2 ) Pony1(£/2) s odd (2.12)
4 it (Sin(§/2) )"+1 ! if n is even |
£/2 Pont1(6/2) '

It then follows from Proposition 2.7 that, in either case, £"T1p7(€) is a
2r-periodic function in L™ (T) € L*(T). Moreover, d;“"j" exists and belongs
to L*(R) for j = 0,1,---,n. In fact, % also exists as a tempered
distribution. Let 9(&) = £"@"(€); thus, since £9(€) is 27-periodic we can

represent it in L*(T) by its Fourier series:

§0(8) = &P &) = D ae™. (2.13)

LEL

Then, if ¢(z) is a tempered test function supported in the open interval
(o, lo + 1),

Lo+1 gn  n — 0o ———
/ (d - )(fﬂ)t’(w)dw:/ (d 2 ) (2) ¥(z) dz
£l

0 dz™ dz™
1 - £ — 1 il
— o | vy i = o [ O3 o i
= —iZagm =0
LEL

since £ lies outside the support of ¢ for all £ € Z. This shows that, for each

l, €7,
Lo+l n. _n
/ (d d )(x) s(z)dz =0
I

dz™

for any test function 5 € S( ) supported in (¢,, £, +1) with [, s(x) dz = 0.
But this means that <
and, consequently, ¢ ( ) restricted to (£,, £, +1) is a polynomial of order at
most n. It is also evident that " belongs to the class C"~(R). (Observe
that

is constant in each interval of the form (ZO, lo+1)

d"pr b
(E8y© =15,
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where b € L™ (R); thus, the Fourier transform of d;;—:ipln is in L'(R), and

n—1, n
2" is continuous on R.) We collect these results in the

this implies

following:

PROPOSITION 2.14 The functions ™ defined by the equality (2.12) belong
to S*(R)NL*(R) and {p"(-—k) : k € Z} is an orthonormal system in L*(R).

We now define V5 C L*(R) to be the closure in the L*norm of the span
of {¢"(- — k) : k € Z}, and for each j € Z we let V; be the closure of the
span of {(¢"),% : k € Z}. Then conditions (1.2) and (1.5) (in Chapter 2)
in the definition of an MRA are satisfied by the sequence {V;};cz. Suppose
that condition (1.1) (also in Chapter 2) is satisfied; then the fact that
@" is continuous at 0 and $”(0) = 1, together with Theorems 1.6 and
1.7 in Chapter 2, imply the remaining two conditions in the definition of
an MRA. To show (1.1) it suffices to show V_; C V, and, by applying
the inverse Fourier transform, this inclusion is true if there exists a 2x-
periodic function mpy € L*(T) such that ¢7(2€) = @7 (£)miy(€) (see (2.3) of
Chapter 2). But this is easily seen to be the case: we let

iy P28 )1 ittt | Pont1(56)
mo(f)— @(5) =€ (COS(Qg)) P2n+1(§) ’ (215)
where
B 0 if n is odd,
an(8) = —%{ if n is even.

From Proposition 2.7 we see that the square root factor on the right is
2m-periodic and, because of our choice of a, (&), the same is true for

et (€) (cos(%g))nﬂ.

It is also clear that m{ € L*(T). We have constructed, therefore, an MRA
with an associated scaling function that is a spline of order n. The corre-
sponding low-pass filter is given by equality (2.15).

We can now use formula (2.12) in Chapter 2 to produce an orthonormal
wavelet ¢ from the scaling function ¢™ and the low-pass filter mj; that is,
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the Fourier transform of ™ is given by the formula

- (5in(26)+2 | Py (36 + i) o
i 2 2 2 £
N T \/ P (P () 040
720 - 210
e 5in(2O) 2 | Py (3¢+in)
_ z{ 2 2 2 f v .
T Gy \/ Poni1(©)Ponpa(36) T

Let us examine these wavelets and their properties in more detail. In
either case (when n is odd or n is even) formula (2.16) shows that

B (€) = €5y ()6,

where b,, is an even function in L (R); moreover, 5”“1/0:(5) = ei%bn(E) is
a 4m-periodic function. These properties are direct consequences of Propo-
sition 2.7. For example, the fact that Py, is even and m-periodic (part
(i) and (ii) of Proposition 2.7) shows that

o (525 = o (57

i

thus, &€ — Popy1 (5"’%) is an even function. Even simpler calculations show
that the other factors making up b,, are even. The 4m-periodicity is precisely
what we need to modify the argument we presented before Proposition 2.14
to show that, for the wavelet ™, 1/1"(%@ belongs to the class 8™ of splines
of order n. We collect these facts in the following:

THEOREM 2.17 The wavelets ¢ defined by equality (2.16) belong to the
space Vi, and wn(%m) are splines of order n. When n is odd, Y™ is even

about x = —%, while, when n 1s even, ¥" is odd about x = —%; that is,
. Y (—1—x) if n s odd,
i v() = ‘ _
—yYr(=1—x) if n is even.
Moreover,

(ii) /ka"(x)da?:() for k=0,1,2,---,n.
R
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PROOF: Since @/[;(5) = ei%bn(f)f_"_l with b,(£) an even function,
b, (£)67"~1 is even when n is odd and, clearly, an odd function when n
is even. The factor i3 represents a translation of ¢™ that shifts this parity
property from 0 to —%.

The vanishing moment property (ii) follows from the fact that

Ky
(ddgi J0)=0  for k=0,1,2,n,

which is a consequence of the identity (2.16). Observe that the power 2n+2

of sin(%ﬁ) compensates for the (possible) singularity produced by £~"~1.
In the next proof we obtain an estimate that assures us of the integrability

of the integrand in (ii). I

REMARK: The wavelet ¢ discussed in Theorem 2.17 is often called a
spline wavelet of order n on the real line. Notice that, although
Y™ is not in 8™(R), its dilation ¥"(271-) does belong to S"(R).

In Proposition 1.16 we saw that the Franklin wavelet and its associated
scaling function have exponential decays at oo. This property, and more,
is shared with the higher order splines:

THEOREM 2.18 The spline wavelets ¢", n =1,2,---, and their associated
scaling functions @™, as well as their derivatives
djwn dj (pn
dzi W dxi

) j:1a27"'an_17

have exponential decay at co.

PROOF : The proof of this theorem is done by using the same argument we
employed for the proof of Proposition 1.16. It is easily seen that the same
observation about the poles that was made about the analytic extensions of
@7’ and @" in the proof of Proposition 1.16 applies to the Fourier transforms

of the derivatives of ¢™ and ™ we are now considering.

We end this section by establishing an identity that will prove to be most
helpful for transferring the construction of spline wavelets from the real line
to their periodic analogs on the torus T.
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(a) 1 b) 1
/\ -1

(©) d)

61

-5 -4

(e)

-1

Figure 4.6: Graphs of several functions related to the spline wavelet 1*:

(a) @97,

(b) e3¢,

(c) the scahng function ¢? given in (2.12),

() ¢'3

(e) e % ( ), where mj) is the corresponding low-pass filter.
THEOREM 2.19 For anyn =1,2,3,---, the spline wavelet Y™ satisfies

o (€ + 2kn)
;ZW:O fOT aefGR

PROOF: Since ¢ € L™(R) it is clear that the above series converges for
a.e. £ € R. In order to obtain this identity we use an idea we exploited
before in this book: we break up the sum over Z into the two sums obtained
by considering the even and odd integers separately. Thus,

Pr(E+2km) .
S (et pimgees =Sl 500,

where

- b (€ + Alr)
Ye(§) = EEZZ (€ ¢ dbr)ynit
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and

Z §+22£+ 1))

n+1 °
— ((+2020+ )m)

Let us first consider the case when n is odd. Using (2.16) and Proposi-
tion 2.7 we have

(€ + 4lr) = 4" e

SO Plie o) s
(€ 4+ 4m)"+ \ Py i1 (3€) Ponga (2€)

Substituting this value for 1?1\(5 +447) in the expression for ¥.(§) and using
(2.8) with N = 2n + 1 we then obtain

)2n+2

& P2n+1( &+ 7r 3 (sin(
Ee — 4n+1 Zg
(f) € (P2n+1( §)P2n+1 ) Z é‘ + 4[,” 2n+2

LEZ
_gn1gis (P2n+1(z§ + §7T)P2n+1(% ))
Prni1(36)

In order to evaluate 17;(5 +2(2¢ 4 1)m) we use (2.16) and Proposition 2.7
again, then substitute this value in the expression for X,(£), use (2.8) and
obtain

P2n+1( f)Pgn_H( § + %ﬂ-)>%
Pani1(36)

Hence, ¥.(£) + ¥,(£) = 0, and we obtain the desired equality.

$o(€) = —4 i (

When n is even we can repeat this argument by using the other case
n (2.16). The only difference is the factor —i that does not affect the
conclusion ¥, (&) + £,(€) = 0. I

4.3 Orthonormal bases of piecewise linear continuous
functions for L*(T)

The boundary of the unit disk T = {€2™ : 0 < z < 1} can be identified
with the interval [0,1) via the correspondence

e27rw; .
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With this identification, the space L°(T) of square integrable functions on
T can be viewed as the space of 1-periodic functions defined on R such that

1
2
17112200y :/O I (@)]? dz < oo.
The Haar function restricted to [0, 1)

1 if 0<z<3,
h(z) =

-1 if 3<z<],

can be used to find an orthonormal basis for L*(T). Let us define, for
j=0,1,---,and k=0,1,---,29 — 1,

hiw(z) =202z — k), x€[0,1). (3.1)

Extend each hjj to a 1-periodic function on R. With the identification
described above, the system of 1-periodic functions

{hjx:j=0,1,-+ and k=0,1,---,27 — 1}

is easily seen to be an orthonormal basis for L*(T). As was the case for
the Haar wavelet on R, this periodization of it furnishes us with a simple
example of the periodic wavelets we shall construct in this section.

In fact, we shall construct orthonormal bases for L*(T) whose elements
are piecewise linear continuous functions. One of these bases will be ob-
tained by using the Franklin wavelet constructed in section 4.1 (see Theo-
rem 1.13 in that section).

Let B be the space of continuous 1-periodic functions on R. For j > 0,
let B; be the subspace of B consisting of all piecewise linear functions with
nodes at 277k, k = 0,1,---,27 — 1. In particular, the functions in B; are
continuous on [0, 1) and linear on each interval of the form [277k, 277 (k+1)],
k=0,1,---,27 — 1. We shall write N = N; =27 — 1 for convenience. The
space By is the space of constant functions. Clearly,

BycB CcByC---CBjc---cBcL¥T)=L*[0,1)),

and the dimension of B; is 2 = N + 1.
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1-periodic 1-periodic

1 AiN

27 0 27 227 327 427 (N=1)27 N27 1427

Figure 4.7: Graphs of Aj,k, k=0,1,---,N.

A basis for B; can be obtained as follows. We first introduce the 1-
periodic “triangle” functions defined by

Vg if 0<z<27,
Aj(z) =4 22z if 277 <z <27t
0 if 279t <z <1,
on[0,1), for j = 1,2,---. We then introduce the translates of these functions

Ajr(@)=Aj(x—277k), k=012, N;
(see Figure 4.7). It is clear that
{Ajo. Aj, - A}

is a basis for B;. This is not, however, an orthonormal basis.

An orthonormal basis for B; can be constructed with the aid of the group
of (29)t roots of unity

T = {17 ezmrf’ezmzrj,.” ,e2m‘N2*j }
Let U = U; be the unitary operator in L*(T) defined by
(U; f)(x) = flz —277) for all f € L*(T).
The powers of U give us an action of I'; on B;. Observe that
UM(A;))=A;),  for k=0,1,---,N,
and that Aj is a cyclic vector under this action: UN‘HAj = Aj. The

minimal polynomial of U is #¥*! — 1 (it coincides with its characteristic
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polynomial) and the (distinct) proper values of U are
Aj= AL =T N2 AN AN —

Since U is unitary and the proper values are distinct, there exists an or-
thonormal set of associated proper vectors. This is, then, an orthonormal
basis for B;.

The family of spaces Bj, j = 0,1, -, can be used to obtain an orthonor-
mal basis for L*(T). Let C; be the orthogonal complement of B; in Bj1.
Then C; & B; = Bj+1 and dim(C;) = 27. Since

&@(écj) -

and B is dense in L*(T), a basis is obtained if we find an orthonormal basis
for each C;, j =0,1,---.

To do this, observe that U is unitary on C; and on this space it has
minimal polynomial V! —1. Therefore, there exists an orthonormal basis
of proper vectors {zo, 21, -+, 2n} C C; such that U;(z,) = A?Zg. Let

N

1
= —— Z
%= R

£=0
Clearly,

N+ £(N+1)

Ny = Z ANz =g,
J VN1

£=0
and, therefore, g; is cyclic for U;. Moreover,

N

(U gJ’UJgJ - Z (m W= m,n

g:

since, for n # m, )\§-m7n) is a root of the polynomial
N+1 _ 1

NV T prp1=2
z—1

We have proved the following result that presents us with an orthonormal
basis for L*(T):
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THEOREM 3.2 If C; is the orthogonal complement of B; in Bjy1, then
there exists a g; € C; such that {gj,Ugj,--~,UNgj} is an orthonormal
basis for Cj, 7 =10,1,2,---.

The orthonormal basis provided by Theorem 3.2 consists of piecewise
linear continuous functions in L*(T). This was accomplished by finding a
g;j € C; that generates a basis for C;, j = 0,1,2,---. The functions g; are
chosen in each C; without any concern for a relation connecting any two
of them. What we want to do is to find a single function on R that will
generate a basis for each C; by appropriate dilations, periodizations and
translations much in the spirit of (3.1) and the wavelet bases of previous
chapters.

To do this we need to characterize the spaces C; and B;. We begin by
computing the Fourier coefficients of Aj. Since we have identified T with
the interval [0,1), the Fourier coefficients of a 1-periodic function f with
£l 22(j0,1)) < oc are given by

UK = [ fw)e aa

Recall that throughout this book we use the traditional symbol f (&) to
denote the Fourier transform of an L*(R) function f, that is,

f(6) = /R f(x)e==€ da.

LEMMA 3.3 The Fourier coefficients of Aj are

9 if k=0,

—2mi2 7k _q

Aj = J e 2
FIA;)(k) LB,

PROOF: The proof is a straightforward computation. It can also be
proved by observing that A; = x; * X;, where X; is the 1-periodic function

whose values on [0, 1) are 2%y iy Since

(0,2~

2%

~5 (6_2ﬂi27jk -1) for k+#0,
™

FIxil(k) =
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the result follows from the equalities

FIA|(k) = Fx; = %31(k) = Fx5)(k) Fx5)(k).-

If we define

1 if y=0,

bi(y) = e—2mi27 7y _ q\2 (3.4)
_— if
( 2mi2—iy ) ity #0,
we obtain a continuous function on R. Moreover, we have
- . 1

FlA(k) =277b(k) = mbj(k) for k€ Z. (3.5)

In order to characterize those f that belong to C; we shall use the fact
that we must have

> Flgl(k) FIf](k

kEZ

S~—
|

0 for all g € B;.

Since each g € B; can be expressed as

N N
g= Z amDjm = Z amA;(- —277m),
m=0 m=0
we have
N 3 .
Z f A ] —2mi2 T km _ 0.

0keZ

For each 0 < m < N, applying this to g = A;,,, € B; and using (3.5), we
obtain

1 TN —27mi2 T km
0= = FIf10)b; N+1Z'7: priz
k#£0

Write A = 6_2ﬂi27j, the non-zero k as n+2¢ withn=1,---, N and £ € Z,
and observe that A% = A", Then, the last equality is equivalent to

0 = F[£](0) b; (0) ZAm > Ff(n+270) bi(n +270)

LEL
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form=0,1,2,---,N. Let

"_Zj: n—|—29fb(n—|—2]€) for n=0,1,2,---,N.
L€

Since b;(27¢) = 6,9, we have Ag = F[f](0). Thus, we have shown

N
0= Z(}\m)nAn for m:0,1727...7N_
n=0
If we let
1 1 1 1
1 X X2 ... M\
2 212 NN
Cny = LAZ (A% - (V) (3.6)

then we have

o o
NN
= o

An

But \/ﬁCN is unitary (use the properties of the roots of unity). Thus,
An=0 for all m=0,1,2,---, N.

Hence, since 0 = Ayg = F[f](0), we have F[f](0) = 0. Moreover, for
’I’L:].,2,"'7N7

= > FIfl(n+270) bj(n + 270)

LET
(v — 12
= 27 - -
éf e s H G YT

Therefore,

2
Z FUn+270 o =19, N,
-t n+2J€
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THEOREM 3.7 f € C; if and only if f € Bj+1, F[f](0) =0 and

Z Flfl(n+27¢0)

: = =1,2,---,N(=2/ —1).

LEZ

We have just shown the “only if” part; the “if” part follows by reversing
the arguments given above.

Theorem 3.7 gives us a characterization of the classes C;, j =0,1,2,---
There is a simple characterization of the classes B; as well. Since {A;,, :
m=0,1,2,---,27 — 1} is a basis for B, if g € B;, then

g = Z a/mAj,mv
m=0
and we have
N ~ N i -
f[g](k) = Z a/m]:[Aj,m](k‘) = Z a/m]:[Aj](k)e—Qﬂ'ZQ km
m=0 m=0
N 1 .
= Z Am, bj(k)e—%m?*]km’

where b;(k) is defined in (3.4). This shows that k?F[g](k) is 2/-periodic
over Z. It turns out that this is a characterization of the space B;. More
precisely, we have

THEOREM 3.8 Suppose f € B, the space of all 1-periodic continuous func-
tions on R. Then f € B;, j > 0, if and only if K*F[f](k) is a 27-periodic
function on Z. In particular, F[f](2/n) = 0 if n # 0 and F[f](0) is arbi-
trary.

PROOF: If f € B; we have seen that k?F[f](k) is 2/-periodic. Suppose
that k2F[f](k) is 2/-periodic on Z. It is enough to show that f is orthogonal
to Cp for all p > j. Suppose g € Cp, p > j. By Theorem 3.7 we have
Flg](0) =0 and

Z Flgl(n + 2P¢)

=0 f =1,2,---,2P — 1.
(n+2p£)2 or n 5 &y )

LEL
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Thus, since F[g](0) and F[f](2P¢) = 0 for ¢ # 0, we have

(9. ) 1oy = FIAO) Flgl(0) + Y 2 FIAGH )

k#0 K
0+ Y Y+ 207 Ff v wg L2
=0+ n+ norf) R D
n=1 tez, (n+206)?
271
B Flgl(n + 27¢) . .
= nzléezzn Flfl(n) W (since p > j)
271
B n+2p£)

We now give a necessary and sufficient condition for the orthonormality
of the dyadic translates of a 1-periodic function. This result is similar to
Proposition 1.11 of Chapter 2.

THEOREM 3.9 If f € L*(T), then {f,Uf,---,UN f}, where U = U;, is an
orthonormal system if and only if

prari (n+20))*=27  for n=0,1,---,N=2 1. (3.10)
LET

PROOF: Let

an =Y | FIfN n+20°  for n=0,1,---,N=2 —1,
LEL

and suppose that {f,Uf,---,UN f} is an orthonormal system. Then, by

the Plancherel theorem, the fact that H f || L2 = 1 is equivalent to

N
> an =1 (3.11)
n=0

the orthogonality (f,U™f)p 2y = 0 for m = 1,2,---, N, in terms of the
Fourier coefficients of f, is equivalent to

0= " FIf1(k) FIfI(k) >z 'Fm

kEZ
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N N

=SS |Fm+ 20 femiz T = 3 a, (AT (312)

n=0 (€Z n=0
form=1,2,---, N, where A = =272’ Thus, if we let A be the column
vector
ao
aq
)
an

equalities (3.11) and (3.12) can be expressed matricially by the equality

1

0
CyA=| .1,

where C'y is the matrix given by (3.6) and used in the proof of Theorem 3.7.
Since \/%_HCX, is unitary, this means that

1 1

A L o " i
= :27

N+1 N :

0 1

But this is precisely equality (3.10).
Conversely, suppose condition (3.10) is satisfied by an f € L*(T). We can
“reverse” the equalities we have just derived to obtain (3.11) and (3.12). But
. 2 m
these are equivalent to ||f||L2(T) = (f, flrzery = L and (f,U™f)r2(m) = 0
form=1,2,---,N. Since U is unitary we have

(Umf7 Uernf)L?(T) = (f’ Unf)L2(T) whenever 0 <m <m+n < N.

This shows that {f,Uf,---,U" f} is an orthonormal system in L*(T).

We can now describe the promised “wavelet-like” basis for L*(T). Let ¢
be the Franklin wavelet on the real line (see (1.14) in Theorem 1.13). For
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§=0,1,2- k=0,1,---,29 — 1, let

Digel) =28 392 (x + 0) — k). (3.13)

LEL

Observe that

bjn(r) = ol —277k) = (Ufdj0) (@) =Y tjxla+0), (3.14)

LEL
where ¢, (z) = Q%w@jx — k). Thus, each 1, , is a “periodization” of 1; 1.
The exponential decay of 1 (see Proposition 1.16) shows that the series in

3.13) is uniformly convergent on [0,1]. Thus, the functions ¥; ), are all
7,
continuous.

THEOREM 3.15 The system
(k=012 k=0,1,--,27 — 1}

is an orthonormal basis for L*(T) ~ L*([0,1)).

REMARK: This system is called the Franklin periodic wavelet basis.

PROOF: Since
B =B,®(P&).
§=0

where B is the space of 1-periodic continuous functions on R, and B is dense
in L*(T), it is enough to show that the system

{ij,ktk‘zo,l,...,N:Qj_l}

is an orthonormal basis of C;, for each j =0,1,2,---.

To prove the orthonormality we shall use Theorem 3.9, and, hence, all
we need to establish is that

{J’j,oﬂ[’j,la E 71Z)j,N} = {ZZJJ',O, Uhjo, '7UN1Z)J',O}
satisfies (3.10). We claim that

Fs0](n) = 27 245(2 7 n2r). (3.16)
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This is shown by a simple periodization argument:

}"[%/;j,o](n) _ /01{2“; Ziﬁ(?j(x + g))}ef%rinz da

LEZ
, 27 (6+1) .
— 973 Z/ ,(/}(t)e—2mn2 tdt
rez /2t

—9% / (t)e 22t gy = 9= 54h (27T n2m).
Since v is an orthonormal wavelet, by Proposition 7?7 of Chapter 2 we have

> (& + 2km)? =

kEZ

Putting £ = 279n2r in this equality and using (3.16) we obtain

1= |27 n2m + 2km)[* = 27> | F[;0] (n+27k)[%,

keZ keZ

which is equality (3.10) for ;.

The proof of the theorem is not finished yet. We still have to show that
the functions 1;]‘,1@ are elements of C;, j = 0,1, --. This can be accomplished
by using Theorem 3.7. Because of (3.14) it is enough to show that 1%70 € ;.
By (3.16) and (1.14) we have F[ib;0](0) = 272¢(0) = 0, and

K2 F ;o] (k) = k%/;(z Ik2m).

A simple computation, together with the fact that £29)(€) is 4m-periodic
(see part (b) of Theorem 1.5), shows that k*F[i);0](k) is 29F!-periodic.
Hence, by Theorem 3.8, 90 € Bj+1.

Finally, it remains to show the equality that appears in Theorem 3.7.
Putting ¢ = 277m2r, m = 1,2,---,2/ — 1, in Theorem 2.19 (with n = 1)
and using (3.16) again, we obtain

O_ZwQ Im2m + 2km) 242 Z}-[%,O](W-FQJ@.

(2=im2m + 2km)2  4n2 = (m+27k)?

Thus, the last condition in Theorem 3.7 is established. This completes the
proof of our theorem. I
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4.4 Orthonormal bases of periodic splines

The finite dimensional function spaces B; C L*(T) of section 4.3 were
defined using linear interpolation between the values at the nodes 27 7%. All
the functions in B; were contained in the space B of 1-periodic continuous
functions. New scales of spaces are obtained if we use polynomials of higher
degree to do this interpolation and assume, globally, a certain degree of
smoothness.

More precisely, for m > 1 and j > 0, we consider the space B§»m) of
continuous 1-periodic functions on R which are in the class C™~! and
agree with a polynomial of degree at most m on each interval of the form
279 (k —1),277k], k = 1,2,--,2. Thus, we have B{") = B; and

B™ c B™ c B{™ c ... c Bc LX(T).

Observe that B(()m) consists of the constant functions. To see this we let
fe B(()m) and write

flx)=ao+a1x+ -+ apz™ on [0,1];
since £ V(z) = (m — 1) ay_1 + m! @,z we must have
(m =1 am_1 +mla, = V1) = fFOD0) = (m — 1) ap_1.

Thus, a,, = 0. The argument can be repeated to prove that B(()m) contains
only the constant functions.

We can now prove a result that is a generalization of Theorem 3.8. It
gives us a characterization of the functions that belong to B;»m), and allows
us to find the dimension of these spaces.

THEOREM 4.1 Letm >1,j>0and f € B. Then f € B](-m) if and only if
kML FE(f1(k) is a 27-periodic function on Z. In particular, F[f](2/n) = 0
forn # 0, F[f](0) is arbitrary and the dimension of B§m) is 27.

PROOF: The case m =1 is Theorem 3.8. For a general m > 1 we proceed
by induction on m. Let us consider the case m = 2. If f € B](?) we can
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write

= FlAk)e .

k€EZ

Thus, f' € B;l) and

Z EF[f](k)(2mi) e2rike

keZ

By Theorem 3.8, k%(kF[f](k)) is 2/-periodic.

Suppose now that f € B and k3F[f](k) is 2/-periodic. This implies
Flf1(k) = O(k=3) as |k| — oo, and allows us to define

(2mi) 3 KFLf] (k)2

kEZ

thus, F[h](k) = (27i)kF[f](k). Therefore, k2F[h)(k) = (2mi)k3F[f](k) is
27-periodic. By Theorem 3.8, h € B](»l). But h = f’ so that f has one
more degree of smoothness and f € B§2). The induction proof for m > 2 is
similar.

|

With the aid of this theorem we can give examples of elements in B§m).

Let x; be the 1-periodic function whose restriction to [0,1) is Z%X[o 24

(see the proof of Lemma 3.3). If Aj is the 1-periodic “triangle” function of
section 4.3 we then have A; = x; * X;. For m € N we define, by induction,

(1n) (m—1) ~
A=A *Xj m>1,

with A(0> = X;. Since

9—(m+1)3 if k=0,

(m) )
]'—[Aj ](k) = 2_(m+1)% (e—zm‘zﬂk _ 1>m+1
—2mi2— 7k

(4.2)
if k0.

(see the proof of Lemma 3.3), the function km“]:[ﬁ(;")](k) is 27-periodic

on 7Z. Thus, A(;") € B;m), j=1,2,---. Tt follows that the translations of
this function, namely,

ATV (@)= AT @ —27k),  k=0,1,---,27 —1, (4.3)
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are also elements of B;m). The collection of elements in (4.3) is a basis

for B;m). (We prove this at the end of section 4.6.) There is, however, a
simpler way for finding a basis for this space. By Theorem 4.1 the functions

1 if k=0,

(m) m
g, (x) = e 2mi(k+27 0z

W for k=1,---,27—1,

LeZ

belong to Bj(»m). They are linearly independent since they involve a disjoint
collection of characters. Since there are 27 of them, they form a basis for

(m)
B,

The functions in the spaces B§m) will be called periodic splines of
order m. We want to find an orthonormal basis for L*(T) whose elements
are periodic splines of order m. The case m = 1 was done in section 4.3.
For the case m > 1 we proceed in a similar manner.

Let C](- be the orthogonal complement of B( ™) ip BJ( +i Then

c™eB™ =BT and  dim(C{™) =27,

Since -
5@ (Pe™) =B,
§=0

and B is dense in L*(T), a basis for L*(T) can be obtained by finding an
orthonormal basis for each C](-m), j = 0,1,---. This will be done by an
appropriate periodization of the spline wavelet basis of Theorem 2.17.

We begin with the characterization of the space Cj(-m). The result is
similar to Theorem 3.7.

THEOREM 4.5 f € C\"™) if and only if f € B{T), F[f](0) =0 and

e

(n+2i0)m+ for n=1,2,--- ,N(=2 —1).

LEZ

+1
to all the elements in B](»m). The last assertion is equivalent to showing that

PROOF: A function f € CJ(- if and only if f € B ™) and f is orthogonal

Z}-g(,m) ) FLfI(k) =0 for n=0,1,---,N,
kez

© 1996 by CRC Press LLC



since (4.4) provides us with a basis {g](-fz) :n=0,1,---,N} for Bj(-m)

Suppose f € Cj(.m), then the above condition is satisfied. For n = 0 we
have Flg (m)]( k) = 6k.0; hence,

0=">"Flg\'d1(k) FIFI(k) = FIF)(0).

keZ
When 1 <n <N,
nm-i—l )
oy - Jj
f[g](m)](k) _) o if k=n+27¢ for some (€ Z,
0 otherwise.
Hence
o—ng“”) f](k):ZLﬂf](mzj@.
kez " L€ (n+27¢)m+1

This establishes the required result for n = 1,2,---, N. The converse is

obtained by reversing the above argument.

We are now ready to describe the promised “wavelet-like” basis for L*(T)
involving splines of order m. Let ¥™ be the spline wavelet of order m on
the real line (see formula (2.16) and Theorem 2.17). For j =0,1,2,--- and
k=0,1,---,27 — 1, let

x) = Z Y7 (x + L) (4.6)

LeL

be the periodization of the elements ¢ (z) = 2%1/)m(2jx — k) with j, k
ranging as described above. Observe that

Jri(x) =28 Y @ (2 (x +0) — k)
LET
and
b (@) = (@ — 277 k) = (UFP7) (x). (4.7)

The exponential decay of Y™ (see Theorem 2.18) shows that the series in
(4.6) is uniformly convergent on [0,1]. Thus, each of the functions 97 is
continuous.
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We claim that these functions belong to ngm). By (4.7) it is enough to
show that 1;;-”‘0 € Cj(-m). To do this we use Theorem 4.5.
As in (3.16) the relation between the Fourier coefficients of the “peri-

odized” function (as in (3.13) or (4.6)) and the Fourier transform of the
original function is given by

Flgpol(n) = 2~ 3m (2 n2m). (4.8)

It follows from the definition of ¢ (in (2.16)) that £™*'gm(€) is drr-
periodic. Thus, k™ F[y7](k) is 2/ -periodic on Z:

(k+ 27 T)™ L F o] (k 4 2711
= (k + 271yt~ 5 (27 (k + 271 )2rr)
= (k + 20t Yym o5 gm (270 k21 + 4rr)
(277 k2m)mH
(279k2m + 4m)m+1

1 m+1 Tm
Gy~ F )

= (k + 27 ymHo= 5 gm (27 k2r)

= kM PLE[r| (k) (k + 27T )™+

Theorem 4.1 allows us to conclude that 1; € BJ(’H

From (4.8) and the definition of P (2.16) it follows that }"[w’” 1(0) = 0.
It remains to show the equality that appears in Theorem 4.5. Putting
€=27902m, £ =1,2,---,29 — 1, in Theorem 2.19 and using (4.8) again, we
obtain

-y Y™ (27902m + 2kn) Z ol (£ +27k)
N = (27742m + 2km)mH1 - (272m)mtl z + 27 k)2

This finishes the proof of our claim: 1/;jk € CJ(»m), k=0,1,---,29 — 1.

THEOREM 4.9 For each m € N the system
{171;}7’]@:].:071,27-.-’ k‘:071772]_1}

is an orthonormal basis for L*(T) ~ L*([0,1)).
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REMARK: Such a basis will be called a basis of periodic spline wavelets.

PROOF: Since -
B =5 (Pc™).
§=0

where B is the space of all 1-periodic continuous functions on R, and B is
dense in L*(T), it is enough to show that the system

{7 k=01, ,N=2/ -1} (4.10)

is an orthonormal basis of Cj(-m), for each j = 0,1,2,--- (recall that B(()m)
consists of constant functions). The argument preceeding the statement of
Theorem 4.9 shows that the elements of the system (4.10) belong to Cj(m).
It suffices to show that (4.10) is an orthonormal system. Since each element
in the system (4.10) is a translate of the 1-periodic function z/?;’:o, all we need
to do is to establish equality (3.10) for this 1[)]"0

Since ¥™ is an orthonormal wavelet, Proposition ?? of Chapter 2 gives
us

> (€ + 2km)2 = 1.

kezZ
Putting ¢ = 279n27, n = 0,1,---,27 — 1, in this equality and using (4.8)
we obtain

1= o (2 n2r + 2kn)|? = 20 Y| FI07 (n + 27k) |
keZ kEZ

This finishes the proof of our theorem.

Splines are used to approximate functions by interpolation. It is clear
that if f € B§1) = B; the values yx = f(277k), k = 0,1,---,27 — 1, com-
pletely determine f, since this function coincides with the linear interpo-
lation obtained by using yx, k = 0,1,---,2/ — 1, as nodes. We shall show
that this interpolation property is shared by elements of Bj(-m) only when
m is odd.

THEOREM 4.11 Suppose that yo,y1,---,yn are any 20 = N + 1 complex

numbers and m is an odd positive integer. Then there exists a unique
f c B§771/) such that f(Qi-]k) = Yk forr- k= 0, 1’ .. ,N.
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PROOF : It suffices to show the existence of a unique ¥; = 19§-m) in B;m)
satisfying

1%(0) = O7 19]‘<2_j) = 1, and 19j(2_j]€) =0 for k= 2, ce 7]\/v. (4.12)

This is clear since, then, ¥, = 9;(x—277k), k =0,1,2,---, N, is a linearly
independent system of 27 functions in Bj(m) and, thus, a basis. The desired
unique function is

N
F= "l
k=0

We construct ¥, first by showing that its Fourier coefficients are uniquely
determined and, then, finding them. Let v(n) = F[¥;](n), n € Z, be the
b Fourier coefficient of 9;. Then, since we want 9; € B§m), n™ty(n)

has to be 2/-periodic on Z (by Theorem 4.1). Hence, we can write

e2mi(n+276)z

N

; 27 g)m+1 20—

19j nzl EEZZ n -+ é (n + 2) (n + QJE)erl
N

2mi2d bx

m+1 2minT €
0 +nz::1n v(n)e Zi(n_,_gjg)mﬂ .

LEZ

Putting 2 = 277k, k = 0,1,---, N, in the above equality we obtain the
system of equations

n=1
N —
L=75(0)+ > n™* y(n) (A)"ATY
n=1

_orio—i
where A = e~2™2"" as before, and

1
(m)_E - —
A = (n T 290y n=12---,N.
LEL
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Letting b, = nm+17(n)A£Z"), n=1,2--- N, and by = 7(0), the above
system of N + 1 equations can be written matricially as

bo 0
by 1
="
bn 0

where C'y is the same matrix as the one used in the proof of Theorem 3.7
(see (3.6)). As we have seen, \/%-HCN is unitary. Therefore, multiplying

both sides by ﬁCN = 277Cy we obtain

bo 0 1
by 1 A
bo | —o-igy | 0| =2 | A2
b 0 AN

Thus,

b,=2"9\"  forall n=0,1,---,N.
Since m is odd, m + 1 is even, and hence ASZ") >0foralln=1,2,---, V.
This allows us to write

9= if n=0,
y(n) = —J\n
) & for n=1,---,N.
nm+1A5{”>
m+41

The 27-periodicity of n™*1v(n) determines all the Fourier coefficients of
9¥;, and hence, 1, is completely determined. This gives us the function 9,

satisfying (4.12). I

The proof of the above theorem allows us to do some explicit calculations.
The formula we used to prove Lemma 1.9 gives us, when m = 1,

1 (279m)?
AN = , = - for n=1,2,---,N.
n é (n+210)2  sin?®(2-nm)
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Hence, v(0) = 277 and

_ Q—je—zm‘rﬂ'n

sin?(277nr) 27 (6_2”2%
(2=inm)2 4n?

182
—)
for n = 1,2,---, N. This shows that the function 9 = 19§-1) constructed in

the proof of Theorem 4.11 coincides with the function Aj whose graph is
given in Figure 4.7 (see Lemma 3.3 to obtain this result).

v(n)

Lemma 1.9 gives us, forn =1,2,---, N,
1 (277)4 . —;
A®) = . 1 — 2sin%(277nn)).
n Z (TL + 2]6)4 Sin4(27j’n7'(') ( 3 S ( TLTI'))

LEZL

Using this formula we can find the Fourier coefficients of the function 1923)
in B§3).

The property stated in Theorem 4.11 is not shared by the even order
splines in BJ(-Q). We can see this by computing Ag) for some 1 < n < N.
Differentiating once the formula

1 w2
Z (x+n)?2  sin’(rx)

nezZ

(see the proof of Lemma 1.9) we obtain

5 cos(27Inm)

A = (2777) n=1,2,---,N.

sin®(2-inn)

For n = 27~1 we obtain AQJ . = 0. This forces byj-1 to be 0, where b, is
as in the proof of Theorem 4.11. But we have shown in this theorem that
b, =277\ with A = e~ 2™2"" and, thus, they cannot be zero. This shows
that the interpolation property is not shared by the elements in Bj(.z). This
is a general fact: the interpolation property fails when m is even.
To see this observe that

1
A =N
21 —1 m+1
AR
— 9—(=1)(m+1) { 7}
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oo

. 1 ad 1
_ o—(—1)(m+1) - _1\ym+1 I
=2 {EX_:O (1+2€)m+1+( 1) kz_:o(l+2k)m+1}_0

when m is even. We notice that for m = 2 it is an easy exercise of algebra
to show that there is no function 19§~2) in B](»z) that would satisfy condition
(4.12) in the proof of Theorem 4.11.

We now consider the case m = 3. We shall show that, in this case, the
unique function f whose existence is found in Theorem 4.11 is also the one
that minimizes a certain functional.

Let H? be the Sobolev space of 1-periodic functions with two derivatives
in L*([0,1)). Observe that B](-g) C H2. On H? we consider the functional

1
T(f) = /O | (2)|? da. (4.13)

THEOREM 4.14 Suppose that yo,y1,---,yn are any 20 = N + 1 complex
numbers. Among all f € H? satisfying the specific interpolation property

f(2_Jk):yk7 kZO,].,"',N,

the unique element of BJ(-B) satisfying this property minimizes the functional
T given by (4.13).

PROOF: Let ANW k=0,1,---,N be the “triangle” functions given at
the beginning of section 4.3 (see Figure 4.7), which form a basis of B§1).
Suppose that a function g € H? satisfies g(277k) = yi for k =0,1,---, N,
Then

A ! " A 27 (k+2) " A
WA= [ 0Ri@d= [ @) de

= 2 (Yrr2 = 2Yk11 + Ys)
for k =0,1,---,29 — 1 (we put yo5 = yo and yo5 11 = y1). The last formula
can be proved using integration by parts. Since {A;:k=0,1,---,N}is
a basis for B§1), this shows that f” —¢” is orthogonal to Bj(l) for all f € H?
satisfying the specific interpolation property. We can restate this as

P(f") = P(g"),
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where P is the orthogonal projection of L’ onto BJ(-l). If f is the unique
function in B§3) satisfying the specific interpolation property we then have
e B;D and, hence, P(f") = f”. Tt follows that

1
L1 @ de =18y = PG
0

1
NP ey < N sy = [ o)

so that the functional 7 of (4.13) is minimized by f € 31(-3).

4.5 Periodization of wavelets defined on the real line

In sections 4.3 and 4.4 we have constructed periodic Franklin wavelets,
as well as more general spline wavelets, by appropriate periodizations of the
corresponding wavelets on the real line. We now generalize this procedure
to other wavelets.

Throughout this section we shall assume that ) is an orthonormal wavelet
that arises from an MRA with scaling function ¢. We shall also assume
that both 1 and ¢ are in L'(R). This allows us to define, for each j, k € Z,

Gin(@) =Y iz +0) =28 (2 (x + ) — k) (5.1)

LET LEL

and

V(@) =3 ule+0) =28 Y (2 (x +0) — k), (5.2)

tez ez
which are 1-periodic functions belonging to L'([0,1]).

Itiseasytoseethatifj§0,@:@5andm:%f0rallkez.
We prove this only for the scaling function, since the proof is the same for
the wavelet. The main ingredient is the fact that 277k € Z when j,k € Z
and 7 <0:

Gin(@) =283 (@ (@ +0) — k) =28 > (2w + L — 277k))
tez, tez,
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=25 Y (2 (2 +m)) = Go(a).
meZ

It turns out that when j < 0 all these functions are constants. This is
proved by computing the Fourier coefficients of ¢, o for j < 0. Recall that

1
FUIW = [ fla)e > da,
0
For j,k € Z, a similar calculation as the one that proves (3.16) gives us

Floiol(k) = 275p(2792kn),  j k€ Z. (5.3)

Observe that ¢ is continuous since ¢ € L'(R), and, hence, it makes sense
to write the value of ¢ at a particular point 2772kn. By Proposition 2.17
of Chapter 2, ¢(2¢m) = 0 for all £ # 0, £ € Z. From (5.3) we deduce
that, when j < 0, all the Fourier coefficients of ¢; are zero except the one
corresponding to k = 0. This shows that the functions ¢;, are constants
for all j < 0.

We claim that when j < —1, all the functions 1@73 are zero. A calculation
similar to the one that shows (3.16) gives us
Fljol(k) = 273027 2%kn),  jkeL (5.4)
By Proposition 2.17 of Chapter 2, 1/3(4677) =0 for all £ € Z. Hence, all the
Fourier coefficients of ;¢ are zero when j < —1. This proves the claim.
For j > 0, many of the functions in (5.1) coincide; the same is true for
the functions in (5.2). We claim that if j >0, m € Zand 0 <k <2/ —1

(@j2im+k)” = @ik and (V) 2imak)” = Vi -

We write the proof for the wavelet, since the case of the scaling function is
proved similarly. Let &' = 27m + k; then

Vi (@) =283 (2 (@ + €~ m) — k)

LEZ

=28 3" 92 (@ +n) — k) = v ().

ne”Z

We summarize these results as follows:

© 1996 by CRC Press LLC



LEMMA 5.5 Let ¢ be an orthonormal wavelet that arises from an MRA
with a scaling func@&n p, and suppose that both 1 and ¢ are elements of
LY(R). If ¢j and ¥ are defined by (5.1) and (5.2), respectively, we have

() @ik =@j0 forall j <0, k € Z; moreover ¢; o is constant for j < 0.
(b) k=0 forall j < —1 and k € Z.
() Forj>0,0<k<2 —1and meZ,

(@j2im+k)” = Pjk and (Y 2imik)” = Vjk -

We have shown that each of the collections of functions given by (5.1)
and (5.2) for fixed non-negative j consists of, at most, 2/ distinct functions
©;.% and %{k Some properties of these functions are inherited from the
corresponding properties for the collections {¢; 1} and {¢;«}, j,k € Z.

THEOREM 5.6 For j >0,

(a) the set {p;r: 0 <k <2/ —1} is an orthonormal system in L*(T);
(b) the set {m :0 <k <2/ —1} is an orthonormal system in L*(T);

(©) (W5, 050) = O for all k, € € 7 such that 0 < k,£ <2/ —1.

PROOF: Let us prove (a). Let k,m € Z be such that 0 < k <2/ — 1 and
0<m<2 —1. Then

(@iks Pjom) = Z/ 25k(x) ©jom (2 + €) da

LET
£+1
=> / Cik(y =) pim(y) dy
ezt
= /R ©5.k(Y) ©jm(y) dy,

where the last equality is due to the fact that ¢;x, is 1-periodic. Since j > 0,

@5y Z%k 250y

LeZ

we can write
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This gives

(@i Pim) = D (Pih—200: Pjm) = Y Okit.m -

LEZ LeZ

Since 0 < k,m < 2/ — 1, k — 2/¢ coincides with m only when ¢ = 0 and,
then, k = m. Hence (¢, 1, 9j.m) = Ok,m, as we wanted to show.

The proofs for (b) and (c) are similar.

REMARK: Parts (a) and (b) of Theorem 5.6 can also be proved by using
Theorem 3.9. Observe that for j > 0 fixed, ¢, is a translation of
©j0 by 277k, so that in the notation of Theorem 3.9, ¢; % = Ugp;,
0<k<2/—1.

We want to construct an orthonormal basis for L*(T) associated with
an MRA orthonormal wavelet. For the wavelet ¥ and the scaling function
¢ we shall assume |¢(z)| < Ri(|z]) and |p(z)| < Ra(|z|), where Ry and
Ry are bounded decreasing functions belonging to L'([0,00)). We shall
call these kind of functions radial decreasing L'-majorants of 1) and ¢,
respectively (see also (3.1) of Chapter 5).

For j = 0,1,2,---, we define 17 as the subspace of L*(T) generated by
{apj ok =0,1,---,27 —1}; smnlarly, we define W as the subspace of
L*(T) generated by {wj k:k=0,1,---.29—1}. Obviously, V and W have
dimension 27. Some properties of these subspaces are inherited from the
corresponding properties of the subspaces V; and W; associated with the
MRA we are considering.

THEOREM 5.7 For j =0,1,2,---, we have the following inclusions:
‘73‘ C ‘73‘_;,_1 and Wj C ‘7]'4_1.

Moreover,

PROOF: We only prove the inclusion Wj - X~/j+1. The proof of the other
inclusion is similar. Once these results are proved, the equality stated
in the theorem follows from part (c) of Theorem 5.6 and the fact that
dlmV =2/ = dlmW

© 1996 by CRC Press LLC



Let
w]k ijk .’E—I—f

LET

be one of the functions that generate Wj. Since ;1 € Vj4+1 we can write

¢jk Za 907—&-15 )

SEZ

The conditions imposed on 1 and ¢ imply that the sequence of coefficients
{a¥"™ . s € Z} belongs to £'(Z):

S lab| —Z\/m ) 250 @) da

SEZL

< ||l 1 sup % |i1,s (@) < el[ sl 1 1Rzl 11 o 00
KIS

Hence,

%k ZZON”“)%HSQC—FE ZOZ(]’ (Pj41,s)" ().

UEL sEZ SEZL

Writing s = n + 2t m, m € Z, s = 0,1,---,2771 — 1 and observing that
(@j41,n42im)~ (x) = (pj11,n)" (z) (part (c) of Lemma 5.5), we obtain

2i+t_1 9i+1_q
7/1Jk Z {ZQS-Q?“ }@j+1,n)w(l’)z Z (] )(%_H W) ().

SEZL n=0

This proves that m € \7j+1 and establishes the desired inclusion.

We have constructed an increasing sequence
VocVicWc

of subspaces of L*(T). To find an orthonormal basis we want to show that

8
N

<
Il
o
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is dense in L*(T). Towards this end we need a result that will be presented in
Corollary 3.18 of Chapter 5. This corollary deals with the norm convergence
of the projection operators P; from L*(R) to V; (see (3.2) of Chapter 5
for the definition) and requires the scaling function ¢ to have a radial
decreasing L'-majorant (see the definition in (3.1) of Chapter 5). The
reader might find it helpful to look at section 5.3 before continuing with
this one.

THEOREM 5.8 Let ¢ be an MRA orthonormal wavelet with scaling func-
tion ¢ such that both 1 and ¢ have bounded decreasing L'-majorants. Then,
the linear space

8
U

0

J
is dense in the space L*(T) of all 2m-periodic functions that are square

integrable on T.

PROOF: By Corollary 3.18 of Chapter 5,
Jim [lg = P;(9)] =0

for all bounded uniformly continuous g, where P; is the orthogonal projec-
tion from L*(R) onto V; (see (3.2) of Chapter 5). P; has a natural extension
to the bounded functions on R. Thus, if we take f € ‘7] we only need to
show that P;(f) belongs to ‘7] (observe that ‘73 C L™(R) for j > 0). Since
f is 1-periodic,

U prare) = / F(2) 7rmrae (@) de = / Fy+ 0 () dy
=/Rf(y) 0ik(y)dy = (f,¢jk)-

Thus,
2791
ij(f) = Z (f, @j,k> @j,k(l") = Z Z (f, <Pj7n+2.7'e> @j,n+2je($)
keZ n=0 ¢€Z
291 291
=Y 0in) D Pims2ie(@) = Y {fs0in) Pin(@).
n=0 LET n=0
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We have all the ingredients needed to construct orthonormal “wavelet”
basis for L*(T).

THEOREM 5.9 Let ¢ be an MRA orthonormal wavelet with scaling func-
tion @ such that both 1) and @ have bounded decreasing L'-majorants. Then
the system

(Lhp:j=01,, k=012 —1}

is an orthonormal basis of L*(T), where

Yin(@) = iz +0).

LEZ

This basis is called the basis of periodic wavelets for L*(T) associated
with the wavelet 1.

PROOF: Theorems 5.8 and 5.7 show that
LA(T) = Vo @ (@ Wj).
§j=0

The result follows from Theorem 5.6.

We can apply the procedure described above to the Franklin and spline
wavelets of sections 4.1 and 4.2. We obtain the periodized Franklin and
spline wavelets of sections 4.3 and 4.4.

Let us apply this procedure to a Lemarié-Meyer wavelet of the form
(€)= eigb(ﬁ) (see Corollary 4.7 of Chapter 1) where b € C'™ is an even
bell function (as in Theorem 4.5 of Chapter 1). We obtain that the wAj/k
are trigonometric polynomials. More precisely, for j = 0 and k = 0, (5.4)
gives us

__ . —L if {=1 or —1,
Fliool(t) = (2tm) = ¢ V2

0 otherwise.

Hence,
e—QTruL' + e27rm:

7 = —V/2 cos(2mz).

Yoo(x) = —
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In general, if j > 1, (5.4) gives us
Fliol(6) = 275 (2m2790) = 27 5727 p(2m291).

Hence, F1h;0](£) = 0 when 27279/ ¢ supp (b); that is, [272774] < 7 — ¢
or |2m279¢] > 27 + 2e. This shows that 9; () is a finite trigonometric
polynomial for these Lemarié-Meyer wavelets.

4.6 Notes and references

1. The Haar wavelet appeared in 1910 ([Haal). In 1928, Ph. Franklin
([Fra]) introduced a set of continuous orthogonal functions, generalizing the
Haar functions, and proved that they form a basis for L*([0,1)). Around
1980, P. Wojtazczyk ([Wol]) was able to show that this basis is an uncon-
ditional basis for H'([0,1)) and J.O. Stromberg ([Str]) introduced modified
Franklin systems with higher degree of smoothness, proving that they are
unconditional bases for Hardy spaces over R™. The subject of uncondition-
ality of wavelet basis will be treated in Chapter 5.

2. Splines have been used for several years in the theory of approxima-
tion of functions. The reader is referred to the books of I.J. Schoenberg
([Sch]), C. de Boor ([Boo]), and G. Niirnberger ([Niir]) for the theory and
applications of this subject. The connection between wavelets and splines
was first made explicit by Y. Meyer ([Me3]); most of the material presented
in sections 4.3 and 4.4 has, in fact, appeared in [Me4]. The construction
of spline wavelets in Z presented in sections 4.1 and 4.2 is essentially due
to G. Battle ([Batl]) (see also note 3 in this section). There is another
way of constructing these wavelets presented by P.G. Lemarié in [Le4]. A
comprehensive treatment of splines, spline wavelets and applications can be
found in [Chu]. A more detailed study of the graph of the Franklin wavelet
is presented in [Ber].

3. The way we constructed the Franklin and spline wavelets in sections 4.1
and 4.2 is related to the notion of an MRA with a Riesz basis, as was
introduced after the definition of an MRA in section 2.1. Let

Vo =span {A"(- — k) : k € Z},
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where Al = Xpo.1) * X{o.1] and A" is defined inductively in (2.1). For j € Z,
j # 0, define

Vi={f e L’(R) : f—j0 € Vo},
where f_jo(x) = 275 f(277z). Clearly, (1.2) of the definition of an MRA

(section 2.1) is satisfied. With the notation of Lemma 1.8 of Chapter 2 and
using Proposition 2.7 we obtain

N

oan(f) = (DI A& + 2km)|)

kEZ

n 1 2 e
= ’25111(%5)‘ +1<Z W) = P2n+1(%€>7

kEZ

since P, y1(€) > 0 for all £ € R. This last fact and the w-periodicity of
Py,41 allows us to conclude /A, < oan(€) < VB, 0 < A, < B, < o0,
for all £ € R. Proceeding now as in the argument that follows Lemma 1.8
of Chapter 2 we conclude that {y"(- — k) : k € Z} is an orthonormal basis
for Vj, where 4™ is defined by

’y/\n = @/O’An.

This establishes (1.5) of section 2.1. To verify (1.1) in the definition of an
MRA (see Chapter 2), it is enough to show Vy C V4 (sometimes referred to
as the two scale equation). This will be done by exhibiting a remarkable
relation for the basic splines, namely

n+1

1
A" (z) = Zz—nc: >A"(2x—k). (6.1)
k=0
To see this, we use Lemma 2.3 to obtain

— ¢

AP —ilp n+1 1+e'2 n+l

— (f) = ¢ tal +1)5(005(15)) o (—2 ) )

A™(3€)

so that
— 1 o+l TL+1 i £
AME) = 5aa7 Z( X ) k5 An(Le).
k=0

The proof of (6.1) is finished by taking the inverse Fourier transform. The
results proved in section 2.1 show that {V; : j € Z} is an MRA and the
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scaling function is given by +", where

— . A(E)
(&) = oo (@)’

which coincides (except for the factor e=#2("+DE if p is odd and e~*5¢ if n
is even) with @” given by (2.12).

4. Let us make some observations about the optimal values of A,, and B,
for which \/A,, < oan(€) < /B, (see the above paragraph). The optimal
B,, is always 1. The best value of A, is related to the roots of the so-called
“Euler-Frobenius polynomials” (see [Chu] for details). From the formula
for the polynomial P53 given in the equality preceding (2.10) and the fact
that [oan(€)]? = Pant1(£/2), proved in note 3, we obtain A; = £.

5. Another approach for finding spline wavelets is given in [Le4]. A spline
wavelet v of order n must belong to L*(R)N C’”’l( ) and is a polynomial of
degree at most n on each interval of the form (3, 2(k +1)). An argument
similar to the one given in the remark that follows (2 4) leads us to consider

B(€) =& DA, (€), (6.2)

where A,,(£) is a 4m-periodic function. To determine |A,(§)| we can use
equations (1.1) and (1.2) of Chapter 3, that characterize the orthonormality
of the system {v;  : j, k € Z}. Writing

Z 2 n+1
o) 1€ + 4k7r| (

(see Proposition 2.7), equations (1.1) and (1.2) of Chapter 3 here are equiv-
alent to

§)|An(§)|2 + M (& +2m) | An(E+ 27r)|2 =1 for a.e. £€R (6.3)
and
M, ()AL (&) + M, (E+2m) A (E+21) =0 for a.e. £ € R, (6.4)

respectively. Solving (6.4) for A,,(§ 4+ 27) and replacing this value in (6.3)
one obtains

A, ()| =
4:(6) VMLE)  /Ma(©) + M€+ 27)
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Guided by the general form of a wavelet arising from an MRA (see Propo-
sition 2.13 of Chapter 2), one is led to choose

€ M, (£ + 27r) 1
Mn(§) \/Mn + M §+ 277)

where v(£) is a 2w-periodic function such that |v(£)] = 1 for a.e. £ € T.
Reversing the above argument we easily see that the system

{wj,k : ]ak S Z}7

with this choice of 9, is orthonormal. In particular |[¢], = 1.

To prove that 1 is an orthonormal wavelet, Theorem 1.1 of Chapter 7
can be used and, hence, all that we need is to show that (1.2) and (1.3) of
Chapter 7 are satisfied. In this setting, these two equations are equivalent
to

ST a4, (27 = [P for ae. € €R (6.5)
JEz

and

Z4‘j(n+1) ’An(2j§)’2 =—A, (&) A, (§+27) for a.e. £ €R, (6.6)

Jj=1

respectively. Equality (6.6) follows by a remarkable equation satisfied by
M,,, namely,

M (&) + My (§ +2m) = 47L+1Mn(25)' (6.7)

This equation can be proved by starting with the expression for M,,(2¢) in
a series form and summing over the even and odd integers separately. Using
(6.7) it can be shown that both the left-hand and the right-hand sides of
(6.6) coincide with

1

M, (€) + M, (€ + 27)°

In computing the right-hand side of (6.6) the factor ¢i% that appears in the
definition of A,,(§) is essential. Equation (6.5) now follows from (6.6) and
the fact that

4(n+1)7rMn(2€) ~ 572(n+1)

in a neighborhood of the origin (to prove this fact use Proposition 2.7 of
this chapter).
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It can be seen that the wavelet v just constructed coincides with the
wavelet 9™ given by (2.16), except for the factor v(§) when n is odd and
—iv(§) when n is even. All these wavelets arise from an MRA. This is proved
directly in [Led] by exhibiting the corresponding scaling functions. It also
follows from Corollary 3.16 of Chapter 7 (observe that ) has exponential
decay at infinity). Another way to prove this result is to show that

Dy(¢) =1 for a.e. £ €R

(see Theorem 3.2 of Chapter 7). The equality Dy(§) =1 for ae. £ € R
follows, in this setting, from (6.6) and (6.7).

We have shown that the spline wavelets of order n, 1™, have exponential
decay at infinity. That is, |¢"(z)| < ce~ (™=, The exponent of decay a(n)
depends on n. It is shown in [Led4] that

a(n) ~ — as n — oo.
n

Another amusing property (also proved in [Led]) is that for a.e. £ € R

. - &
Jim B(n)y(€) = €2 Xy mtmam (6
where G(n) = 1 if n is odd and §(n) =i if n is even (see (2.16)). Hence,
the Shannon wavelet is recovered as a limit of spline wavelets.

6. There is no C*° orthonormal wavelet with exponential decay.
To see this suppose that 1 is such a wavelet. By Theorem 3.4 in Chapter 2,
all the moments of i are zero. On the other hand, the exponential decay
of ¥, say, |i(x)| < ce=®*l for all z € R, implies that the function ’(/AJ(Z),
defined by

9 = 5= [ e o) da,

:277

is an analytic function on |Smz| < a. Thus,
—(0) =0 forall n=0,1,2,--,

since all the moments of i are zero. The expansion of @(z) in pow-
ers of z around the origin shows that 1& = 0 in a neighborhood of z =
0. Since {z € C : |Smz| < a} contains the real line in its interior, v
must be the zero function on R. This contradiction establishes our claim.
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Also, it is impossible to find a band-limited orthonormal wavelet
Y with exponential decay. In fact, under these conditions, ¢ € L'(R)
and, thus, 1/3 is continuous. Hence, by Theorem 2.7 of Chapter 3, all the
moments of ¥ are zero, and the same argument as above shows 1 = 0.

On the other hand, if we relax the exponential decay condition, it is
possible to construct such wavelets. A function g defined on R is said to
have subexponential decay if for every € > 0, there exist C. > 0 and
ae > 0 such that

|1—E

lg(x)| < Ceemoel=l ™", z eR.

The precise result is: there exists a band-limited orthonormal wavelet
1) € C* such that ¢ has subexponential decay. The proof of this result
is constructive and the construction is accomplished by using the Gevrey
class of functions (see [DH] for details).

7. The set of elements given by (4.3) is a basis for the space B](-m),
i =12, m=1,2,---. Since the space B§m) has dimension 27 it is
enough to show that the collection

A(ijzk)(x):A(an)(x_2_jk)v k:071""72j_1EN’

is linearly independent. This is proved by induction on m. The case m =1
is clear: see the graphs of the triangle functions A(jl’)k given in Figure 4.7.
Let us assume that the result in true for m — 1. Our purpose is to show
that if

agA] (z) + -+ ayA(z —1+277) =0 (6.8)
is valid for all x € R, we must have ag = a1 = --- = ay = 0. Since

A (m A(m—1 ~
A(j )= A;- "% x; we deduce

A () = 2

(SIS
N
| 8
[\
|
<
>
=3
I
o
—
~
N
Q
~

Differentiating (6.8), rearranging terms and using the 1-periodicity of A(jm*l)
we obtain

2%(a1 - aO)A(;nfl)(x —27) . 4 2%(a0 - aN)A;mfl)(a?) =0
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for all z € R. By the induction hypothesis, ag = a; = --- = ay. Hence,

(6.8) can be written as

0=ao[A]"(x) + -+ A (z —1+277))

. x N . 1 ~ B
:a02%/ AT(t) dt=a02%/ ATV() dt,
r—1 0

due to the 1-periodicity of A(jm*l). Since A;TVI) is a positive, not identically

zero, function, we conclude that ag = 0, and, consequently,
a1 =---=an =ag = 0.

We are grateful to Pascal Auscher for relating this proof to us.
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